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Introduction

This paper presents some applications of the theory of coalgebras and 

Hopf algebras to the theory of locally algebraic schemes and groups over a
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field k. Our starting point is to define the tangent coalgebra Tx(_??_) to a 

locally algebraic k-scheme _??_ at a point x of _??_. The functor (_??_, x)|•¨Tx(_??_) 

permits us to compare the two languages of schemes and coalgebras. A 

property P of morphisms of locally algebraic k-schemes is said to be trans

latable into the language of coalgebras if there exists a property P of mor

phiss of coalgebras such that a morphism f: _??_•¨_??_ of locally algebraic k

- schemes satisfies the property P at a closed point x of _??_ iff the induced map 

Tx(f): Tx(_??_)•¨Ty(_??_), where y=f(x), satisfies the property P. The flatness

7, I, •˜2, 2.4] is an example of translatable properties. Let P1 and P2 be two 

properties of morhiss of locally algebraic k-schemes translatable into the 

coalgebra language. Then the equivalence of their translations P1 and P2 

implies of course the equivalence of P1 and P2. In this way, among other 

things, we can give another proof of Theorem of smoothness [7, I, •˜4, 4.2].

The tangent coalgera Te(_??_) to a locally algebraic k-group _??_ at unit e

•¸_??_(k) has a natural structure of hyperalgebra and is called the hperalgebra 

of _??_ and denoted by hy(_??_), where the word 'hyperalgebra' is a synonym of 

' connected coco utative Hopf algebra'. The Lie algebra Lie (_??_) of

[7, II, •˜4, 4,8] is nothing else than the primitive elements P (hy(_??_)) of hy(_??_).

 Our main task in this connection is to establish the hyperalgebra theory of 

locally algebraic k-groups which is analogous to the Lie algebra theory of 

algebraic groups over a field of characteristic 0.

The purpose of this paper is to develop some of the basic theory of 

tangent coalgebras and hyperalgebras. The reader is expected to be familiar 

with the languages of coalgebras and schemes. We refer to [11] for the 

former and to [7] for the latter.

 This paper divides into three Chapters. Chapter 1 is a collection of 

algebraic preliminaries and complements to the theory of coalgebras and 

Hopf algeras and is free from the scheme theory. We introduce some 

new concepts as follows; the categories WR, where R•¸Mk, and W, set-or 

group-functors on a category A, the largest sub-Hopf algebra of a co

- commutative bialgebra, the Krull dimension of a coalgebra, the multiplica

tive Birkhoff-witt hyeralgebras, the smoothness of a map of coalebras, 

the reduced part of a yperalgebra, actions of hyeralgebras on hyperal

gebra and so on. we set up a coalgebra theoretical version of the theorem 

of smoothness and characterize the Birkhof-witt coalgebras by the extension 

property of sequences of divided powers. We show that a finitely generated 

commutative A-algebra B, where A is assumed to be a finitely generated 

commutative k-algebra, is flat (over A) iff B0 is an injective A0-comodule.

Chapter deals with the theory of tangent coalgebras and underlying 

coalgebras.

The tangent coalgebra to a k-scheme at a point x is by definition (_??_x)0,
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the dual k-coalgebra of the fibre _??_x over x of the structure sheaf _??_x, The 

underlying coalgebra of _??_, written T(_??_), is_??_x•¸_??_ T(_??_) the direct sum of all

 tangent coalgebras. For instance if _??_=_??_ A the of ne scheme of A(•¸Mk), 

then T(_??_)=A0. We show that the restriction of the functor T(-): _??_•¨T(_??_) to 

the full subcategory of locally algebraic k-schemes satisfies the following 

properties: Let f: _??_•¨_??_ be a map of locally algebraic k-schemes. Then f is 

a monomorphism i the induced map T(f): T(_??_)•¨T(_??_) is inj ective (as a map 

of sets). If f is faithfully flat then T(f) is surjective. If f is quasi-compact 

and T(f) is bijective, then f is an isomorphism. Let f, g: _??_ be two maps 

of locally algebraic k-schemes. If T(f)=T(g) then f=g. T(-) converts the 

Frobenius map _??_:_??_(p) [7, II, •˜7, 1.1] into the _??_-map of T(_??_) [9, •˜4.1].

Further we translate some concepts such as the local dimension dimsx _??_, 

flatness or smoothness into the language of coalgebras. when a k-group 

acts on a locally algebraic k-scheme _??_ and stabilities a rational point e•¸_??_(k), 

we show that there is a natural linear representation of _??_ on Te(_??_) such 

that Te(_??_) is the largest subcoalgebra of Te(_??_) contained in Te(_??_)_??_. This 

is an example of situations in which the above "geometric" definition of 

tangent and underlying coalgebras is inadequate. We give a more "cate

gorical" definition and prove the last result among other things.

Chapter 3 deals with the theory of hyperalgebras and set up an analogy 

of the Lie algebra theory of algebraic groups over a field of characteristic 

0. After defining the hyperalgebra hy(_??_) of a k-group-functor _??_ in •˜3 .1, 

we compute in •˜3.2 the hyperalgebras of Va, _??_(V) and Uut(A), where V is 

a vector space over k and A is a k-algebra [7, II, •˜1, 2.1; 2.4; 2.6] and show 

that given a linear representation of a k-group _??_ on V we have a natural 

left hy(_??_)-module structure on V.

In •˜3.3 we show that the map _??_|•¨hy(_??_) from the set of connected sub

groups of a locally algebraic k-group _??_ to the set of sub-hyperalgebras of 

hy(_??_) is inj ective. We compute hy(_??_(_??_)) and hy(_??_(_??_)) in •˜3.4 and hy(_??_(_??_)) 

in •˜3.5. In •˜3.6 we develop the theory of algebraic sub-hyperalgebras 

which is analogus to [7, II, •˜6, 2.4•`2.11].

Notations and Conventions

We shall adopt the terminology, definitions, notations and main results 
of [11].

Throughout this paper, k will denote a fixed ground field. The char
acteristic exponent of k(=Max (1, char (k))) is denoted by p. Vector spaces, 
algebras, coalgebras etc. will mean k-vector spaces, k-algebras, k-coalgebras
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etc.

All rings or monoids are assumed to be associative and unitary and 

their homomorphisms preserve units. For a monoid M, U(M) denotes the 

group of invertible elements in M. For a ring A, the multiplicative monoid 

of A is denoted by A•~. We put U(A)=U(A•~). The Krull dimension of a 

commutative ring R is denoted by dim R.

For a category A, A(X, Y) denotes the set of A-maps from X to Y, where 

X and Y are objects of A.

Categories:

E sets

Mon monoids

Gr groups

Liek Lie algebras

Hopfk Hopf algebras

ModA left A-modules, where A is a ring

ComodC right C-comoules, where C is a coalgebra

AlgR R-algebras, where R is a commutative ring

CoalR R-coalgebras, where R is a commutative ring

MR (small) commutative R-algebras, where R is a (small) commutative

 ring

Let V and W be vector spaces. We put

V_??_W=V_??_kW

V*=Modk(V, k)

Endk(V)=Modk(V, V).

For a linear map f: V•¨W, its transpose is denoted by

tf: W*•¨V* .

For x•¸V and X•¸V*, we put

<X, x>=(x, X>=X(x).

For subsets T of V and P of V*,

T•Û={X•¸V*|<X, T>=0}

P•Û={x•¸V|<P, x>=0}.

A subspace V•L of V is said to e co finite if V/V•L is finite dimensional. A 

subspace V•• of V* is said to be dense if V•••Û=0. Finally SnV and EnV de

note the n-fold symmetric power and exterior power of V respectively.
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Let A and C be an algebra and a coalgebra respectively. The structure 

maps will be denoted by

ƒÊ A: A_??_A•¨A, ƒÅA: k•¨A

‡™C•¨C_??_C, ƒÃC: C•¨k.

The index A or C is often omitted. The vector space Modk(C, A) is always 

viewed as an algebra, whose multiplication is defined by

f*g=ƒÊ_??_(f_??_g)_??_‡™.

We adopt the following "sigma notation":

‡™(c)=‡”C(l)_??_C(2) for c•¸C.

The coradical filtration [11, •˜9.1] of C is denoted by {Ci}i•†0. G(C) denotes 

the set of group-like elements of C

{g•¸C|‡™(g)=g_??_g and ƒÃ(g)=1}.

G(C) can be naturally identified with the set of coalgebra maps from k to 

C. For g•¸G(C), Cg denotes the irreducible component [11, •˜8.0] of C con

taining g and Pg(C) the set of primitive elements of C with respect to g

{x•¸C|‡™(x)=x_??_g+g_??_x}.

C is said to be connected if C0 is one-dimensional. A connected coalgebra 

C has a unique group-like element, which we shall denote by gc and put

P(C)=Pgc(C).

A Hopf algebra means a bialgebra with an antipode. The antipode of 

a Hopf algebra is denoted by SH (or S).

The symbols _??_ƒ¿•¸AXƒ¿ and _??_ƒ¿•¸AVƒ¿ will mean the disjoint union of sets Xƒ¿

(ƒ¿•¸A) and the direct sum of vector spaces Vƒ¿(ƒ¿•¸A) respectively.

1. Preliminaries

1.1 The structure of A0

1.1.1 Let C be a k-coalgebra. If W1 and W2 are subspaces of C we 

denote by W1•ÈW2 the kernel of the map

C‡™•¨C_??_C•¨C/W1_??_C/W2

[11, •˜9.0]. Let A be a subalgebra of C*. For a subset S of A we put
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S•Û={x•¸C|<x, S>=0}.

LEMMA. 1f V1 and V2 are subspaces of A, then V•Û1•ÈV•Û2=(V1V2)•Û.

PROOF. Since V•Ûi is the kernel of

C→A*
restr.
→ V*i,

we have C/V•Ûi•¨V*i. The commutative diagram

where ‡™ (resp. ƒÊ) is the comultiplication (resp, multiplication) of C(resp. A), 

implies that (V1V2)•Û=V•Û1•ÈV•Û2.

1.1.2 We are concerned with the structure of A0, where A is a com

mutative k-algebra. But we see later (2.1.7) that

A0= 〓
P∈SpecA
(Ap)0

where AP is the localization of A at P. Hence enough to consider the case 

where A is local.

PROPOSITION. Let A be a commutative local k-algebra with maximal 

ideal m.

(i) If m is not co finite in A, then A0=0.

(ii) If m is co finite, then A0 is irreducible with coradical filtration 

{A0•¿(A/mi+l)*}i•†0. In particular we have

A0⊂ lim
→i
(A/mi+1)*.

(iii) If m is co finite and A is Noetherian, then we have

A0= lim
→i
(A/mi+1)*

and A0 is dense in A*.

PROOF, We have  A0= lim

A•½Icofinite ideals

(A/I)* by [11, •˜6.0]. Because m is

 nilpotent mod I for any conite ideal I of A, we have

A0 •¼lim•¨i (A/mi+1)*.
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If m is not cofinite then A0 is 0, because A has no cofinite ideals . If m is 
cofinite then (A/m)* is a simple subcoalgebra of A0. Since

•Èi +l(A/m)*=A0•¿n(A/mi+l)*

by 1.1.1, we have A0=•¾i•Èi+1(A/m)*. It follows from [11, Lemma 11 .0.8]

 that A0 is irreducible with coradical (A/m)*. This proves (ii). If further

more A is oetherian then mi+1's are cofinite and •¿mi+1=0 by the theorem 

of Krull. This means (iii).

1.1.3 Let A be a commutative k-algebra. For an ideal I of A such 

that Ii+1 is cofinite for all i we put

(A0)I= lim•¨i(A/Ii+1)*.

LEMMA. Let {M1,•c, Mt} be the set of maximal ideals of A containing 

I. Then we have

(A0)I=(A0)M1._??_•c_??_(A)Mt and (A0)Mt=(AMi)0.

PPOOF. M1•¿•c•¿Mt=M1•cMt is nilpotent modulo I, because A/I is 

Artinian. I is nilpotent mod M1•cMt. Hence we have

( A0)I=(A0)M1•cMt.

Because A•€(M1•cMt)i+1=A•€Mi+11•~•c•~A•€Mi+1t, we have

(A0)M1•cMt=(A0)M1_??_•c_??_(A0)Mt.

(A0)Mi=(AMi)0 follows from 1.1.2.

1.1.4 Let A e a commutative local k-algebra with maximal ideal m . 

Suppose that mi+1's are cofinite in A. Let K|k be a field extension. Then 

the K-coalgebra K_??_A0 is clearly equal to ((K_??_A)0)K_??_m, where (K_??_A)0 de

notes the dual K-coalgebra of K_??_A. Hence by 1.1.3, we have

COROLLARY. K_??_A0=((K_??_A)M1)0_??_•c_??_((K_??_A)Mt)0, where {M1,•c,Mt} 

is the set of maximal ideals of K_??_A containing K_??_m, and (-)0 in the right 

hand side denotes the K-coalgebra dual.

1.2 The categories WR, Wk, Wcnk and W

1.2.1 For each R•¸Mk, we define a category WR as follows: An object 

of WR is a cocommutative k-coalgebra; A morphism from C to D in WR is 

an R-coalgebra map f: R_??_C•¨R_??_D such that f(R_??_C0)•¼R_??_D0, where C0 

(resp. D0) is the coradical of C (resp. D). In view of [11, Theorem 8.0.8 d)], 

Wk is the same as the category of cocommutative coalgebras. For an Mk

 mapƒÓ: R•¨S we define a functor WƒÓ: WR•¨WS as follows: WƒÓ is the identity



8 MITSUHIRO TAKEUCHI

on the class of objects; WƒÓ(f)=S_??_R f for any WR-morphism f . Finally let 

WfR be the full subcategory of WR whose class of objects consists of all finite 

dimensional cocommutativ k-coalebras.

1.2.2 It is known that the category Wk has f inite products [11, Theorem 

6.4.5]. More precisely for any C, D•¸Wk, the diagram:

C
1〓 ε← C〓D

ε〓1
→

Dis a direct product diagram in Wk and the final object.

Given two Wk-maps f, g: C_??_D, the lamest subcoal ebra contained in 

Ker (f-g) is clearly the equalizer (kernel) of the pair (f, g) in Wk. Thus

 Wk has finite products and equalizers. Therefore:

PROPOSITION. The category Wk has finite limits.

1.2.3 PROPOSITION. A map f: C•¨D of cocommutative coalgebras is 

a moomorpism in Wk iff it is ijective (as a map of sets),

PROOF. Enough to prove the "only if" part. Assume that f is a mono

morphism in Wk. Then for any subcoal ebra C•L of C, the induced map

f: C•L•¨f(C•L)

is also a monomorphis. Since C is the directed union2) of its finite dimen

sional subcoalebras [11, Theorem 2.2.1], we can assume without loss of gen

erality that C is finite dimensional and that if(C)=D. Then the induced ale

bra map tf:D*•¨C* is an epimorphism in Mk. This follows if one notes 

that for any ƒÓ, ƒÕ•¸Mk(C*, A) with A•¸Mk, ƒÓ(C*)•EƒÕ(C*) is a finite dimensional 

ubalgebra of A. Hence the assertion follows from the following:

LEMMA. Let ƒÓ: A•¨B be a Mk-map. If B is a finitely generated A

module then ƒÓ is an epimorphism in Mk iff it is surjective.

PROOF. By [2, II, •˜3, n•‹3, Proposition 11], ƒÓ is surjective iff the induced 

map: A/m•¨B/Bm is surjective for any maximal ideal m of A. Suppose 

that ƒÓ is an epimorphis in Mk. Then the induced map: A/m•¨B/Bm is 

also an epimorpis. In particular we have x_??_1=1_??_x in (B/Bm)_??_A/m 

(B/Bm) for any x•¸B/Bm. But since A/m is a field, this means the sur

jectivity of the map: A/m•¨B/Bm. Hence ƒÓ is surjective.

1.2.4 Let R•¸Mk. Then is the final object of R also. Let C, C•L

•¸W R. Then the diagram:

C
Wη(1〓ε)
←C 〓C´

Wη(ε〓1)
→C´
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is a direct product diagram in the category of cocommutative R-coalgebras 

[6, page 28, Proposition 4.1] (but not necessarily so in WR), where ƒÅ: k•¨R 

is the structure map. Let D•¸WR. The above diagram induces an injec

tion:

WR(D, C_??_C•L)_??_WR(D, C)•~WR(D, C•L).

Note that (C_??_C•L)0•¼C0_??_C•L0 in general [8,2.3.1311. If (C_??_C•L)0=C0_??_C•L0, then 

the above map is clearly isomorphic and hence C_??_C•L is the direct product 

of C and C•L in WR. This occurs for example if C or C•L is pointed [11, •˜8.0] 

or if k is perfect.

1.2.5 LEMMA. Let C•¸Wk and A•¼C be a subspace. Let B be the 

largest subcoalgebra of C which is contained in A. Then for any R•¸Mk, D•¸

WR and ƒÐ•¸WR(D, C), we have

ƒÐ(R_??_D)•¼R_??_A•ÌƒÐ(R_??_D)•¼R_??_B.

PROOF. Suppose that ƒÐ(R_??_D)•¼R_??_A. We want to show that ƒÐ(R_??_D)

•¼R_??_B. Since D is the directed union of its finite dimensional subcoalgebras, 

we can assume that D is finite dimensional. Then there exists a finite 

dimensional subspace A•L of A such that ƒÐ(R_??_D)•¼R_??_A•L. Let ƒÖ: C*•¨R_??_D* 

be the composite

C*
cano.•¨

ModR(R_??_C, R)
ModR(ƒÐ, R)

•R̈_??_D*.

This is an algebra map, since ƒÐ is an R-coalgebra map. Since ƒÐ(R_??_D)

•¼R_??_A•L, ƒÖ factors as

C*
cano, •¨A•L* cano.•¨

R_??_A•L*
ModR(ƒÐ, R)

•R̈_??_D*.

Put since A•L is finite dimensional, there exist a unique subspace B•L of A•L 

and an isomorphism ƒÆ: B•L*_??_ƒÖ(C*) such that ƒÖ factors as

ω:C*
cano.•¨

A•L *
cano.•¨

B•L*
θ
〓 ω(C*)→R〓D*.

Since B•L•Û=Ker(ƒÖ) is an ideal of C*, B•L is a subcoalgebra of C [11, Proposition 

1.4.3]. Hence B•L•¼B. The fact that ƒÖ factors through the canonical pro

jection: C*•¨B•L* means clearly that ƒÐ(R_??_D)•¼R_??_B•L. Thus we have ƒÐ(R_??_D)

•¼R_??_B.

1.2.6 Let C, D•¸Wk and f, g: C_??_D be two coalgebra maps. Then 

Ker (f, g) the equalizer of (f, g) in Wk is the largest subcoalgebra contained 

in Ker (f-g). Since Ker (R_??_f•¨R_??_g)=R_??_Ker (f-g), it follows from 

above that Ker (f, g) is the equalizer of (WƒÅ(f), WƒÅ(g)): C_??_D in WR for any
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R•¸Mk. In other words the functor

WƒÅ: Wk•¨WR

preserves equalizers (but not finite products).

1.2.7 coalebra C is said to be connected if the coradical C0 is 1

- dimensional [9, Definition 3.1]. Such a coalebra has a unique group-like 

element gC and C0=kgC. We denote by Wcnk the category of cocommutative 

connected coalgebras. If C, D•¸Wcnk, then C_??_D•¸Wcnk, since (C_??_D)0 is con

tained in C0_??_D0 (cf. [9, Proposition 3.2.4]). Let f, f•L: C_??_D be the maps 

in Wcnk. Since f(gC)=gD=f•L(gC), the kernel Ker (f, g) is a non-zero, hence 

connected, subcoalera of C. Thus we have proven:

PROPOSITON. The full snbeategory Wcnk of Wk is dosed under finite 

limits.

1.2.8 Let B1 be the coalgebra on basis b0 and b1 with

‡™(b0)=b0_??_b0, ƒÃ(b0)=1,

‡™(b1)=b0_??_b1+b1_??_b0, ƒÃ(b1)=0.

Clearly B1•¸Wcnk and we have

for any C•¸Wcnk, where P(C) is the set of primitive elements with respect 

to the unique group-like element gC, that is

P(C)={x•¸C|‡™(x)=x_??_gC+gC_??_x}.

In particular the functor

commutes with finite limits.

Let f: C•¨D be a Wcnvk-map. We denote y Ker0(f) the equalizer

 K er (f, gD_??_ƒÃ) in Wcnk, where gD is identified with the unique coalgebra 

map: k•¨D. It is also defined by the following pullback diagram in Wk:

Since P(-) commutes with finite limits, we have
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P(Ker0(f))=Ker(P(f):P(C)•¨P(D)).

LEMMA. A Wcnk-map f: C•¨D is injective (as a map o f sets) iff Ker0(f)

=kgC.

PROOF. It is known that f is injective if P(f):P(C)•¨P(D) is injective 

[11, Lemma 11.0.1]. In particular the structure map ƒÃ: C•¨k is injective 

iff P(C)=0. Hence we have

f is injective •ÌP (Ker0(f))=0

•Ì Ker0(f)=kgC.

1.2.9 we define a category W as follows: The class of objects in 

W consists of all pairs (R, C), where R•¸Mk and C•¸Wk; The W-maps from 

(S, D) to (R, C), where (S, D) and (R, C) are objects in W, consist of all 

pairs (ƒÓ, ƒÐ) with ƒÓ•¸Mk(R, S) and ƒÐ•¸WS(D, C). The composite of W-maps

(T,E)
(Ψ,τ)
→ (S,

 D)(φ,σ)
→ (R, C)

is of course (ƒµ_??_ƒÓ, Wƒµ(ƒÐ)_??_ƒÑ).

Wf will denote the full subcategory of W consisting of all (R, C) such 

that C is finite dimensional.

1.3 Representable functors and yeralgebras

1.3.1 Let A e a category. A contravariant functor from A to E 

(resp. More, resp. Gr) is called a set-(resp. monoid-, resp. group-) functor 

on A.

Suppose that A has finite products and especially the final object, 

written e. A monoid (resp, group) object in A is by definition a triple 

(resp. 4-tuple) (G, ƒÊ, ƒÅ) (resp. (G, ƒÊ, ƒÅ, S)) with G•¸A, ƒÊ•¸A(G•~G, G) and ƒÅ

•¸ A(e, G) (resp. in addition S•¸A(G, G)) such thatƒÊ_??_

(ƒÊ•~1G)=ƒÊ_??_(1G•~ƒÊ): G ×G×G→G

and

μ〓(η×1G) =1G=ƒÊ_??_(1G•~ƒÅ): G•¨G

(resp. in addition

μ〓(S×1G)〓 ‡™=ƒÅ_??_ƒÃ=ƒÊ_??_(1G•~S)_??_‡™: G•¨G),

where ‡™: G•¨G•~G is the diagonal map and ƒÃ: G•¨e is the unique map.

Let G be an object (resp. a onoid object, resp. a group object) in A. 

Then the functor
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A(-,G):C|•¨A(G, G)

is a set-(resp, monoid-, resp. group-) functor on A, where the multiplication 

on A(G, G) is defined by

A(C, G)•~A(G, G)_??_A(G, G•~G)•¨A(C,ƒÊ)A(C, G),

(in case G is a monoid or group object).
A set (resp. monoid-, resp. group-) functor T on A is said to be repre

sentable if T is isomorphic to A(-, G) for some object (resp. monoid object, 
resp. group object) G in A. Such an object (resp. a monoid object, resp. a 

group object) G, which is clearly unique up to isomorphisms, is said to re
present T.

A group or monoid-functor on A is representable iff the underlying 
set-functor is representable as is easily verified.

1.3.2 The category Wk is seen to have finite products (1.2.2). More 

precisely if C and D are two objects in Wk, the following is a direct product 
diagram in Wk:

The final object in Wk is k. It follows that a cocommutative bialgebra 

(resp. cocommutative Hopf algebra) is nothing other than a monoid (resp. 
group) object in Wk (cf. [6, page 33 and 11, page 71]).

Let H be a cocommutative bialgebra (resp. cocommutative Hopf alge
bra). Then the functor

Wk(-,H): C|•¨Wk(G, H)

is a monoid-(resp. group-) functor on Wk, where the monoid (resp. group) 

structure on Wk(G, H) is defined as follows:

(multiplication) f*g=ƒÊ_??_(f_??_g)_??_‡™

(unity) ƒÅ_??_ƒÃ

(resp. In addition

(inverse) f-1=S_??_f),

Recall that Wfk is the category of finite dimensional cocommutative co

algebras. A set (resp. monoid-, resp. group-) functor T on Wfk is said to 

be represented by a cocommutative coalgebra (resp. bialgebra, resp. Hopf 

algebra) H if T is isomorphic to the restriction of Wk(-, H) to Wfk. From 

Lemma below it follows that such an H is unique up to isomorphisms.
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LEMMA. Let T and U be two set (resp, monoid-, resp, group-) functors 

on Wk. We assume that T and U commute with limits. (This means that 

if C=lim•¨jCj in Wk then T(C)=lim•©jT(Cj) and U(C)=lim•©jU(Cj) in E(resp. 

Mon, resp. Gr)). Then any natural transformation

α:T|Wfk→U|Wfk

can be uniquely extended to a natural transformation

α:T→U.

If in particular T|Wfk and U|Wfk are isomorphic to each other then so are T 
and U.

PROOF. Since every coalgebra is the directed union of its finite dimen

sional subcoalgebras, we have naturally

and

for any C•¸Wk. Let ƒ¿(C): T(C)•¨U(C) be the composite

Then ƒ¿: T•¨U is a unique natural transformation such that

α|Wfk=α.

1.3.3 Let ƒ¿: T•¨U be a natural transformation of monoid- (resp. 

group-) functors on a cateary A. The kernel of ƒ¿, written Ker (ƒ¿), is de

fined by

Ker(α)(A)=Ker(α(A):T(A)→U(A))

for all A•¸A. This is clearly a monoid- (resp. group-) functor on A.

Let f: H•¨H' be a map of cocommutative bialgebras. The bialgebra 

kernel of f, written Ker0 (f), is the equalizer of (f, ƒÅ_??_ƒÃ) in the category Wk3).

LEMMA. Ker0(f) is a sub bialgebra of H and represents the kernel of 

the map

Wk(-, f): Wk(-, H)•¨Wk(-, H')

of monoid-funetors on Wk. If H and H' have the antipode, then Ker0 (f) is 

a sub-Hop f algebra of H.

PROOF. Ker (f-ƒÅ_??_ƒÃ) is a subalgebra of H. In general if A is a subal
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gebra of H then the largest subcoalgebra of H contained in A is also a sub

algebra of H as is easily seen. Hence Ker0(f), which is the largest subco

algebra contained in Ker (f-ƒÅoƒÃ), is a subbialgebra. The other statements 

are clear.

1.3.4 Let C, D•¸Wk, g•¸G(D) and ƒÐ•¸Wk(C, D). We denote as usual 

by C, the coradical of C and by Dg the irreducible component of D which 

contains g. We claim that

ƒÐ(C)•¼g_??_ƒÐ(C0)•¼kg.

Indeed if a(C)•¼Dg, then ƒÐ(C0)•¼(Dg)0=kg. Conversely if ƒÐ(CQ)•¼kg, then ƒÐ

(•ÈnC0)•¼•Èn kg by [11, Lemma 9.1.3]. Since Dg=•¾•Ènkg [11, Lemma 

11.0.8], we have a(C)•¼Dg.

Let H be a cocommutative bialgebra. Then H1 the irreducible compo

nent of H containing 1 is a subbialgebra [11, Proposition 8.1.1]. It follows 

from above that the sequence

1•¨Wk(C, H1)•¨Wk(C, H)•¨cano.Wk(C0. H)

is exact for any C•¸Wk. This gives a characterization of the monoid-func

tor Wk(-,H1).

1.3.5 A cocommutative irreducible bialgebra is called a hyperalgebra. 

A hyperalgebra is connected and has an antipode [11, Propposition 9.2.5]. 

A subbialgebra or a quotient bialgebra of a hyperalgebra is also a hyper

algebra. The tensor product of two hyeralgebras is a hyperalgebra.

A hyperalgebra is nothing other than a monoid object, in fact a group 

object, in Win. Let R e Mk with j: k•¨R the structure map. It follows 

from (1.2.4) that the functor

preserves finite products and so group objects. Hence a hyperalgebra H 
can be considered as a group object in WR and so the functor

WR(-, H): C•¨WR(C, H)

a group-functor on WR.

LEMMA. Let f: H•¨H•L be a map of hyperalgebras. Then Ker0(f) the 

Hop f kernel of f (1.3.3) is a subhyperal gebra of H and represents the kernel 

of the map

WR(-, WƒÅ(f)): WR(-, H)•¨WR(-, H•L)

of group functors on WR.
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PROOF. This follows immediately from (1.2.6).

1.3.6 As a corollary to 1.2.8 we obtain:

PROPOSITION. Let f: H•¨H•Lbe a map of hyperalgebras. Then we 

have

P(Ker0(if))=Ker (P(f): P(H)•¨P(H•L))

and f is injective iff Ker0(f)=k.

1.3.7 Let R•¸Mk. A set-functor T on Wfk is said to be represented by 

an object C of WR if

Such an object C is unique up to WR-isomorphisms by the following lemma 

which can be proved by the same method as in 1.3.2:

LEMMA. Let R•¸Mk and C, D•¸WR. Let

be a map of set-functors on WfR. Then there exists a unique WR-map 
a: C•¨D such that

1.3.8 Let H be an object in Wk. Then the correspondence

(R, C)|•¨WR(C, H), W•¨E

turns into a contravariant functor if we associate the composite

with each W -map (ƒÓ,ƒÐ): (S, D)•¨(R, C). This set-functor on W is said to be 

represented by H and denoted by ƒ¦H. (If we embed Wk into W via

wk•¨, C|•¨(k, C)

then ƒ¦H is nothing other than the reresentable set-f unctor W(-, (k, H))). 

If H has a hyperalebra structure, then OH becomes naturally a group

 functor on W by (1.3.5).

LEMMA. Let H and H•L be two cocommutative coalgebras (resp, hyper

algebras). Let

α:ΘH|Wf→ ΘH´|Wf
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be a map of set-(resp. group-) functors on Wf. Then there exists a unique 
coalgebra map (resp, hyperalgebra map)

σ:H→H´

such that

ƒ¿(R, C)=WR(C, WƒÅ(ƒÐ))

for each (R, C)•¸Wf. In particular a can be uniquely extended to a map

α:ΘH→ ΘH´

of set- (resp. group-) functors on W.

PROOF. R•¸Mk being fixed, ƒ¿ induces a map of set (resp. group-) 

functors on WfR

This is of the form WR(-, ƒÐ(R))|WfR by 1.3.7, where ƒÐ(R) is a uniquely de

termined WR-map: H•¨H•L. (In case of hyperalgebras, ƒÐ(R) is also an R

algebra map from R_??_H to R_??_H•L). Since ƒ¿R, hence ƒÐ(R) also, is "natural 

with respect to R", it follows that

σ(R)=Wη(σ(k)).

This proves Lemma.

We say that a set (resp. group-) f unctor T on Wf is said to be repre

sented by a cocommutative coalgebra (resp. yperalgebra) if T_??_ƒ¦H|Wf. 

Such an H is unique up to a unique isomorphism.

1.3.9 Consider the correspondence

This turns into a contravariant functor if we associate the composite

with each Wf-map (ƒÓ,ƒÐ): (S, D)•¨(R, C). We always in this manner con

sider R_??_C* as a functor of (R, C)•¸Wf .

1.3a The maximum sub-Hopf algebra of a cocommutative bialgebra

1.3a.1 For a monoid M, we denote by U(M) the group of invertible 
elements in M.
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Let H be a cocommutative bialgebra. Consider the group-functor on Wk:

C|•¨U(Wk(C, H)).

The purpose of this section is to prove the following:

PROPOSITION. The above functor is representable. More precisely 

there exists a (unique) subbialgebra H•L of H such that

(i) H' has an antipode and

(ii) For any C•¸Wk, and a•¸Wk(C, H) we have

ƒÐ(C)•¼H•L•ÌƒÐ is invertible in the algebra Modk(C, H).

Then H•L represents the above group-functor.

1.3a.2 Let A be an associative (not necessarily commutative) algebra 

and R a commutative finite dimensional algebra. Let S be a subalgebra of 
R. Then S_??_A is a subalgebra of R_??_A.

LEMMA. If an element x of S_??_A is invertible in the algebra R_??_A, 
then it is invertible in S_??_A.

PROOF. If is a field, then the assertion is clear since R_??_A=

R_??_s(S_??_A).

In general let {M1,•c, Mn} be the set of all maximal ideals of R. Since 

R is finite dimensional, mi=Mi•¿Sis a maximal ideal of S. Applying the 

above remark to the field extension (R/Mi)|(S/mi), it follows that x is in

vertible modulo mi_??_A. Thus we have

Notice that the set x of ideals a of S such that

is closed under the formation of finite products. Put since

M=1•¿•c•¿Mn

is nilpotent, m=m1•¿•c•¿mn is a nilpotent ideal of S and belongs to the 

set x because it contains m1•cmn. This implies that 0•¸x, that is

S_??_A=x(S_??_A),

Similarly we have S_??_A=(S_??_A)x. This proves Lemma.

1. 3a.3 Let A be an algebra and ƒÑ: C•¨D a surjective map of cocom

mutative coalebras.
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COROLLARY. Let ƒÐ•¸Modk(D, A). If ƒÐaƒÑ is invertible in the algebra 

Modk(C, A), then ƒÐ is invertible in Modk(D, A).

PROOF. Let {Ca} be the set of all finite dimensional subcoalebras of C. 

Put

Dƒ¿=ƒÑ(Cƒ¿),ƒÑƒ¿=z|Cƒ¿: Cƒ¿•¨Dƒ¿ and

aƒ¿=ƒÐ|Dƒ¿: Dƒ¿•¨A.

Since ƒÐƒ¿oƒÑƒ¿ E Modk(Cƒ¿, A)_??_(Cƒ¿)*_??_A is invertible, it follows from Lemma 

above that as ƒÐƒ¿•¸Modk(Dƒ¿, A)_??_(Dƒ¿)*_??_A is invertible. Put since {Da} forms 

a directed set of subcoalebras such that D=•¾Dƒ¿, this means that a is in

vertible.

1.3a.4 Let H be a cocommutative bialgebra. Then Wk(C, H) is a mul

tiplicative sub onoid of the algebra Modk(C, H) for any C•¸Wk. We claim 

that if ƒÐ•¸Wk(C, H) is invertible in Modk(C, H) then ƒÐ-1•¸Wk(C, H).

Indeed consider the commutative diagram:

Since ‡™H•¸Algk(H, H_??_H) and ‡™c•¸Wk(C, C_??_C), it follows that

Similarly we have ƒÃHoƒÐ-1=ƒÃC.

Let' x the set of subcoalgebras C of such that the inclusion 

ic: C•¨H is invertible in the algebra Modk(C, H) (or equivalently in the 

monoid Wk(C, H)).

LEMMA. (i) k•¸_??_.

(ii) If C and D are in _??_ then C+D and C. D are in X also.

(iii) For any a e Wk(E, H), where E•¸Wk, a is invertible in the algebra 

Modk (E, H) iff ƒÐ(E)•¸x.

PROOF. (i) is clear and (iii) follows immediately from Corollary 1.3a.3.

(ii) Suppose that C, D•¸_??_. Then C n D is a subcoalgebra of H and

(ic)-1|C•¿D=(iD)-1|C•¿D

clearly. Hence there exists a unique linear map

j: C+D•¨H
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such that j|C=(ic)-1 and j|D=(iD)-1. Since the map j is easily seen to be 

the inverse of i(C+D), it follows that C+D•¸x .

On the other hand the coalgebra map:

has the map:

as its inverse. By (iii) this means that C.D•¸_??_.1.

3a.5 Let H and _??_ be as above. Put

Then it follows from Lemma above that H•L is a subbialgebra of H and the 

largest element of x. Since the image of the map

(iH•L)-1: H•L•¨H

belongs to x, we have (iH•L)-1(H•L)CH•L, Hence H•L has (iH•L)-1 as its antipode . 

In view of the condition (iii) of Lemma above, we see that the subbialgebra 

H•L satisfies the conditions (i) and (ii) of Proposition 1 .3a.1. Let C•¸Wk and 

Wk(C, H). Since then

a(C)•¼H•L•ÌƒÐ is invertible in Modk(C, H)

•ÌƒÐ•¸ U(Wk(C, H)),

it follows that the Hopf algebra H•L represents the group-functor on W
k:

C|•¨U(Wk(C, H)).

This proves Proposition 1.3a.1.

Now let H••be a sub-opf algebra of H, that is H•• is a subbialgebra 

of H and has an antipode. Since then the inclusion iH••: H•••¨H is in

vertible, it follows that H•••¼H•L. In this sense the subbialgebra H•L may be 

referred to as the largest sub-Hopf algebra of H. In particular H1 the ir

reducible component of H containing 1 is contained in H•Lsince it is a sub

 Hopf algebra of H. Thus we have H1=H•L1.

1.3b The Lie algebra of primitive elements of a hyperalgebra 

1.3b.1 Let H be a hyperalgebra . The set

P(H)={x∈H|⊿(x)=x〓1+1〓x}
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is a vector subspace of H and closed under the maps:

(g, h)|•¨[g, h]=gh-hg and g|•¨gp

where p is the characteristic exponent of k. Thus P(H) has a natural struc
ture of (restricted) Lie algebra.

Let B1 be the coalgebra on basis b0, b1 with

‡™(b0)=b0_??_b0,ƒÃ(b0)=1,

‡™(b1)=b0_??_b1+b1_??_b0, ƒÃ(b1)=0

(1.2.8). The map

0:Wk(B1, H)•¨P(H), ƒÐ|•¨ƒÐ(b1)

is clearly a bijection. By transporting the structure along the bijection 

ƒÆ-1
, Wk(B1, H) becomes a (restricted) Lie algebra. In the following we shall 

describe that structure.

1.3b.2 For an element ƒÉ•¸k, we define a coalgebra map

uƒÉ: B1•¨B1

by

uƒÉ(b0)=b0 and uƒÉ(b1)=ƒÉb1.

Let k act on Wk(B1, H) as follows:

k•~Wk(B1, H)•¨Wk(B1, H),(ƒÉ,ƒÐ)|•¨ƒÐ„€

uƒÉ PROPOSITION. The above action makes the group Wk(Bl, H) into a vec

tor space and then the bijection

0: Wk(B1, H)•¨_??_P(H)

becomes a morphism of vector spaces.

PROOF. Let ƒÉ•¸k and ƒÐ, ƒÑ•¸Wk(B1, H). Then

(ƒÐ*ƒÑ)(b1)=ƒÐ(b1)ƒÑ(b0)+ƒÐ(b0)ƒÑ(b1)=ƒÐ(b1)+ƒÑ(b1) and

(ƒÐou2)(b1)=ƒÐ(2b1)=ƒÉƒÐ(b1).

This proves Proposition.

1.3b.3 Define a coalebra map

ƒÀ: H_??_H•¨H

by
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β(x_??_y)=Σx(1)y(1)S(x(2))S(y(2))

(cf. (1.10.5)).

LEMMA. Let C, D•¸Wk. If we put

pr1=1_??_ƒÃ: C_??_D•¨C and

pr2=ƒÃ_??_1: C_??_D•¨D

then the following two maps coincide with each other:

and

PRooF. For any C•¸Wk, the composite:

is easily seen to be the map:

(ƒÐ,ƒÏ)|•¨ƒÐ*ƒÏ*ƒÐ-1*ƒÏ-1.

The assertion follows immediately, since the element ƒÐ_??_ƒÑ •¸Wk(C_??_D, H_??_H) 

corresponds to (ƒÐopr1, ƒÑopr2)•¸Wk(C_??_D, H)2 canonically.

1. 3b.4 We define a linear map

ν: B1_??_B1→B1

as follows:

ƒË(b0_??_b0)=b0, ƒË(b0_??_b1)=ƒË(b1_??_b0)=0, ƒË(b1_??_b1)=b1

The neap v is a coal ebra map, since it is the linear dual of the algebra map:

k[X]/(X2)•¨k[X]/(X2)_??_k[X]/(X2), X|•¨X_??_X

PROPOSITION. There exists a unique map

such that for any ƒÐ,ƒÑ•¸Wk (B1, H)

ƒ¿(ƒÐ,ƒÑ)_??_ƒË=(ƒÐ_??_pr1)*(ƒÑ_??_pr2)*(ƒÐ_??_pr1)-1*(ƒÑ_??_pr2)-1

in the group Wk(Bl_??_B1, H), where the maps
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are the canonical projections. Then the bracket product

[ƒÐ,ƒÑ]=a(ƒÐ,ƒÑ)

makes Wk(B1, H) into a Lie algebra over k such that the bijection

0:Wk(B1, H)_??_•¨P(H)

becomes a Lie algebra isomorphism.

PROOF. we have only to show the commutativity of the diagram:

where ƒÀ is the map: (ƒÐ,ƒÑ)|(ƒÐ_??_ƒÑ)

Indeed let x, y•¸P(H). Then we have

and

Hence if we put

ƒÐ=ƒÆ-1(x), ƒÑ=ƒÆ-1(y) and ƒÏ=ƒÆ-1(xy-yx)

then it follows that

This proves Proposition.

1. 3b.5 Let n be an integer >0 and C a coalgebra. Let SnC be the n-th 

symetric power of C. Then the maps:

and

are easily seen to factor through the canonical projection:

〓nC→SnC.

This means that SnC is a quotient coalgebra of _??_nC.

Consider the map:

Wk(C, H)→Wk(〓nC,H),σ|→(σ 〓pr1)*(σ 〓pr2)*…*(σ 〓prn)
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where pri: _??_n CC is the i®th projection, that is

Just as in Lemma 1.3b.3, one sees that

where ƒÊn: _??_nHH is the map:

Take C=B1 in particular. Then for any a e Wk(Bl, H) the image a(B1) is 

contained in a commutative subalgera of H, since a(b0)=1. This means 

that the map

factors through SnB1. Thus we can well-define a map

fn: Wk(Bl, H)Wk(SnB1, H), ƒÐ|(ƒÐopr1)* ... *(ƒÐoprn).

Now let p be the characteristic exponent of k. Let

g: B1SPB1

be the composite:

We claim that g is a coalgebra map. Indeed we have

in _??_p B1. Consider the natural action of the cyclic group of order p on the 
set {0,1}p. Since each orbit has length 1 or p, it follows that the image 

_??_pb1 of _??_p b1 in SpB1 is a primitive element. This means that g is a coal

gebra map.
Let B: Wk(B1, H)Wk(B1, H) e the composite:

Then the diagram:
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commutes. Indeed let ƒÐ•¸Wk(B1, H). Then the map

fp(ƒÐ): SpB1H

is induced by the composite:

Hence we have

Thus we have proven:

PROPOSITION. The map R: Wk(Rl, H)Wk(B1, H) makes the Lie algebra 
Wk(Bl, H) into a restricted Lie algebra such that the canonical bijection

is an isomorphism of restricted Lie algebras.

1.3b,6 Let R•¸Mk with ƒÅ: kR the structure map. Let ƒÐ, p•¸WR(C, H) 

and ƒÑ•¸WR(D, H), where C, D•¸WR. The map

is a WR-map from C_??_D to H_??_H, since

and

Now WR(C, H) is a group by (1.3.5). It is easy to see that the multiplication 

satisfies

In particular if we define maps

β:H〓H→H

μn:〓nH→H

pr1:C〓D→C

pr2:C〓D→D

pri:〓nC→C
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just as in the previous paragraphs, it follows that

in WR(C_??_D, H) and

in WR(_??_nC, H). For A•¸R, we define a WE-map uƒÉ: B1B1 by

and

Finally let

v: Bl_??_B1B1 and g: B1SpB1

be the coalgebra maps defined in (1.3b.4 and 5).

PROPOSITION. (i) The action:

R•~WR(B1, H)WR(Bl, H), (ƒÉ, ƒÐ)|ƒÐouƒÉ

makes the group WR(Bl, H) into an R-module.

(ii) There exists a unique map

a: WR(B1, H)•~WR(B1, H)WR(B1, H)

such that

in the group WR(B1_??_Bl, H) for any ƒÐ, ƒÑ•¸WR(B1, H). Then the bracket

product

[σ,τ]=α(σ,τ)

turns the -module WR(B1, H) into a Lie algebra over R.

(iii) Let p be the characteristic exponent of k. The map:

induces a map

fp: WR(B1, H)WR(SpB1, H).

Let P: WR(B1, H)WR(B1, H) be the composite:
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Then the map P makes the R-Lie algebra WR(Bl, H) into a restrictive Lie 

algebra over R.

(iv) The map: ƒÐƒÐ(1_??_bl), WR(Bl, H)R_??_H induces an isomorphism 

of restricted Lie algebras over R:

PROOF. The set of primitive elements of the R-coalgebra R_??_H with 

respect to 1_??_1 is equal to R_??_P(H) as is easily seen. Since for any 

WR(Bl, H) we have ƒÐ(1_??_ba)=1_??_1, it follows that the map:

is bijective. This implies Proposition by the same method just as in case 

of R=k (where one should notice that R_??_Sp B1 is the p-th symmetric power 

of the R-module R_??_B1).

1.4 The Krull dimension of coalebras

1.4.1 PROPOSITION. Let C be a cocommutative coalgebra with coradical 

filtration {Ci}i•†0. Suppose C1 is finite dimensional. Then Cn is finite di

mensional for any n•†0, C* is Noetherian and every ideal of C* is of the 

form D•Û, where D is a uniquely determined subcoalgebra of C.

This is contained in [S, 5.2.1, 2.4.3 and 1.3.1]. We give here another:

PROOF. Since Cn=Co•ÈCn-1, we have

‡™: C/Cn_??_C/C0_??_C/Cn-1.

But because ‡™(Cn+1)•¼‡”i+j=n+1Ci_??_Cj [11, Corollary 9.1.7], we have

‡™: Cn+1/Gn_??_C1/C0_??_Cn/Cn-1.

Therefore Cn is finite dimensional by induction. We have for i•…j Ci=

•Èi +1 C0=((C•Û0)i+l)•Û in C
j by 1.1.1 or [11, Proposition 9.0.0 b)]. Since Cj is 

finite dimensional this means that

If we apply [3, III, •˜2, n•‹11, Proposition 14] and its two Corollaries to

it follows that C* is oetherian and the topology on C*, which is the pro-

jective limit of discrete rims C*n, is the same as the C•Û0-adic topology.
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More precisely we have

i.e. C* is the C•Ûo-adic completion of C*. Hence by [3, III, •˜3, n•‹4, Proposition 

8 (i)] C* is a Zariski ring. It follows from [3, III, •˜3, n•‹3, Proposition 6 c)] 

that every ideal 1 of C* is closed. The closure of I in C* is easily seen to 

be I•Û•Û. If we notice that J L is a subcoalgebra of C [11, Proposition 1.4.3 b)] 

the proof is complete.

1.4.2 Let C•¸Wk. A subcoalgebra D of C is said to be a coprime sub

coalgebra, if D•‚0 and for any subcoal ebras A and B of C, D•¼A•ÈB 

implies D•¼A or D•¼B.

LEMMA. D is a coprime subcoalgebra of C iff D•Û is a prime ideal of 

C*.

PROOF. D•‚0 is equivalent to D•Û•‚C*. For any ideals I and J of C*, 

I•Û and J•Û are subcoalgebras of C [11, Proposition 1.4.3 )], and IJ•¼D•Û is 

equivalent to D•¼(IJ)l=I•Û•ÈJ•Û (1.1,1). Hence if D is coprime then D•Û is 

prime. Conversely if A and B are subcoalebras of C, then A L and B1 are 

ideals of C* [11, Proposition 1.4.3 a)]. Suppose D•Û is prime. Then D•¼A•È

B=(A•ÛB•Û)•Û implies A•ÛB•Û•¼D•Û and so A•Û•¼D•Û or B•Û•¼D•Û. This means 

D•¼A or D•¼B. Hence D is coprime.

1.4.3 DEFINITION. Bet C•¸Wk. The Krull dimension of C, which we 

denote by dim C, is the supreum of the length n of chains

of coprime subcoalgebras of C.

1.4.4 COROLLARY. If Cl is finite dimensional then dim C is equal to 

the Krull dimension K dim C* of C* .4)

1.4.5 REMARK. A subcoalgebra of a cocommutative coalebra C is 

coprime if E* is an integral domain. Hence if D is a subcoalgebra of C it 
is clear that

Kdim D•…K dim C.

If K dim C<•‡ and C* is an integral domain, the equality holds if D=C.

1.4.6 Following [8, •˜2.2] a coalebra C is said to be o f finite type if 

Cl is finite dimensional.

Let C be a cocommutative coalebra of finite type. By 1.4.1 every
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ideal of C* is of the form D•Û. D•Û is cofinite in C* iff D is finite dimensional. 

Hence we have

where D is taken over all finite dimensional subcoalgebras of C.

In this case, since we have

for any C'•¸Wk, the canonical map

Wk(C', C)Mk(C*, C'*), f|tf

is a bijection. See [8] for detailed or generalized results on coalgebras of 
finite type.

1.5 Some Hopf algebras

In this section we consider some representable group-functors on Wk, 

Wcnk or W and determine the representing Hopf algebras or hyeralgebras.

1.5.1 Let V be a vector space. Then there exists a pair (C(V), ƒÎv) 

with C(V)•¸Wk and ƒÎV•¸Modk(C(V), V) such that for any C•¸Wk, the map

Wk(C, C(V))Modk(C, V), ƒÐ|ƒÎVoƒÐ

is bijective [11, Theorem 6.4.3]. Since such a pair (C(V), ƒÎv) is uniquely 

determined up to isomorphisms, we say that C(V) is the cofree cocommutative 

coalgebra on V and ƒÎv the canonical projection.

If V, W•¸Modk and f: VW a linear map, then there exists a unique 

coalgebra map

C(f):C(V)C(W)

such that ƒÎw•‹C(f)=f•‹ƒÎv [11, Proposition 6.4.6]. Thus the correspondence

C: ModkWk, V|C(V)

becomes a covariant functor (which is the right adjoint of the f orgetfull 

functor: WkModk).

The functor C: ModkWk clearly commutes with limits (because it has 

the left adjoint). In particular we have canonically

and
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for any V, W•¸Modk. (Through the first isomorphism the canonical pro

jection ƒÎ(V_??_W): C(V_??_W)V_??_W corresponds to the map

Now Sweedler makes C(V) a Hopf algebra as follows [11, Theorem 6.4.8] 

The linear maps

V_??_VV, (v, w)|v+w,

0 V

VV, v|-v

induce coalgebra maps (respectively)

ƒÊ: C(V)_??_C(V)_??_C(V_??_V)•¨C(V)ƒÅ

: k_??_C(p)•¨C(V)

S: C(V)•¨C(V)

which make C(V) into a cocoutative and commutative opf algebra (With 

antipode S).5) We leave it to the reader as an exercise to prove:

PROPOSITION. Let V be a vector space.

(i) The cocommutative Hop f algebra Ca(V) represents the group-

functor on Wk:

C|•¨Modk(C, V).

More precisely the Hopf algebra structure (or group object structure in Wk)

 (ƒÊ, ƒÅ, S) on Ca(V) is the unique structure which turns the canonical isomor-

phism

Wk(C, C(V))_??_•¨Modk(C, V),ƒÐ|•¨ƒÎvoƒÐ

into a group isomorphism for any C•¸Wk.

(ii) The bialgebra structure (ƒÊ, ƒÅ)) on Ca(V) is the unique one such that

ƒÎ v(Xy)=ƒÎv(x)ƒÃ(y)+ƒÃ(X)ƒÎv(y)

1.5.2 Bet V be a vector space. The additive B-W hyperalgebra on V, 

written Ba(V), is Ca(V)1 the irreducible component of the Hopf algebra Ca(V) 

containing 1. The underlying coalgebra of Ba(V) is called the B-W coalgebra 

on V and denoted by B(V) (cf. [9, •˜4.2] or [11, page 261, Definition]).

The restriction 7rv IBa(V) of the canonical projection ƒÎv is also denoted 

by ƒÎv. By (1.3.4) we have
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In other words, the canonical projection ƒÎV induces an isomorphism of 

groups:

for any C•¸Wk.

In particular if C•¸Wcnk, then

where C+=Ker (ƒÃ: Ck). Hence Ba(V) as a group object in the category 

Wcnk represents the following group-functor on Wcnk:

C|Modk(C+, V).

In view of [11, Theorem 12,2.5], this means that our B-W coalebra B(V) 
coincides with the coalebra B(V) defined by Sweedler.

Now the functor

B: ModkWk, V|B(V)

is the right adjoint of the functor:

WkModk, C|C/C0.

Hence the functor B(-) commutes with finite limits. In particular we have 

canonically

and

It is clear that the structure maps ƒÊ,ƒÅ and S on Ba(V) are the coalebra 

maps induced by the following linear maps respectively:

V_??_V, (v, w)|v+w

0 V

VV, v|-v.

There is another characterization of the bial ebra structure (ƒÊ,ƒÅ) on 

Ba(V). The map ƒÅ: kB(V) is the unique coalebra map. The map 

B(V)_??_B(V)B(V) is the unique coalgebra map such that
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ƒÎ V(ƒÊ(x_??_y))=ƒÎv(x)ƒÃ(y)+ƒÃ(x)ƒÎV(y)

for any x, y•¸B(V).

Sweedler defines a Hopf algebra structure on B(V) [11, page 261, Def

inition]. B(V) being given that structure, it is easy to show that "our" 

structure mapƒÊ

: B(V)_??_B(V)B(V)

becomes a map of Hopf algebras, since it is induced by a linear map: 

V_??_VV (cf. [11, Lemma 12.3.1 d)]. This means that the bialgebra B(V) 

defined by Sweedler coincides with our Ba(V).

1.5.3 Let B be the coalgebra on basis b0, b1, b2, •c with ƒÃ(b)=ƒÂ0
,n and 

‡™(bn)=‡”b2_??_bn-i. Then B•¸Wk. Since {kbn}n•†0 defines a strict graduation 

on B [11, page 232], the coradical filtration of B is given by

Bn=kb0+... +kbn

[11, Lemma 11.2.1]. Let

ƒÎ: Bk

be the linear map:

LEMMA. Let R•¸Mk and C•¸WR. Then the map

is bijective.

PROOF. Note that an element a of WR(C, B) is an R-coalgera map: 

R_??_CR_??_B such that ƒÐ(R_??_Co)•¼R_??_Bo. Since 1R_??_ƒÎ is zero on R_??_Bo, the 

composite (1n_??_ƒÎ)•‹ƒÐ is zero on R_??_C0. Hence the above map is well-defined. 

We have only to construct the inverse map.

Recall that Modk(C, R) is an algebra with multiplication

f*g=ƒÊo(f_??_g)•‹‡™

and the unit ƒÅoƒÃ. Let V, W•¼C be subspaces and f, g•¸Modk(C, R). If 

f|V=O and g|W=O, then we have

f*g|V•ÈW=O

clearly from the definition of the wedge product.

Now we can naturally identify



32 MITSUKIR0 TAKEUCUI

Let f•¸Modk(C/Co, R). That is f is an element of Modk(C, R) such that 

f|C0=0. Then since Cn-1=•ÈnC0, we have

fn|Cn-1=0

for n>0, where f fl is the n-fold power of f in the algebra Modk(C, R) and 

{Cn} nis the coradical filtration of C. Since C=•¾Cn, we can well-define

Let ƒÐ(f): R_??_B be the R-linear extension of ƒÐ(f). Then it is easy to show 

that ƒÐ(f) is a unique R-coalgebra maps: R_??_CR_??_B such that

and

where f: R_??_(C/C0)R is the R-linear extension of f. This proves Lemma.

1.5.4 The above Lemma means that the pair (R, ƒÎ) is "a" B-W coalgebra 

on k. Hence there exists a unique coalebra isomorphism ƒÆ:B(k)_??_B 

such that ƒÎoƒÆ=ƒÎk, or equivalently there exists a "unique" basis {b0, b1, b2, ... } 

for (k) such that

‡™(bn)=‡”bi_??_bn-i.

ƒÃ(bn)=ƒÂ0,n and ƒÎk(bn)=ƒÂl,n.

Such a basis {bn} is called the canonical basis for B(k).

Let R•¸Mk, C•¸WR and V•¸Modk. Consider the map

This is easily seen to be a well-defined homomorphism of groups, where the 

left hand side is a group by (1.3.5). The Lemma above means that WC,k is 

an isomorphism. Notice that C being fixed the functors:

V|WR(C, Ba(V)) and

commute with finite products. Hence if V is finite dimensional, then since 

it is a product of finite copies of k, the mapƒÖC,V is an isomorphism. Suppose 

now that C is finite dimensional. Let {VƒÀ} be the set of all finite dimensional 

subspaces of V. Since we have

by [11, Lemma 12.3.1], it follows that



Tangent Coalgebras and Hyperalgebras I 33

and

Since each map ƒÖC,VƒÀ is an isomorphism, ƒÖC ,V is isomorphic whenever C is 

finite dimensional. In general let {Ca} be the set of all finite dimensional 

subcoalgebras of C. Since

and

it follows that

and

Since each map ƒÖCa ,v is an isomorphism, the map ƒÖC,V is always an isomor

phism. Thus we have proven:

PROPOSITION. Let V be a vector space. Then the map:

is an isomorphism of groups for any R•¸Mk and C•¸WR.

1.5.5 Let A be an associative (not necessarily commutative) k-algebra. 

Put

ƒÎ' A=ƒÎA+ƒÅoƒÃ: B(A)A,

where ƒÅ: kA is the structure map. It follows immediately from (1.5.2) 

that ƒÎ'A induces a bijection:

for any C•¸Wk. Now the vector space Modk(C, A) has a natural structure 

of k-algebra and the subset

TA(C)={f•¸Modk(C, A)|f|Co=ƒÅoƒÃ}

is clearly a multiplicative submonoid of Modk(C, A). The above fact means 

that the coalgebra B(A) represents the monoid-functor on Wk
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TA: C•¨TA(C).

Therefore there exists a unique hyperalgebra structure (ƒÊ', ƒÅ') on B(A) such 

that the bijection

Wk(C, B(A))•¨TA(C), ƒÐ|•¨ƒÎ'AoƒÐ

turns into a monoid isomorphism. In particular it follows that TA(C) is a 

multiplicative subgroup of Modk(C, A).

PROPOSITION. (ƒÊ', ƒÅ') is the unique bialgebra structure on B(A) which 

makes the map

ƒÎ'A: B(A)-A

into an algebra map.

DEFINITION. The hyperalgebra (B(A), ƒÊ', ƒÅ') is called the ultiplicative 

B-W hyperalgebra on A and denoted by Bm(A).

PROOF. In the group Wk(B(A)_??_B(A), Bm(A)) we have

Apply the group isomorphism:

Then we have

This means that ƒÊ': B(A)_??_B(A)•¨B(A) is a unique coalgebra map such that 

ƒÎ'AoƒÊ'=ƒÊAo(ƒÎ'A_??_ƒÎ'A). Similarly we have

ƒÎ'A_??_ƒÅ'=ƒÅA

and such a coalgebra map ƒÅ' is unique. This proves Proposition.

1.5.6 PROPOSITION. Let A be an associative k-algebra. Then for any 

R•¸ Mk and C•¸WR, the composite

induces an isomorphism of groups:
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PROOF. This is a corollary to Propositions 1.5.4 and 1.5.5. Details 

are left to the reader as an exercise.

1.5.7 PROPOSITION. Let A be an algebra and H a hyperalgebra. 

Then the canonical projection ƒÎ'A: Bm(A)•¨A induces a bijection:

PROOF. Let f•¸Wk(H, B(A)), We show that

Suppose that ƒÎ'Aof is an algebra map. Since then we have

and

where (ƒÊ', ƒÅ') is the algebra structure on Bm(A), it follows that

f_??_ƒÊH=ƒÊ'_??_(f_??_f) and f_??_ƒÅH=ƒÅ'

and so f is an algebra map. Now if g•¸Algk(H, A), then g|H0=ƒÅ_??_ƒÃ because 

H is connected. Hence we have Algk(H, A)•¼TA(H). This proves roposi

tion.

1.5.8 Let {bn} be the canonical basis for B(k)=B (1.5.4).

EXAMPLE. The multiplication ƒÊ(resp. ƒÊ') on Ba(k) (resp. Pm(k)) is de

termined by

(resp. by
).

PROOF. Put ƒÄ=ƒÎk_??_ƒÊ and ƒÄ'=ƒÎk_??_ƒÊ'. Since

and

it follows that

and
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where ƒÂ is the Kronecker symbol. As is seen in Proof of Lemma 1.5.3, we 

have

ƒÊ(x)=‡”ƒÄr(x)br and ƒÊ'(x)=‡”ƒÄ'r(x)br,

for any x•¸B_??_B, where ƒÄr is the r-fold power of ƒÄ in the algebra Modk(B

B, k). Hence we have

and the analogous formula for ƒÊ' and ƒÄ'. Now a simple calculation shows 

that

and

if Max

otherwise.

From this follows the assertion.

1.5.9 Let V•¸Modk and C•¸Wk. Then C* is a commutative k-algebra 

and C*_??_V has a natural structure of C*-module. Let

be the injection induced by the canonical injection: C*_??_V_??_Modk (C, V) 
as follows:

The map pc,v is easily seen to be a k-algebra map. If C or V is finite 

dimensional, then pc,v is an isomorphism.

We denote by EnV the n-fold exterior power of V. Then C*_??_EnV can 

be naturally identified with the n-fold exterior power of the C*-module 

C*_??_V. For an element g•¸Endc* (C*_??_V), we denote by Eng: C*_??_EnV

*C*_??_EnV the C*-linear map induced by g, that is

for vl,•c, vn•¸V.
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Let f•¸Modk(C, Endk(V)). We define a linear map fn: C•¨Endk(EnV) 

by

fn(c)(v1•È•c•Èvn)=‡”f(c(1))(v1)•È•c•Èf(c(n))(vn)

where c•¸C and v1,•c, vn•¸V. This is well-defined because C is cocommu

tative. The reader may easily verify the following:

LEMMA. (i) The map

Modk(C, Endk (V))•¨Modk(C, Endk (EnV)), f|•¨fn

is a multiplicative monoid map.

(ii) The following diagram commutes:

(iii) If H is a cocommutative Hopf algebra and f•¸Algk(H, Endk (V)) 

then fn•¸Algk(H, Endk (EnV)).

1.5.10 Let V be a finite dimensional vector space. If we put d=

dimk V then

Endk (EdV)=k.

For an element f of Modk(C, Endk (V)), where C•¸Wk, the element fd of 

Modk(C, k)=C* is called the Larson's character of f [11, page 151]. We 

put

Larsonc ,v: Modk(C, Endk (V))•¨Modk(C, k), f|fd.

This map is functorial with respect to C•¸Wk and induces a group homo

morphis:

TEndk(V) (C)•¨Tk (C).

If H is a cocommutative Hopf algebra then the map LarsonH,V induces a 

map:

Algk(H, Endk (V))•¨Algk(H' k).

Recall that ƒÎ'A: Bm(Endk (V))•¨Endk (V) is an algebra map (1.5.5), where 

we put A=Endk (V). Hence the map

(ƒÎ'A)d: Bm(Endk (V))•¨k
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is also an algebra map. Let

DV: Bm (Endk (V))•¨Bm(k)

be the unique hyperalgebra map such that ƒÎ'koDv=(ƒÎ'A)d (1.5.7). The follow

ing is an easy consequence of Lemma 1.5.9:

PROPOSITION. Let V be a d-dimensional vector space with d<•‡. Then 

for any C•¸Wk the following diagram commutes:

If H is a yperalgebra we have a commutative diagram

1.5.11 Let A and B be algebras and C•¸Wk. A linear map

f: C•¨Modk(A, B)

is said to measure A to B [11, page 138] if it satisfies

f(c)(aa)=‡”[f(c(1))(a)][f(c(2))(c)] and f(c)(1)=ƒÃ(c)1

for any a,a•¸A and c•¸C. This is equivalent to saying that the map:

A•¨Modk(C, B), a|•¨f(?)(a)

is an algebra map, where f(?)(a): c|•¨f(c)(a) [11, Proposition 7.0.1].

Let's denote by peas (C, A, B) the set of elements of Modk(C, Modk(A, B)) 

which measure A to B. The set-functor on Wk

C|•¨Meas (C, A, B)

is seen to be representable [11, Theorem 7.0.4]. We denote by Mc (A, B) 

the representing object in Wk.

Now Meas (C, A, A) is a multiplicative submonoi of the algebra 

Modk (C, Endk, (A)), that is if f, g•¸Meas (C, A, A) then f*g•¸Meas (C, A, A) 

and the unit ƒÅoƒÃ belongs to Meas (C, A, A). Since the coalgera Mc (A, A) 

represents the monoid-functor on Wk:

C|•¨Meas (C, A, A),
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it follows that there exists a unique bialgebra structure (ƒÊ, ƒÅ) on Mc (A, A) 

which makes the canonical isomorphism: Wk(C, Mc (A, A))_??_Meas (C, A, A) 

into a monoid isomorphism for any C•¸Wk. This is also a unique bialgebra 

structure on Mc (A, A) which turns the universal measuring

ƒÆ: Mc (A, A)•¨Endk (A)

into an algebra map (cf. [11, •˜7.0]).

Let C•¸Wfk. The algebra isomorphism

induces an isomorphism of multiplicative submonoids:

which is the composite of the natural isomorphisms

Thus the bialgebra Mc(A, A) represents in the sense of (1.3.2) the monoi

dfunctor on Wfk:

1.6 Birkoff-witt coalgebras

In this paragraph we give two characterizations of Birkhoff-witt co

algebras B(V).

1.6.1 For C•¸Wcnk we denoted by P(C) the set of primitive elements of 

C with respect o the unique group-like element gc, i.e.

P(C)={x•¸C|‡™(x)=gc_??_x+x_??_gc}.

Let B=B(k) and {bn} ne the canonical basis of B(1.5.4). For any 

vector space V we have

P(B(V))_??_Wk(Bl, B(VT))_??_Modk(B1/B0, V)_??_V.

This means that ƒÎ: P(B(V))_??_•¨ V, where is the canonical map (1.5.2).

PROPOSITION. (i) Let V be a finite dimensional vector space. Then 

B(V) is of finite type and dim B(V)=dimk V.
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(ii) Let C be a connected cocommutative coalgebra of finite type. Then 

K dim C•…dimk P(C). The equality holds iff C_??_B(V) for some vector space 

V.

PROOF. (i) Since P(B(V))_??_V is finite dimensional, B(V) is of finite 

type. By [11, page 278, Example-Exercise],

B(V)*〓k[[X1,…,Xd}],

where d=dimk V. Hence by 1.4.4,

K dim B(V)=K dim B(V)*=d.

(ii) Let u;C•¨P(C) be a linear map such that u|C0=0 and u|P(C)

=identity. Let u; C•¨B(P(C)) be the coalgebra ma such that ƒÎ_??_u=u. Since 

u| P(C) is injective, u is injective by [11, Lemma 11.0.1] . Hence by 1.4.5, 

we have

K dim C•…dim B(P(C))=dimkP(C),

and the equality holds i a is bijective

1.6.2 LEMMA. Let k be an infinite field. For any integer n, there 

exists a set {fƒ¿}ƒ¿•¸„U of algebra maps from k[[X1,..., Xn]], the peer series 

ring in n variables, to k[[X]] such that

∩ αεΦKer(fα)=0.

PROOF. Put „U=kn. For ƒ¿=(ƒ¿1,...,, ƒ¿n)•¸„U, let

f α: k[[X1,…, Xn]]→k[[X]]

be the algebra map determined by fƒ¿(Xi)=ƒ¿iX. Let ƒÓ be an element in 

Ker (fƒ¿) with ƒÓr the r-th homogeneous part. Then we have

fα(φ)=Σrφ γ(α1,…,αn)Xγ=0,

for any ƒ¿•¸„U. Since k is infinite this means 0=0

. 1.6.3 LEMMA. Let V be a vector space over an infinite field k. Then 

B(V)=‡”ƒÖ(B), where is taken over all elements of Wk(B, P(V))

. PROOF. Since B(V)= 1im
→
V⊃Uf.d.

B(U) by [11, Lemma 12.3.1], we may sup

pose that V is finite, say n-, dimensional. Then e have

B(V)*〓k[[X1, …, Xn]] and B*〓k[[X]].

By Lemma above there exists ar set {fƒ¿}ƒ¿•¸„U of algebra maps from B(V)* to
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B* such that

∩a∈ φKer(fa)=0.

It follows from 1.4.6, that fa=tƒÖa for some coalgebra map ƒÖa from B to 

B(V), for any a•¸ƒ³. Hence we have

(‡”aƒÖa(B))•Û=•¿aKer(fa)=0.

This means

B(V)=‡”aƒÖa(B).

1.6.4 Let C•¸Wk. A sequence of elements of C

{d0, d1,•c, dn}

is called an n-sequence of divided powers in C if

and

for j•…n. The set of n-sequences of divided powers in C is identified with 

Wk(Bn, C).

PROPOSITION. Let k be an infinite field. A cocommutative connected 

coalgebra C is isomorphic to B(V) for some vector space V iff any n-sequence 

of divided powers in C can be extended to an (n+1)-sequence of divided 

powers in C, for any n<•‡.

PROOF. The latter condition is equivalent to the fact that the canonical 

map

Wk(Bn, C)•©Wk(Bn+1, C)

is surjective for any n. If C=B(V), then this map is identified with

Modk(Bn/B0, V)•©Modk(Bn+1/B0, V),

which is clearly surj ective. Assume that C satisfies the latter condition in 

Proposition. As is shown in Proof of Proposition 1.6.1, there exists an 

injective coalgebra map u: C•¨B(V) such that

u: P(C)_??_•¨P(B(V))_??_•¨V.

We identify C with Im (u), a subcoalgebra of B(V). First we show that

Wk(Bf, C)=Wk(Bn, B(V)), for n•†0.

Indeed this is valid when n=1, for Wk(Bl, C) is identified with P(C). Assume
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that Wk(Bn-1, C)=Wk(Bn-1, B(V)), where n>1. Let ƒÓ•¸Wk(Bn, B(V)). Since 

ƒÓ(Bn-1)•¼C, there exists an element ƒÕ•¸Wk(Bn, C) such that

ƒÓ| Bn-1=ƒÕ|Bn-1

by hypothesis. Then it is clear that ƒÓ(bn)-ƒÕ(bn)•¸P(B(V))=P(C). Hence 

ƒÓ(bn)•¸C. This shows e Wk(Bn, C). Thus we have

Wk(Bn, C)=Wk(Bn, B(V)),

by induction. Since B=lim Bn, we have

Wk(B, C)=Wk(B, B(V)).

This implies in view of Lemma 1.6.3 that C=B(V).

1.7 Flatness

Let ƒÓ: A•¨B be a map of finitely generated commutative k-aleras. 

The main purpose of this paragraph is to prove that B is a flat (resp. faith

fully flat) A-module iff B0 is an injective A0-comodule (resp. an injective 

coenerator in the category of A0-comodules).

17.1 Let A (resp. C) be a k-algebra (resp. a k-coalebra). By an A

module (resp. by a C-comodule) we mean a left A-module (resp. a right 

C- comodule). The category of A-modules (resp. of C-comodules) will e de

noted by ModA(resp, y Comodc).

An A-module is said to be locally finite if it is a union of finite dimen

sional subodules. The category of locally finite A-modules is denoted by 

ModlfA. Any A-module M contains the largest locally finite submodule de

noted by Mlf, i.e.,

M1f={m•¸M|Am is finite dimensional}.

For any locally finite A-module N we have

ModlfA (N, Mlf)=ModA(N, M).

Let V be a C-comodule. The comodule structure map on V will e de

noted by

ƒÏv: V•¨V_??_, v|•¨‡”v(0)_??_v(1)

or simply by ƒÏ. It follows from [11, Corollary 2.1.4] that the operation

X•E v=‡”<X, v(l)>v(0),
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where X•¸C* and v•¸V, makes V into a locally finite C*-module.

In particular by pull back along the canonical map: A•¨(A0)*, every 

A0-comodule becomes a locally finite A-module.

LEMMA. The functor

a: V|•¨V, ComodA0•¨ModlfA

is an isomorphism of categories.

PROOF. We shall construct a functor

such that aƒÀ and ƒÀa are identities. Let be a locally finite A-module. Let 

ƒÏ: M•¨Modk(A, M) be the map defined by

ƒÏ(m)(a)=am.

Let M_??_A0_??_Modk(A, M) be the composite of natural maps

M_??_A0•¼M_??_A*_??_Modk (A, M).

We show that ƒÏ(M)•¼M_??_A0. Since M is a union of finite dimensional sub

modules we may assume that is finite dimensional. Then the annihilator 

I=AnnA (M) of M is a cofinite ideal in A and we have

ƒÏ(M)•¼Modk(A/I, M)•¼Modk(A, M).

Since Modk(A/I, M)_??_M_??_(A/I)*•¼M_??_A0, we have

ƒÏ(M)•¼M_??_A0.

It is easy to see that p defines an A0-comodule structure on M and that the 

correspondence M|•¨(M, ƒÏ) induces a functor

which is the inverse of a

. In the following we shall identify the category ComodA0 with the cate

gory ModlfA via the isomorphism a.

1.7.2 Throughout the rest of this paragraph A will denote a commu
tative k-algebra.

For any A-module M, M*=Modk(M, k) has an A-module structure de
fined by

<aX, m>=<X, am>



44 MITSUHIRO TAKEUCHI

for a•¸A, X•¸M* and m•¸M. M* equipped with this A-module structure 

is called the transpose module of M [11, page 98].

Let M and N•¸ModA. Then the natural isomorphism

Modk(M, N*)〓Modk(N, M*)

induces clearly a natural isomorphism (of A-modules)

ModA(M, N*)〓ModA(N, M*).

LEMMA. For any M•¸ModA, the largest locally finite submodule  (M*)1f

 of M* coincides with

M0={X∈M*|<X, N>=0 for some cofinite submodule N of M}.

PROOF. Let P be a finite dimensional submodule of M*. Then the 

canonical map MP* is A-linear. Its kernel N is therefore a cofinite sub

module of M and satisfies <N, P>=0. This implies (M*)1f•¼M0. The op

posite inclusion M0•¼(M*)1f is clear.

REMARK. In particular A0 (defined in [11, page 109]) is equal to  (A*)1f.
1. 7.3 For an A-module M, M0 can be considered as an A0-comodule 

by 1.7.1. If V is an A0-comodule, then since M0=(M*)1f, we have a 

natural isomorphism (of A0-modules)

ComodA0(V, M0)=ModA(V, M*)〓ModA(M, V*).

In this sense the functors

ModA→ComodA0,M|→M0 and ComodA0→ModA, V|→V*

are adjoint to one mother (cf. [11, Theorem 6.05]).
In particular the functor M|M0 is left exact, i.e, if

M'→M→M"→0

is exact in ModA, then

M'0←M0←M"0←0

is exact in ComodA0.

1.7.4 We denote by ModfgA the category of finitely generated A-modules.

LEMMA. If A is a commutative Noetherian k-algebra then the functor

M|→M0

is exact on ModfgA.
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PROOF. It is enough to show the right exactness. In other words for 

any M•¸ModfgA and any submodule N of M we have only to show the sur

jectivity of the canonical map M0N0. Let {Ni} be the set of all cofinite 

submodules of N. Then we have

and

Since the surjectivity of the canonical maps

(M/Ni)0→(N/Ni)*

implies the desired surjectivity we can suppose that N is finite dimensional. 
Put I=AnnA(N) the annihilator of N. Then InM is a cofinite submodule 

of M for any integer n. By Krull's theorem we have

∩nInM={m∈|(1-y)m=0 for some y∈I}.

This means in particular N•¿(•¿nInM)=0. Since N is finite dimensional

 N∩InM=0  for some n, or equivalently N_??_M/(InM). This implies the
 surjectivity of the composite

(M/(InM))*〓M→N*.0

and completes Proof.

1.7.5 LEMMA. For any finitely generated A-module M, we have a 
natural isomorphism of A-modules

ModA(M, A0)〓M0.

In particular if A is oetherian, A0 is an injective A-module.

PROOF. First we show that ModA(M, A0) is locally finite. Indeed if f 

is an element in ModA(M, A•K) then f(M) is a finite dimensional submodule, 

since A0 is locally finite and M is finitely generated. Hence f(M) is anni

hilated by some cofinite ideal I of A. Since I annihilates f, Af is finite 

dimensional. Thus ModA(M, A0) is locally finite.

Let N be an A0-comodule. Then we have natural isomorphisms

ComodA0(N, ModA(M, A0))〓ModA(M, ComodA0(N, A0))

〓ModA(M, N*)

〓ComodA0(N, M0),

in view of

ComodA0(N, A0)〓ModA(A, N*)〓N*.
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This shows the existence of a natural isomorphism of A-modules

ModA(M, A0)〓M0.

Next we suppose that A is Noetherian. Then by 1.7.4 the functor

M|→M0〓ModA(M, A0)

is exact on ModfgA. In particular for any ideal I of A the canonical neap

ModA(A, A0)→ModA(I, A0)

is surjective. This means that A0 is an injective A-module.

1.7.6 LEMMA. Let A be Noetherian. Then A0 is an injective coge
nerator in ModA iff every maximal ideal of A is cofinite.

PROOF. "If" part. Let M be a non-zero finitely generated A-module. 

Take a maximal ideal m of A containing the annihilator AnnA(M). By 

Krull's theorem we have M•‚mM. Since mM is cofinite in M, this means 

M0•‚0. Hence the f unctor ModA(-, A0) is faithful on ModfgA. Since A0 

is injective this means that ModA(-A0) is faithful on ModA. Therefore A0 

is an injective cogenerator in ModA.
"Only if" part

. Let m be a maximal ideal of A. Since  (A/m)0〓

ModA(A./m, A0)≠0,  A has a proper cofinite ideal containing m. Hence m

 is cofinite.

REMARK. If A is a finitely generated k-algebra, then it is well-known 
that the maximal ideals of A are cofinite. Hence A0 is then an injective 
coenerator in ModA.

1.7.7 LEMMA. Suppose that A is Noeterian. Then an A0-comodule 
V is injective in ComodA0 if it is injective in ModA.

PROOF. Enough to prove the "only if" part. Suppose that V is an in

jective object in ComodA0. Let M be a finitely generated A-module and N 
be a submodule of M. The surjectivity of the canonical map M0N0 means 
that for any cofinite sub module of N, there exists a cofinite submodule Q 
of M such that

Q∩N=P.

Let f be an element in ModA(N, V). Since f(N) is finite dimensional, the 
kernel P of f is cofinite in N. Take a cofinite submoule Q of M such that

 Q∩N=P.  Since f•¸ModA(N/P, V) and V is injective in ComodA0, f can be

 extended to an element of ModA(M/Q, V). Hence the canonical map

ModA(M, V)→ModA(N, V)
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is surf ective. In particular if I is an ideal of A the canonical map

ModA(A, V)→ModA(I, V)

is surjective. Therefore V is injective in ModA.

REMARK. Let C be a coalebra and V a vector space, The C-comodule 

V_??_C, whose structure map is 1V_??_‡™C, is an injective object in ComodC
, since 

we have a natural isomorphism

ComodC(W, V〓C)〓Modk(W, V)

for any W•¸ComodC. If V is a C-comodule, the structure map

ρV:V→V〓C

is a C-comodule map. Hence V is injective in Comod iff ƒÏV splits in 

ComodC.

Let A be Noetherian. Then A0 is an injective A-module (1.7.5). Since 

any direct sum of injective modules is also injective [5, page 17, Exercise 

8], V_??_A0 is injective for any vector space V. This observation gives 

another proof of the above Lemma.

1.7.8 Let ƒÓ: AB be a map of commutative Noetherian k-algebras. 

We suppose that every maximal ideal of B is cohnite. Any B0-coodule is 

viewed also as an A0-comodule via the coalebra map ƒÓ0: B0A0. In par

ticular B0 has a structure of A0-coodule.

PROPOSITION. For any finitely generated B-module M, M is a fiat 

(resp. faithfully flat) A-odulo iff M0 is an injective object (resp. an injec

tree cogenerator) in ComodA0, where M0 is the largest locally finite B-sub

module of M*.

PROOF. M is A-flat (resp. faithfully A-flat) iff the functor

M〓A(-): ModA→ModB

is exact (resp. faithfully exact). Since B0 is an injective cogenerator in 
ModB, this is equivalent to saying that the functor

ModB(M〓A(-), B0)

〓ModA(-, ModB(M, B0))

〓ModA(-, M0)

is exact (resp, faithfully exact), or equivalently that M0 is an injective object 

(resp. an injective cogenerator) in ModA. It follows from 1.7.7 that this
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is equivalent to saying that M0 is an injective object (resp. an injective 
cogenerator) in ComodA0.

1.7.9 COROLLALY. B is a flat (resp. faithfully flat) A-module iff B0 is 
an injective object (resp. an injective cogenerator) in ComodA0. If B is a 

faithfully flat A-module, then the induced map

φ0:B0→A0

is surjective.

PROOF. It is enough to show the later part. Suppose that B is faith

fully flat over A. Since ƒÓ is injective, we regard A as a subalgebra of B. 

Let I be a cofinite ideal of A. Then there exists an ideal J of B such that 

J•¿A=I [2, I, •˜3, n•K5, Proposition 9]. We claim that B/J is proper, that 

is the canonical map

B/J→(B/J)0*

is injective [11, •˜6.1]. But it follows from Lemma 1.7.6 that (B/J)0 is a 

faithful B/J-module, since B/J is Noetherian and its every maximal ideal 

is cofinite by assumption. Hence B/J is proper. Therefore J is the inter

section of the cofinite ideals of containing f. Since A/I is a finite di

mensional subalgebra of B/J, there exists a cofinite ideal J' of B containing 

J such that J'•¿A=1. This proves the assertion.

1.8 Theorem of smoothness

1.8.1 THEOREM. Let f: CD be a map of connected cocommutative 
coalgebras. Let E=Ker0(f) (1.2.8) be the largest subcoalgebra of C con
tained in f-1(kgD), where gD is the unique group-like element in D. Then 
the following conditions are equivalent.

(i) C is an injective D-comodule and E_??_B(U) for some vector space U.
(iii) For any connected commutative coalgebra F, any subcoalgebra 

F' of F and any cocommutative diagram

where ƒÓ and ƒÕ are coalgebra maps, there exists a coalgebra map  x:C→F

 such that

fο χ=ψ and χ|F'=φ.

(v) There exist a vector space U and an isomorphism of coalgebras
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θ:C〓→D〓B(U)

smch that (1〓 ε)οθ=f.

DEFINITION. A map f:CD in Wcnk is said to be smooth if it satisfies 

one of the equivalent conditions (i), (iii) and (v) above.

One sees latter that the conditions (i), (iii) and (v) are obtained respec

tively by translating the conditions (i), (iii) and (v) of Theorem of smoothness 

[7, I, •˜4, 4.2] into the coalgebra language (cf. Introduction). Thus the 

above theorem is, in a sense, a coalgebra-theoretical version of Theorem of 

smoothness. The condition (ii), which is concerned with the concept of 

being etale, will be treated later. The condition (iv) there seems difficult to be 

translated into the coalgebra language.6)

PROOF. (v)•Ë(iii). Suppose that we are given a commutative diagram

where F•¸Wcnk and ƒÓ and ƒÕ are coalgebra maps. Recall that

is a direct product diagram in Wcnk (1.2.2). Since

naturally (1.5.2), there exists a coalgebra map

ξ:F→B(U)

such that ƒÌ|F'=(ƒÃ_??_1)ƒÍƒÓ. Let

χ:F→D〓B(U)

e the unique caalebra map determined by

(1〓 ε)οχ=ψ and (ε〓1)ο χ=ξ.

Then we have ƒÔ|F'=ƒÓ. Hence the condition (iii) is valid.

(v)•Ë(i). The diagram
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which is of the form

is clearly a pullback diagram in the category Wcnk. Hence by definition we 

have

F〓kgD〓B(U)〓B(U).

Since we know that D_??_B(U) is an injective D-comodule (1.7.7 Remark), the 
condition (i) is satisfied.

Let U=P(E) be the set of primitive elements in E. Let u: CU be a 
linear map such that

u|C0=0 and u|U=identity.

It follows from (1.5.2) that there exists a coalebra map u: CB(U) such 

that ƒÎƒÍu=u, Since D_??_B(U) is the direct product of D with B(U) there 

exists a coalera map ƒÆ: CD_??_B(U) such that

(1〓 ε)οθ=f and (ε〓1)ο θ=u.

By Lemma 1.8.2 below, ƒÆ is injective.

(iii)•Ë(v). Enough to show that ƒÆ is ijective. If we apply the condi

tion (iii) to the diagram

we get a coalebra map ƒÔ: D_??_B(U)C such that

fο χ=1〓 ε and χοθ=identity.

Since fƒÍƒÔ=1_??_ƒÃ has a section in the category Wcnk, f has also a section. In 

particular the map

P(f):P(C)→P(D)

is srjective. Hence by Lemma 1.8.2 the mar

P(θ):P(C)→P(D〓B(U))

is bijeetive. This means that the map
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P(χ):P(D〓B(U))→P(C)

is also bij ective. Hence ƒÔ is inj ective by [11, Lemma 11.0.1] . Therefore

 θ:C〓→D〓B(U)  is an isomorphism.

 (i)⇒(v).  Since the diagram

is a pullback diagram in Wckn, we have a pullback diagram

Since E is a Birkhoff-witt coalgebra, it follows from Lemma 1.8.2 below 

that the composite

E•¼CuB(U)

is an isomorphism. This means that

E〓→kgD〓B(U).

Now the map ƒÆ is also a D-comodule map. Since C is an inj ective D-co

module we have

D〓B(U)=θ(C)〓V

for some D-subcoodule V. Since kgD_??_B(U)•¼ƒÆ(C), we have

V∩(kgD〓B(U))=0.

This implies V=0 in view of Lemma 1.3.3 below. Therefore ƒÆ is an iso

morphism. This proves (v).

1.8.2 Let f: CD be a map in Wckn and E the largest subcoalgebra of 

C contained in f-1(kgD). Put U=P(E). Let u: CU be a linear map such 

that

u|C0=0 and u|U=1.

Let u: CB(U) be the unique coalebra neap which satisfies ƒÎƒÍu=u. Let

 θ:C→D〓B(U)  be the unique coalebra map such that

(1〓 ε)οθ=f and (ε〓1)ο θ=u.
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LEMMA. The map P(ƒÆ): P(C)P(D_??_B(U)) is injective. Hence ƒÆ is 

itself injective. If the map P(f): P(C)P(D) is surjective, then P(ƒÆ) is 

also surfective. If E_??_B(V) for some vector space V, then the composite

E⊂Cu→B(U)

is an isomorphism.

PROOF. Recall that the functor

commutes with finite limits (1.2.8). In particular for any F and  F'∈Wcnk,

 we nave

P(F〓F')〓 →P(F)×P(F').

Now we prove Lemma. Since the diagram

is a pullback diagram in Wckn, it follows from above that

U=P(E)=Ker(P(f):P(C)→P(D)).

Consider the composite

This is easily seen to equal the map

(P(f),u):x|→(f(x), u(x)).

Since u=identity on U=Ker(P(f)), this map is always injective and be

comes surf ective when P(f) is surjective. In particular ƒÆ is always injective 

by [11, Lemma 11.0.1].

Let ξ:E→B(U) be the composite

E⊂Cu→B(U).

Since u: P(E)_??_U, we have

P(ξ):P(E)_??_→P(B(U)).
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In particular ƒÌ is injective. For any vector space V the map induced by  ξ

is therefore surjective, since it is identified with

Modk(E+, V)←Modk(B(U)+, V).

In particular if E_??_B(V), then there exists a caalgebra map

χ:B(U)→E

such that ƒÔƒÍƒÌ=1. Since P(ƒÌ) is bijective, P(ƒÔ) is also bijective. Hence ƒÔ 

is injective. This means that

ξ:E→B(U).

1.8.3 Let D be a coalgebra and V a vector space. Let V_??_D be the D

coodule with 1V_??_‡™D its structure map.

LEMMA. For any non-zero D-subcomodule W of V_??_D, we have

W∩(V〓D0)≠0.

PROOF. It follows from Dual Nakayama Lemma [11, Theorem 9.0.3] 

that 0•ÈD0•‚0 in W. This means the existence of an element x=0 in W 

such that ƒÏw(x)•¸W_??_D0, where ƒÏw denotes the comodule structure map on 

W. Since

x=(1〓 ε〓1)(1〓 ⊿)(x)∈V〓D0,

we have W∩(V〓D0)≠0.

1.9 The reduced part of a hyperalgebra

Given a ring homomorphism ƒÓ: RS and an R-module M, we put

S〓 φM=S〓RM.

1.9.1 Let p be the characteristic exponent of k, i.e.

ρ=Max(1, char(k)).

Then the map

f:k→k, λ|→ λp

is a ring homoorphism. For any vector space V over k, we put

V(ρ)=k〓fV.
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If A is a commutative k-algebra, then the map

φA: A(p)→A, λ〓a|→ λap

is clearly a k-algebra map.

PROPOSITION. Let C be a cocommutative k-coalgebra. Then there exists 

a unique k-linear map

γC: C→C(p)

such that the composite

coincides with ƒÓC*. In particular ƒÁC is a k-coalgebra map.

PROOF. Let V be a vector space. If U is a dense subspace of V*, then 

given two elements x and y in V, it is easy to see that x=y if and only if 

<X, x>=<X, y> for all X•¸U. From this the uniqueness of ƒÁC follows, since 

C*(p) is dense in C(p)*.

Now C is a directed union of finite dimensional subcoalgebras. Let D 

be a finite dimensional subcoalgebra of C. Since D*(p)=D(p)*, there exists 

a unique k-coalgebra map ƒÁD: D•¨D(p) such that tƒÁD=ƒÓD*. Since ƒÁD is 

functorial with respect to D, we can well define

which is clearly a k-coalgebra map and satisfies

<ƒÉ_??_X, ƒÁC(c)>=<ƒÉXp, c>

for any ƒÉ•¸k, X•¸C* and c•¸C. This proves Proposition.

1.9.2 PROPOSITION. Let C and D be cocommutative coalgebras and 

ƒÌ: C•¨D a coalgebra map. Then the following diagrams commute.

PROOF. For example, in order to see ƒÁD_??_ƒÌ=ƒÌ(p)_??_ƒÁC, it is enough to 

show that
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tξ〓tγ
D=tγC〓tξ(p) on D*(p),

since D*(p) is dense in D(p)*. But this is valid in view of the following 

commutative diagram:

Similarly if we notice that (C*_??_D*)(p) is dense in (C(p)_??_D(p))*, the commu
tativity of the latter diagram in Proposition follows immediately .

1.9.3 COROLLARY. If H is a cocommutative bialgebra then the map

γH: H→H(p)

is bialgebra map.

1.9.4 Let C be a cocotative k-coalebra. Heynean and Sweedler 
define in [9, II, page 277] a 1/p-linear map

〓: C→k1/p〓kC

and proves that

fp(c)=f(_??_(c))p

for any c•¸C and f•¸Modkl/p(k1/p_??_C, k1/p) [9, Theorem 4 .1.7]. In particular 

we have

<ƒÉpXp, c>=<ƒÉ_??_X, _??_(c)>p

for any ƒÉ•¸k1/p, X•¸C* and c•¸C. Hence the composition

coincides with ƒÁC. Thus Corollaries 4.2.7 and 4.2.5 in [9] can be read as 

follows:

THEOREM (Heynemann and Sweedler). For any hyperalgebra H, the 

following conditions are equivalent.

(i) H_??_B(U) as a coalgebra, for some vector space U.
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(ii) ƒÁH: H•¨H(p) is surjective.

(iii) H(p)* is a domain.

(iv) H(p)* is reduced.

In particular if p=1 the above four conditions are always valid.

1.9.5 A connected cocommutative coalgebra C is said to be smooth if 

C_??_B(U) for some vector space U. This is equivalent to saying that the 
map

ƒÃ: C•¨k

is smooth in the sense of (1.8.1). C is said to be reduced if the algebra C* 

is reduced. It follows from Theorem 1.9.4 that a hyperalgebra H over a 

perfect field k is smooth iff reduced.

THEOREM. Assume that k is perfect and H is a k-hyperalgebra of finite 

type. Then H contains the largest reduced subhyperalgebra, which we 

shall denote by Hred and call the reduced part of H. Hred contains all co

prime subcoalgebras of H(1.4.2). Hence we have

K dim H=K dim Hred=dimk P(Hred).

PROOF. Since f: k_??_•¨k, every subspace of H(p) is of the form  V(p),

 where V is a uniquely determined subspace of H. In particular the image 

of the map

γH: H→H(p),

which is a hyperalgera map, is of the form H'(p), where H' is a subhyper

algebra of H. If we put inductively

H(0)=H, H(n+1)=(H(n))' (i.e. ƒÁH(H(n))=(H(n+1))(p)),

we obtain a descending chain of sucoaleras

H=H(0)•½H(1)•½H(2)•½....

Since H* is Noetherian (1.4.1) and since

is an ascending chain of ideal of H*, there is an integer n<•‡ such that

H(n)=H(n+1)=H(n+2)=....

Then it is clear that H(n) is the largest subhyperalgebra of H such that

ƒÁ: H(n)•¨ H(n))(p)
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is surjective. Hence H(n) is the largest reduced subhyperalgebra of H by 
Theorem 1.9.4.

Let P be a coprime subcoalgebra of H. We show that the map

γP: P→P(p)

is surjective. Indeed, since f: k_??_•¨k, we have

P(p)*=P*(p)={l_??_X|X•¸P*}.

Thus the transpose tƒÁP, which is identified with the map

P*(p)•¨P*, 1_??_X|•¨Xp,

is injective because P* is a domain (1.4.2). Therefore the map ƒÁP is sur

jective. This means by definition P•¼H(n) for any n. Hence P•¼Hred. 

Since Hred is smooth it follows from (1.6.1) that

K dim H=K dim Hred=dimk P(Hred).

1.9.6 Assume that k is perfect. Let H be a hyperalgebra of finite 

type. In view of the equality

K dim H=dimk P(Hred),

it is an important question when an element l in P(H) belongs to P(Hred). 

But this has already been answered by Sweedler [12, Theorem 2] (cf. [14, 

Theorem 2]) as follows:

THEOREM (Sweedler). Assume that k is perfect and H is a hyper

algebra of finite type. Then we have

P(Hred)={l•¸P(H)|There is an •‡-sequence of divided powers

 in H lying over l}.

1.10 Actions of hyperalgebras on hyperalgebras

1.10.1 Let G be a hyperalgebra. Recall that an algebra A (resp. a 

coalgebra C) which is a (left) G-module is said to be a G-module algebra 

(resp. a G-module coalgebra) if the map

A•¨Modk(G, A), a|→(?)a,

where

(?)a: x|•¨xa, G•¨A,

(resp. the map
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G_??_C•¨C, x_??_c|•¨xc)

is an algebra map (resp. a coalgebra map). This is equivalent to saying that 

the structure maps

ƒÊ: A_??_A•¨A and ƒÅ: k•¨A

(resp.

⊿: C→C〓C and ε:C→k)

are G-module maps, where A_??_A (resp, C_??_C) is viewed as a G-module via 

the algebra map

⊿: C→G〓G

and k via

ε:G→k

[13, page 207, Definition].

A yperalgera H which is a G-module is called a G-module hyper
algebra if it is a G-module algebra and a G-module coalgebra at the same 

time, or equivalently if the following four conditions hold:

(i) x•E(ab)=ƒ°(x(1)•Ea)(x(2)•Eb)

(ii) x•E1=ƒÃ(x)1

(iii) ‡™(x•Ea)=ƒ°x(1)•Ea(1)_??_x(2)•Ea(2)

(iv) ƒÃ(x•Ea)=ƒÃ(x)ƒÃ(a)

for all x•¸G and a, b•¸H. In this case we also say that G acts on H.

LEMMA. If H is a G-module hyperalgebra, then the antipode S of H is 

G-linear.

PROOF. Let x•¸G and a•¸H. Since

ƒÃ(a)1=ƒ°a(1)•ES(a2)),

we have

ƒÃ(x)ƒÃ(a)1=x•E(ƒÃ(a)1)=ƒ°(x(1)•Ea(1))(x(2)•ES(a(2))).

Hence

S(x•Ea)=ƒ°S(x(1)•Ea(1))ƒÃ(x(2))ƒÃ(a(2))

=ƒ°S(x(1)•Ea(1))(x(2)•Ea(2))(x(3)•ES(a(3)))

=ƒ°ƒÃ(x(1)•Ea(1))(x(2)•ES(a(2)))

=x•ES(a).
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1.10.2 Let G be a hyperalgebra and A a G-module algebra. Let's re

call the definition of A#G, the smash product of A with G [11, page 155]. 

A#G is an algebra defined as follows:

1) As a vector space A#G=A_??_G. We write a_??_x=a#x.

2) Multiplication is defined by

(a#x)(b#y)=ƒ°a(x(l)•Eb)#x(2)y.

Then unit of A#G is 1#1.

Let G be a hyperalgebra and H a G-module hyperalgebra. The semi

direct product of H with G, written H•EsG, is a hyperalgebra defined as fol

lows:

1) As an algebra H•EsG is H#G.

2) As a coalebra H•EsG is H_??_G, the direct product of H with G in the

 category Wcnk (1.2.2).

LEMMA. H•EsG is actually a hyperalgebra.

PROOF. Since H is cocommutative the maps

ƒÅ: k•¨H•EsG and

(a#x)_??_(b#y)|•¨ƒ°a(x(1)•Eb)#x(3)y

are clearly coalebra maps. Hence H•EsG is a bialebra. Because H_??_G is

 cocommutative and connected H•EsG is a hyeralebra by definition.

1.10.3 EXAMPLES

1) The add oint action (cf. [1, Example 1.1.3]). Let H be a hyper

alebra. The adjoint action of H, written

ad: H•¨Endk (H),

is defined by

ad(x)(a)=ƒ°x(1)•Ea•ES(x(2))

for any x and a•¸H. This action is easily seen to make H into an H-module 

hyperalebra.

2) Let G be a hyeralebra and V a (left) G-module. It follows from 

(1.5.2) that there exists a unique coalgebra map
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ƒÓ: G_??_Ba(V)•¨Ba(V)

such that

ƒÎ(ƒÓ(x_??_a))=x•EƒÎ(a)

for all x•¸G and a•¸Ba(V). We show that ƒÓ makes Ba(V) into a G-module 

hyperalgebra.

We write ƒÓ(x_??_a)=x•Ea. It is enough to check the following conditions:

(0) xy•Ea=x•E(y•Ea) and 1•Ea=a

(i) x•Eab=ƒ°(x(1)•Ea)(x(2)•Eb)

(ii) x•E1=ƒÃ(x)1

for x, y•¸G and a, b•¸Ba(V). For example in order to see (i) it is enough 

to prove

ƒÎ (x•E(ab))=ƒ°ƒÎ((x(1)•Ea)(x(2)•Eb)),

since the maps

x_??_a_??_b|•¨x•Eab and x_??_a_??_b|•¨ƒ°(x(1)•Ea)(x(2)•Eb)

are coalgebra maps from G_??_Ba(V)_??_Ba(V) to Ba(V) (1.5.2). But we have

ƒÎ(ab)=ƒÎ(a)ƒÃ(b)+ƒÃ(a)ƒÎ(b).

Hence

ƒ°ƒÎ((x(1)•E a)(x(2)•Eb))

=ƒ°ƒÎ (x(1)•Ea)ƒÃ(x(2)•Eb)+ƒ°ƒÃ(x(1)•Ea)ƒÎ(x(2)•Eb)

=ƒ°(x(1)•EƒÎ(a))ƒÃ(x(2))ƒÃ(b)+ƒ°ƒÃ(x(1))ƒÃ(a)(x(2)•EƒÎ(b))

=(x•EƒÎ(a))ƒÃ(b)+ƒÃ(a)(x•EƒÎ(b))

=x•EƒÎ(ab)=ƒÎ(x•Eab).

The proof of (0) and (ii) is similar and left to the reader as an exercise.

3) Let G be a hyperalgebra and A a G-module algebra. It follows 

from (1.5.5) that there exists a unique coalebra map

ƒµ: G_??_Bm(A)•¨Bm(A)

such that

ƒÎ'(ƒµ(x_??_a))=x•EƒÎ'(a)
.

In the same way as in 2) ƒµ is easily seen to turn Bm(A) into a G-module 

hyperalgebra.
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4) Let H be a hyperalgebra. The set of primitive elements P(H) is 

easily seen to be H-stable under the adjoint action. Hence the H-module 

P(H) induces an H-module hyperalgebra structure on Ba(P(H)).

5) Lie algebras. Let L1 and L2 be Lie algebras over k. We denote by 

Derk (L2) the Lie algebra of k-derivations of L2. An action of L1 on L2 is 

by definition a Lie algebra map ƒ¿: L1•¨Derk (L2) (cf. [7, III, •˜6, 8.2]). In 

this case the semi-direct product of L2 with L1, written L2•EsL1, is a Lie 

algebra defined as follows:

1) As a vector space L2•EsL1=L2_??_L1.

2) Bracket product is defined by

[(a, x), (b, y)]=([a, b]+ƒ¿(x)(b)-ƒ¿(y)(a), [x, y]).

It is well known that L2•EsL1 is actually a Lie algebra [4, •˜1, n•‹ 8].

Let L be a Lie algebra. The universal enveloping algebra U(L) has a 

bialgebra structure (‡™, ƒÃ) determined by

‡™(l)=l_??_1+1_??_l and ƒÃ(l)=0

for l•¸L [11, Proposition 3.2.2]. Since U(L) is connected cocommutative 

[11, Proposition 11.0.9 and page 66, Examples 2)], U(L) is a hyperalgebra.

Let Ll and L2 be Lie algebras. We assume that L1 acts on L2 via

ƒ¿: Ll•¨Derk (L2).

We show that U(L1) acts on U(L2) naturally and that

U(L2•EsL1)_??_U(L2)•EsU(L1)

s hyperalgebras.

Indeed, since every derivation of L2 can be uniquely extended to a 

derivation of U(L2) [4, •˜2, n•‹ 8, Proposition 7], we obtain a natural map of 

Lie algebras:

Derk (L2)•¨Derk (U(L2)).

Let ƒÀ: L1•¨Derk (U(L2)) be the composite:

L1ƒ¿•¨Derk (L2)•¨Derk (U(L2)).

Extend ƒÀ to an algebra map

ƒÁ: U(L1)•¨Endk (U(L2)).
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It follows from [11, page 154, Examples c)] that ƒÁ turns U(L2) into a U(Ll)-

module algebra. We show that U(L2) is in fact a U(L1)-module hyperalgebra. 

To see this it suffices to show that the structure maps ‡™ and ƒÃ on U(L2) 

commute with the operation of L1, that is

(ƒÀ(x)_??_1+1_??_ƒÀ(x))_??_‡™=‡™_??_ƒÀ(x): U(L2)•¨U(L2)_??_U(LZ)

and 0=ƒÃ_??_ƒÀ(x): U(L2)•¨k

for all x•¸L1. To begin note that (ƒÀ(x)_??_1+1_??_ƒÀ(x))_??_‡™ and ‡™_??_ƒÀ(x) are 

derivations with respect to ‡™, where by a derivation with respect to ‡™ we 

mean a linear map

D: U(L2)•¨U(L2)_??_U(L2)

which satisfies

D(xy)=D(x)‡™(y)+‡™(x)D(t).

It is easy to see that two derivations

D1 and D2: U(L2)•¨U(L2)_??_U(L2)

coincide iff the restrictions D1|L2 and D2|L2 coincide, since L2 generates 

U(L2) as an algebra. Since we can easily verify that

(ƒÀ(x)_??_1+1_??_ƒÀ(x))_??_‡™|L2=‡™_??_ƒÀ(x)|L2

by calculation and definition, it follows that

(ƒÀ(x)_??_1+1_??_ƒÀ(x))_??_‡™=‡™_??_ƒÀ(x).

Similarly we have

0=ε 〓β(x).

It remains to prove

U(L2)•Es U(L1)_??_U(L2•EsL1)

as hyperalebras. Our proof below is only sketchy. Details are left to the 

reader. Now let H be a hyperalgebra. Then we have natural isomorphism:

Hopfk(U(L2)•EsU(L1), H)

〓{(φ2, φ1)∈ Hopfk(U(L2), H)•~Hopfk(U(Ll), H)|

ƒÓ2(ƒÁ(x)(a))=ad(ƒÓ2(x))(ƒÓ2(a)) for all x•¸U(L1) and a•¸U(L2)}

〓{(f2, f1)∈ Liek(L2, P(H))•~Liek(Ll, P(H))|

f2(ƒ¿(x)(a))=[f1(x), f2(a)] for all x•¸L1 and a•¸L2}
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_??_ Liek(L2•EsL1, P(H))_??_Hopfk(U(L2•EsL1), H).

This means the existence of an isomorphism of hyperalgebras

U(L2)•EsU(L1)_??_U(L2•EsL1).

Let L be a Lie algebra. Then L acts on L itself via

ad: L•¨Derk (L), x|•¨ad(x)=[x, -].

This is called the adjoint action of L. It is easy to show that the action of 
U(L) on U(L) obtained from the adjoint action of L by the process as above 

coincides with the adjoint action of U(L).
Let G be a hyperalgebra and H a G-module hyperalgebra. Then we 

have

P(G)•EP(H)•¼P(H).

For

for any a•¸P(H) and x•¸P(G). It is easy to see that this induces an action 

of P(G) on P(H) as Lie algebras. In particular if the canonical maps

U(P(G))•¨G and U(P(H))•¨H

are isomorphisms, then the action of G on H is obtained by the above pro

cess from the action of P(G) on P(H) as is easily verified. This occurs for 

example if k is of characteristic 0 [11, Theorem 13.0.1].7)

1.10.4 Let G be a hyperalgebra and H a G-module hyperalgebra. We 

put

[x, a]=ƒ°(x•Ea(1))S(a(2))

for x•¸G and a•¸H.

PROPOSITION. Let C be a subcoalgebra and A a subalgebra of H. 

If A•EC•¼C, then there exists the largest subcoalgebra GA,C of G which 

satisfies

[GA,C, C]•¼A.

GA,C is a subhyperalgebra of G.
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PROOF. Let _??_ be the set of all subcoalgebras D of G Which satisfy

[D,C]⊂A.

We show that

(i) k∈ 〓

(ii) D,E∈ 〓 ⇒D+E, D.E∈X.

Indeed (i) is trivial. Let D and E•¸_??_ . Then clearly D+E•¸_??_. Since 

we have

[xy,α]=Σ[x,y(1)・ α(1)][y(2),α(2)] and x・ α=Σ[x,α(1)]α(2)

for x, y•¸G and a•¸H, we have

E・C⊂[E,C]C⊂AC⊂C and

[DE, C1]⊂[D,E・C][E, C]⊂[D, C][E, C]⊂A・A⊂A.

Hence D¥E•¸_??_. Therefore

GA ,C=∪D∈ 〓D

is a subyeralgebra and the largest element in_??_.

1.10.5 Let H be a G-module hyperalgera, where G is a yperalgebra. 

For a subhyperalgebra H•L of H, we put

NG(H´)=GH´,H´ and CG(H´)=Gk,H´.

NG(H•L) (resp. CG(H•L)) is called the normalizer (resp. the centralizer) of H•L 

in G.

In particular under the adj oint action of H we have

[x,y]=Σx(1)y(1)S(x(2))S(y(2))

for all x and y•¸H. For a subhyperalgebra H•L of , the normalizer 

NH(H•L) (resp. the centralizer CH(H•L)) of H•L in H is the largest subcoalgebra 

of H such that

[NH(H´),H´]⊂H´

(resp.

[CH(H´),H´]⊂k).

H•L is said to be normal (resp, central) in H if

NH(H´)=H(resp. CH(H´)=H).
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Z. Underlying coalgebras and tangent coalgebras

This chapter, and the next also, depends on the theory of k-functors 

and k-schemes which is contained in [7].

A k-functor is a covariant functor from Mk to E and the category of 

k-functors is denoted by MkE. For A•¸Mk, the affine k-scheme of A, writ

ten _??_p A, is the k-functor represented by A, that is Mk(A, -). If _??_ is a 

k-functor, we have a natural isomorphism:

MkE(〓p A, 〓)〓(A)

via which we treat an element x of _??_(A) as if it were a map of k-functors:

 〓pA→ 〓 and vice versa.

For the definition of a k-scheme refer to [7, I, •˜1, 3.11]. The category 

of k-schemes, denoted by Schk, is a full subcategory of MkE.

We define in •˜2.1 a covariant f unctor T from a full subcategory of 

MkE which contains Schk to Wk and call T(_??_) the underlying coalgehra of

 〓.  The tangent coalgebra Tx(_??_) to _??_ at a point x is defined as the under

lying coalgebra of a subf unctor of _??_.

In •˜2.2 we investigate some of the basic properties of the f unctor T 

and in •˜2.3 translate some concepts in Algebraic Geometry such as being 

fiat, non-ramified, etale or smooth into the coalebra language.

2.1 Definitions and simple properties

2.1.1 Let _??_ be a k-functor [7, I, •˜1, 6.1], that is a covariant functor 

from Mk to E. Recall that if C is a cocoutative coalgebra, then C* is 

a commutative k-algebra. If in addition C is finite dimensional, then C* 

is considered as an object in Mk (, since k is assumed to be small).

Now consider the set-functor on Wfk (1.3.1):

Ci→ 〓(C*).

If this functor is represented by a cocommutative coalgebra in the sense 

of (1.3.2), we say that H is the underlying coalgebra of _??_ and put H=T(_??_). 
Since the cocommutative coalgebras which represent the above f unctor are 
isomorphic to one another, the coalgebra T(_??_), if it exists, is welhdefined 
and we have a natural bijection

Wk(C,T(〓))〓(C*)

for any C•¸Wfk.

Let f: _??__??_ be a map of k-functors. If both and have the underlying 

coalgebra, it follows from Lemma 1.3.2 that there exists a unique coalgebra 

map T(f): T(_??_)-T(_??_) which makes the diagram
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commute for any C•¸Wfk. Thus T is a covariant functor from some full 

subcateory of MkE to Wk.

2.1.2 Let _??_ be a k-functor. Let Fldk be the full subcategory of Mk 

consisting of field extensions of k. It is known [7, I, •˜1, 4.9] that the 

underlying set | _??_| of the geometric realization of [7, I, •˜1, 4.2] is canon

ically isomorphic to the set lim (_??_|Fldk). we shall denote by [a] the point 

of _??_, that is an element in |_??_|, determined by a•¸_??_(K), where is an object 

in Fldk. Recall that for a subset P of |_??_|, the subf unctor of is defined 

as follows [7, I, •˜1, 4.10]: For any R•¸Mk, _??_p(R) is the set of ƒÏ•¸(R) 

such that

[〓(φ)(ρ)]∈P

for any ƒÓ"RK in Mk, where K•¸Fldk. In particular if x is a point of _??_, 

we shall write

〓x=〓{x}.

DEFINITION. Let _??_ be a k-functor and x a point of _??_. The underlying 
coalgebra T(_??_x) of _??_x, if it exists, is called the tangent coalera to _??_ at x 
and denoted by Tx(_??_).

Let f:_??__??_ be a map of k-functors. Then f induces a map of sets

|f|:|〓|→|〓|.

Let x•¸_??_ and y=f(x), that is y=|f|(x). Then it is easy to see that f induces 

a map of k-functors:

〓x→ 〓y.

Hence if both Tx(_??_) and Ty(_??_) exist, this morphism induces a map of co

algebras, written

Tx(f): Tx(〓)→Ty(〓).

Thus the correspondence

(〓,x)1→Tx(〓)

gives rise to a functor.
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2.1.3 Let _??_ be a k-functor. For a map ƒÓ: RS in Mk and f•¸_??_(R), 

we shall write

fs=〓(φ)(f)∈ 〓(S).

If C•¸Wfk, K•¸Fldk and ƒÓ•¸Mk(C*, K), then ƒÓ(C*) is a subfield of K, 

since it is a finite dimensional subalgebra of K. Hence ƒÓ(C*) is canonically 

isomorphic to D* for some simple subcoalgebra D of C. Conversely if D 

is a simple subcoalgebra of C, then D* is a field and in particular [fD*] is 

a well-defined point of _??- for f•¸(C*), where fD* is taken with respect to 

the canonical map:  C*→D*.

Let x•¸_??_ and suppose that T(_??_) exists. Then it follows from above 

that Tx(_??_) is a cocommutative coal ebra such that for any C•¸Wfk the set 

Wk(C, Tx(_??_)) is naturally isomorphic to the set

{f∈ 〓(C*)|fD*]=x for all silnple subcoalgebras D of C}.

In particular we have a canonical imbedding for C•¸Wfk

Wk(C, Tx(〓))〓(C*).

Let f: _??__??_ be a map of k-functors. Let x•¸_??_ and y=f(x) and suppose 

that both Tx(_??_) and Ty(_??_) exist. One easily checks that the following dia

gram commutes for any C•¸Wfk:

2.1.4 Let Fldfk be the full subcategory of Mk consisting of all finite field 

extensions of k. Let _??- be a k-f unctor. We put •a_??_•a=lim(_??_| Fldk). For 

each a•¸_??_(K) with K•¸Fldfk, we denote by <a> the element of •a_??_•a determined 

by a. Let ƒÖ: •a_??_•a|_??_| be the canonical map.

PROPOSITION. (i) If x•¸|_??_|-w(•a_??_•a), then Tx(_??_) exists iff _??_(0) con

sists o f only one element and in this case Tx(_??_)=0.

(ii) If T(_??_) exists, then the set •a_??_•a can be canonically identified with 

the simple subcoalgebras of T(_??_). Let T(_??_)a denotes the irreducible com

ponent of T(_??_) containing the simple subcoalgebra associated with ƒ¿•¸•a_??_•a. 

Then Tx(_??_) exists for all x•¸|_??_| and
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In particular the inclusions _??_x_??_ induce an isomorphism

(iii) Suppose that commutes with finite products, If Tx(_??_) exists

 for all x•¸ƒÖ(•a_??_•a), then T(_??_) exists and is isomorphic t0  〓
x∈ ω(‖〓‖)

Tx(〓).

PROOF. (i) Let x•¸|_??_|-ƒÖ(•a_??_•a) and C•¸Wfk. Then the set

{f∈ 〓(C*)|[fD*]=x for all D⊂C simple}

is 0 if C•‚0 and _??_ (0) if C=0. Hence if Tx(_??_) exists, it is necessarily zero 

and hence _??_(0) consists of only one element. The converse is clear.

(ii) Suppose that T(_??_) exists. Since _??_(0)_??_Wk(0, T(_??_)) consists of only 

one element, T() exists and is zero for x•¸|_??_|-ƒÖ(•a_??_•a).

Next we establish a bijection between the set •a_??_•a and the set of simple 

subcoaleras of T(_??_).

Let K be an object in Fldfk. Since K* belongs to Wfk, to each element a 

of _??_(K) there corresponds a unique coalebra map a: K*T(_??_). Since K* 

is simple and cocommutative, a(K*) is also simple. If we are given an 

Fldfk-map ƒÐ: KL, the map aL which corresponds to aL•¸_??)(L), where a

•¸_??_ (K), factors as

Since tƒÐ is surjective, aL(L*) is equal to a(K*), This implies the existence 

of a map

Φ:‖ 〓 ‖→(the set of simple subcoalgebras of T(〓))

such that

Φ(<α>)=a(K*)

for all a•¸_??_(K), where K•¸Fldfk.

Conversely let D be a simple suhcoalebra of T(_??_) with

i:D〓T(〓)

the inclusion. Since .D is finite dimensional there corresponds a unique 

element i of _??_(D*), Since D* is a finite field extension of k, we can well

define

Ψ(D)=<i>∈ ‖〓‖.
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The reader may easily verify that ƒ³ and ƒµ establish a bijection between 

•ax•a and the set of all simple subcoalgebras of T(E).

For an element a of •a_??_•a, let T(e)a be the irreducible component of T(_??_) 

which contains ƒ³(ƒ¿) [11, page 163, Deffiition]. It follows from [11, Theorem 

8.0.5c)] that

Let ƒÓ: CT(_??_) be a coalgebra map, where C•¸Wfk. Let x•¸|_??_|. As an 

easy application of [11, Theorem 8.0.8d)] we see that ¢(C)•¼_??_ ƒÖ(ƒ¿)=x T(e)a iff 

for each simple subcoalgebra D of C there exists an ƒ¿•¸ƒÖ-1(x) with ƒÓ(D)

=ƒ³(ƒ¿). If ƒÓ|D denotes the element of (D*) corresponding to ƒÓ|D: DT(_??_), 

then ƒÓ(D) =ƒ³(_??_) for some ƒ¿•¸ƒÖ-1(x) if [ƒÓ|D]=x. Thus we have for all 

x e ICI and C•¸Wfk

Wk(C, 〓
ω(α)=x

T(〓)α)〓{f∈ 〓(C*)1[fD*]=x for all D⊂C simple}.

In view of (2.1.3) this proves (ii).

(iii) we put H= 〓
x∈ ω(‖〓‖)

Tx(_??_). Let be a cocommutative irreducible co

 algebra. We claim that

Indeed let ƒÓ•¸Wk(C,H). Since ƒÓ(C) is irreducible [11, Theorem 8.0.8d)], it 

is contained in a unique Tx(_??_), e.g. by [11, Lemma 9.0.lb)]. This means 

the above equality.

Suppose further that C is finite dimensional. Let D be the unique 

simple subcoalgebra of C. We have by (2.1.3)

Wk(C, Tx(〓))〓{f∈ 〓(0*)|[fD*]=x}.

It follows that

 Now let C•¸Wfk. Then C is the direct sum of its irreducible components 

C1, ... , Cn, that is

C=C1_??_•c_??_Cn.

Since

C*=C*1•~•c•~C*n
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and _??_ commutes with finite products by hypothesis, we have

Since this isomorphism is clearly functional with respect to C, we have by 

definition

2.1.5 For A•¸Mk, we shall denote by _??_p A the affine scheme of A, 

that is the l-functor Mk(A,-). It follows directly from definition and [11, 

Theorem GM. 5] that

T(〓p A)〓A0.

2.1.6 Let _??_ be a k-scheme [7, I, •˜1, 3.11 and 6.1]. For a point x of 

_??_, we shall denote by _??_x the fibre of the structure sheaf _??-x at x. _??_x is a 

local k-algebra with maximal ideal mx. The residue field at x is k(x)=

_??_x/mx. It is easy to see that8)

x∈ ‖〓 ‖⇔[k(x):k]＜ ∞.

It follows from (1.1.2) that

(〓x)0≠0⇔[k(x):k]<∞

and that _??_x)0 is irreducible with coradial filtration

if [k(x): k]<•‡.

PROPOSITION, Let be a k-scheme. Then the tangent coalgebra Tx(_??_) 

exists and is canonically isomorphic to (_??_x)0 for all x•¸_??_, Since com

mutes with finite products [7, I, •˜1, 3.11], it follows that

PROOF, For a point x of _??_, let ƒÃx:_??_p_??_c_??_ be the canonical map [7, 

I, •˜1, 5.6]. Let R be a finite dimensional commutative local k-algebra with 

maximal ideal m, we show that ex induces a bijection

Mk(〓x,R)→ 〓x(R).

Indeed let ƒÐ be an Mk-map:_??_xR, We must show that _??_(ƒÐ)(ƒÃ
x) belongs
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to _??_x(R), where we view ex as an element of _??_(_??_x). Let ƒÑ: RK be an Mk 

map, where K•¸Fldk, Since R is finite dimensional, a and z are local. In 

particular the composite

τοσ:〓x→K

is necessarily local and hence factors as

τοσ:〓x→ κ(x)→K.

this means that

[〓(τοσ)(εx)]=x

and hence

〓(σ)(εx)∈ 〓x(R).

Conversely leも f∈ 〓(R). We can view f as a map of k-schemes

f:〓pR→ 〓.

This induces a local homomorphism of lacal k-algebras

f㎜:〓f(m)→Rm=R.

Since f=_??_(fm)(ƒÃf(m)), it follows that

f•¸_??_x(R)•Ì(m)=x

and that the correspondence

f|fm

gives rise to the inverse of the map

Mk(〓x, R)→ 〓x(R),σ|→ 〓(σ)(εx).

In particular if C is a cocommutative finite dimensional irreducible co

algebra, then since C* is local by [11, Lemma 8.0.2], we have a natural bi

jections

〓x(C*)〓Mk(〓x, C*)=Wk(C,(〓x)0).

Since _??_, hence _??_x also, commutes with finite products, these isomorphisms 

hold for all C•¸Wfk, as in Proof of (2,1.4 (iii)). This means that

Tx(〓)〓(〓x)0.

REMARK. By the assertion that Tx(_??_) is canonically isomorphic to
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(_??_x)0, we mean the following property, which the reader may easily verify: 

Let f:_??__??_ be a map of k-schemes. If x•¸_??_ and y=f(x), f induces a local 

homomorphism of local k-algebras

fx:〓y→ 〓x.

then the diagram

commutes.

2.1.7 COROLLARY. For A∈Mk we heve

2.1.8 Let _??_ be a k-functor. If T(_??_) exists, the set of group-like ele

ments G(T(_??_)), which can be identified with Wk(k, T(_??_)), is canonically iso

morphic to the set of rational points _??_(k).9)

In particular if _??_ has the coalgebra Se(_??_) at a rational point e•¸_??_(k), 

then Se(_??_) is connected, since it is irreducible and contains at least one group

like element e.

We fix for the time being a rational point e•¸_??_(k) and assume that the 

coalgebra Se(_??_) exists at e. We view each set _??_(R), where R•¸Mk, as a 

pointed set with eR the original point. In particular for an Nk-map 

ƒÓ: RS, we put

Kere(〓(φ))={f∈ 〓(R)|fs=es}.

It follows easily that there exists a natural isomorphism

for all C•¸Wfk, where C0 is the coradical of C and the map

s
1S the one induced by the canonical surjection: C*→C*0.10)

Recall that the category WR (•˜1.2), where R•¸Mk, is as follows: The 

class of objects in WR is the same as Wk; The set of WR-maps from C to D,
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where C, D•¸Wk, consists of all R-coalgebra maps f: R_??_CR_??_D such that

we shall denote by WfR the full subcategory of WR whose class of objects is 
the same as Wfk.

The category Wf is defined as follows (1.2.9): The class of objects in 

Wf is equal to Mk•~Wfk; A Wf-map from (R, C) t o (S, D), where R , S•¸Mk 

and C, D•¸Wfk, is a pair (ƒÓ,ƒÐ) with ƒÓ•¸Mk(S, R) and a e WR(C, D). The com

posite of two Wf-maps

(R,C)(φ,σ)→(S,D)(ψ,τ)→(T,E)

is (ƒÓ_??_ƒµ, WƒÓ(ƒÑ)_??_ƒÐ).

We have defined a contravariant f unctor

(R,C)|→R〓C*, Wf→Mk

in (1.3.9). This induces a set-functor on Wf:

Where the map: _??_(R_??_C*)(R_??+C*0) is induced by the canonical projection: 
R_??_C*R_??_C*0.

We say that an object H in Wk is a tangent coalgebra to _??_ at e in the 

strong sense if the above set-functor on Wf is isomorphic to the represent

able functor ƒ¦H(1.3.8). Since such an H is unique up to Wk-isomorphism 

by Lemma 1.3.8, if it exists, we say that H is the tangent coalgebra to 

x at e in the strong sense and put

If Tste(_??_) exists, then it coincides of course with Se(_??_).
Suppose that Tste(_??_) exists. Then we have a natural bijection:

for (R, C)•¸Wf. In the following we shall often denote by

σ|→exp(σ, R, C)

the above isomorphism. This exponential notation will be found useful 

later. The fact that the above map is functorial with respect to (R, C)•¸Wf 

is equivalent to that the following two conditions hold at the same time, as
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is easily verified:

(i)  If ƒÐ•¸Mk(R, S), C•¸Wfk and ƒÐ•¸WR(C, Tste(x)), then we have

exp (WƒÓ(ƒÐ), S, C)=exp (ƒÐ, R, C)S_??+c*,

where the right hand side is taken with respect to the map

ƒÓ_??_ 1:R_??_C*S_??_C*.

(ii) If R•¸Mk, vƒÑ•¸WfR(D, C) and ƒÐ•¸WR(C, Tste(x)), then we have

exp (ƒÐoƒÑ, R, D)=exp (a, R, C)R_??_D*,

where the right hand side is taken with respect to the map

ModR(ƒÑ,R):R_??_C*R_??_D*.

Let C be a finite dimensional subcoalgebra of Tste(x) with i:CTste(x) 

the inclusion. We shall put

exp (R,C)=exp (WƒÅ(i),R,C),

for R•¸Mk with ƒÅ:kR the structure map. Then we have

exp (R,C)=exp (k, C)R_??_C*

with respect to the map

ƒÅ_??_ 1:C*R_??_C*.

Let f:xy be a map of k-functors. Let e'=f(e). Suppose that Tste(x) 
and Tste'(y) exist. It follows from Lemma 1.3.8 that there exists a unique 
coalgebra map Tste(f): Tste(x)Tste(y) such that the diagram:

commutes for all (R, C)•¸Wf. Thus the correspondence:

can be viewed as a f unctor.

2.1.9 PROPOSITION. Let be a k-scheme and e•¸x(k). If x is locally 

algebraic [7, I,•˜3, 2.1], then (_??_e)0 is the tangent coalgebra to x at e in the 

strong sense.
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PROOF. Let

i:〓 →y

be an immersion of k-schemes [7, I, •˜2, 5.1]. we review first the definition 

of the n-th neighborhood of i in y[7, II, •˜4, 5.5], where n is an integer 

•† 0. It is defined as follows: By definition i can be decomposed as

where (resp. y) is a closed (resp. an open) immersion. We regard U as an 

open subscheme of via y. Let _??_ be the quasi-coherent ideal of _??_u the 

structure sheaf of which corresponds to the closed immersion [7, I, •˜2, 4.8]. 

Let yni be the closed subscheme of U determined by the quasi-coherent ideal 

y n+l of _??_
u. Since U is an open subscheme of y, yni is a subscheme of y. As 

a subscheme of y, yin is known to be independent of the choice of decomposi

tion i=yoi and called the n-t neighborhood of i in y[7, II, •˜4, 5.5].

The following simple properties may be easily verified:

(i) Given a commutative diagram consisting of k-schemes and k

scheme maps

where i and i' are immersions, the morhism f transforms yni the n-th 

neighborhood of i in y into y'ni'n the n-th neighborhood of i' in y'.

(ii) Let i:_??_t be a closed immersion of k-schemes. If the quasi

coherent ideal of _??_y corresponding to i is nilpotent, then y is the n-th neigh

borhood of i in y for sufficiently large n<•‡.

(iii) Let x be a k-scheme and e•¸x(k) a rational point. We regard 

as usual e as a map of k-schemes

e:〓pk→x

which is known to be an immersion [7, I, •˜2, 5.]. Then the n-th neigh

borhood of e in x is the image of the composite

Now let's begin Proof. Let C•¸Wfk and R•¸Mk. Let y be the set of 

k-schemes maps f:Gp which make the following diagram com

mute:
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where C0 is the coradical of C, l is the closed immersion induced by the 

canonical projection; R_??_C*R_??_C0* and e•¸x(k) is regarded as a map:

Gpkx. It follows from above that any element f of y factors as

for sufficiently large n<•‡, since the kernel of the canonical projection 

R_??_C*R_??_C*0 is nilpotent.

Hence if we put n the set of k-algebra maps

such that the diagram

commutes, we can naturally identify

y〓Unyn.

By the way x is assumed to be locally algebraic. This means in parti

cular that _??_e is Noetherian and hence mn+1'e s are all cofinite in _??_e. There

fore we have

where CoalgR denotes the category of R-coalgebras. The reader may easily 

verify that this isomorphism induces a bijection

Since Te(x)=(_??_e)0=U(_??_e/mn+1e)* by (1.1.2) and that is finite dimensional, 
we have
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But under the canonical isomorphism

x(R_??_C*)_??_MkE(Gp(R_??_C*),x)

the subset of x(R_??_C*)

Kere ((R_??_C*)(R_??_C0*))

clearly corresponds to the subset y of MkE(Gp(R_??_C*), x). Thus we obtain 

a natural isomorphism

WR(C, Te(x))_??_Kere(x(R_??-C*)x(R_??_C*0))

for all (R, C)•¸Wf.

It remains to verify that this isomorphism is f unctorial. We leave it 

to the reader as an exercise.

2.1.10 Let x be a k-functor and e•¸x(k) a rational point. Let be a 

k-group-functor, that is a covariant functor from Mk to Gr, or equivalently 

a group object in the category MkE of k-functors [7, II, •˜1, 1.1]. Suppose 

that C acts on [7, II, •˜1, 3.1]. This means that we are given a map of 

k-functors

u:G•~xx

such that for any R•¸Mk, the group G(R) acts on the set X(R) via

u(R):G(R)•~(R)X(R).

In the following we shall write as usual

u(R)(a, x)=a•Ex

for a•¸G(R) and x•¸X(R). Recall that the subfunctor XG of X[7, II, •˜1, 3.4] 

is defined as follows: For any R•¸Mk, XG(R) is the set of ƒÐ•¸X(R) such that

α ・σs=σS

for any Mk-map ƒÓ:RS and a•¸G(S). It is the lamest subfunctor of on 

which acts trivially.

Let V be a vector space, Recall that Va is the k-functor: R|R_??_V 

[7, II, •˜1, 2.1]. An action of G on Va is said to be linear if each action of 

g•¸eG(R) on Va(R)=R_??_V is R-linear. A pair (V, u), where u is a linear 

action of on Va, is called a k-G-module [7, II, •˜2, 1.1]. It is known [7, 

II, •˜2, 1.6] that for any k-G-module V we have

(Va)G=(VG)a,
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where VG is the set of v•¸V such that

g•E(1_??_v)=1_??_v

for any R e Mk and any g•¸G(R).

PROPOSITION. Let be a k-functor on which a k-group-functor G acts. 

Suppose that e •¸X(k) is a rational point which is G-stable, that is e•¸XG(k), 

and that the tangent coalgebra Tste(X) in the strong sense exists at e. Then 

G acts naturally and linearly on (Tste(X))a and the largest sub coalgebra o f 

Tste(X) which is contained in (Tste(X))G is the tangent coalgebra to XG at e in 

the strong sense.

PROOF. Put H=Tste(X). Let R•¸Mk and g•¸G(R), we claim that there 

exists a unique WR-automorphism a(g) of H such that

exp(a(g)oƒÐ, R, C)=gR_??_C*•Eexp(ƒÐ,R,C)

for any C•¸Wfk and ƒÐ•¸WR(C, H), where gR_??_C* is taken with respect to the 

canonical map 1_??_ƒÅ:R→R〓C*.

Indeed let G(R) act on each X(R_??_C*), where C∈Wfk, via1〓 η:R→

R〓C*.  Since e•¸X(k) is G-stable, the subset

Kere(X(R_??_C*)X(R_??_C0*))

is G(R)-stable. Hence we obtain a natural action of G(R) on the set WR(C, H), 

which is canonically identified with the above set. Since this action is 

functional with respect to C•¸WfR, it follows from Lemma 1.3.7 that the 

action of g•¸G(R) on WR(C, H) is of the form WR(C, a(g)), where a(g) is a 

uniquely determined WR-automorphism of H. This proves the assertion.

By definition, WR-aut(H) the group of WR-automorphiss of H is a 

subgroup of LR (R_??_H). The reader may easily verify that the correspond

ence

g|a(g),G(R)WR-aut(H)

is a group homomorphism and functorial with respect to R•¸Mk. Thus a 

natural linear action of G on Ha is determined. Let H' be the lamest sub

coalebra of H contained in HG.

It remains to show that H' is the tangent coalebra to XG at e in the 

strong sense. More precisely we shall prove that under the canonical iso

morphism
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the subset WR(C, H') and the subset ere (XG(R_??_C*)XG(R_??_C0*)) correspond 

to each other, where (R, C)•¸Wf.

Indeed let ƒÐ•¸WR(C, H). Then exp (ƒÐ, R, C) belongs to XG(R_??_C*) iff for 

any Mk-map ƒÓ:RS and g•¸G(S) we have

gs_??_C*•Eexp (ƒÐ, R, C)S_??_C*=exp (ƒÐ, R, C)5_??_C*

in view of [7, II, •˜1, 3.5]. Therefore we have

exp (ƒÐ, R, C)•¸XG(R_??_C*)

_??_ exp (a(g) o WƒÓ(ƒÐ), S, C)=exp (WƒÓ(ƒÐ), S, C)

for any ƒÓ•¸Mk(R, S) and g•¸G(S)

_??_ a(g)oWƒÓ(ƒÐ)=WƒÓ(ƒÐ) for any ƒÓ•¸Mk(R, S) and g•¸G(S)_??_ƒÐ

(R_??_C)•¼(Ha)G(R)=(HG)a(R)=R_??_HG

_??_ƒÐ•¸ WR(C, H') (by Lemma 1.2.5).

This completes Proof.

2.1.11 Let e a locally algebraic k-scheme. For each point x of 

X we have

Tx(X)=(2)0•‚0

_??_[k(x):k]<•‡

_??_x is a closed point of X

by [7, I, •˜3, 6.5]. Suppose that x is a closed point of X. We have by(1.1.2) 

that

In particular Tx(X) is of finite type and

is nothing other than the completion _??_x of _??_x with respect to the mx-adic 

topology. Now we have

dimxX=K dim_??_x+tr.degk k(x)

=K dim_??_x~

by [7, I, •˜3, 6.1]and

K dim _??_x=K dim_??_x=K dim Tx(X)*=K dim Tx(X)

by [7, I, •˜3, 5.13] and (1,4,4), since Tx(X) is of finite type. Thus we have
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proved:

PROPOSITION. Let x be a locally algebraic k-scheme. Let x be a point 

of x. If x is closed then the tangent coalgebra Tx(x) is irreducible of finite 

type and the local dimension dims at x [7, I, •˜3, 6.1] is equal to the Krull 

dimension K dim Tx(x). If x is not closed Tx(x) is zero.

2.1,12 Let x be a locally algebraic k-scheme and e•¸x(k) a rational 

point. The Zariski's tangent space to at e [7, I, •˜4, 4, 15] is the k-vector 

space

(me/m2e)*

which is canonically identified with P(Te(x)) the set of primitive elements 
with respect to the unique group-like element of Te(x).

Let x be a closed point of x. We shall show in the next section that 
the ariski's tangent space to at x can be canonically identified with 
Pg(k(x)_??_Tx(x)) the set of primitive elements of the k(x)-coalgebra k(x)_??_Tx(x) 
with respect to the group-like element g of ,k(x)_??_Tx(x) which corresponds 
to the canonical injection: k(x)*Tx(x).

2.2 Some more properties of the functor T(-)

2.2.1 MkE denotes the category of k-functors. Let MkEuc be the full 

subcategory of MkE consisting of all k-functors x which have the under

lying coalgebra T(x) (2.1.1). We know that the correspondence

x|→T(x)

gives rise to a covariant functor from MkEuc to Wk and that MkEuc con
tains the category of k-schemes Schk. The following proposition is clear 
from definition:

PROPOSITION. The subcate gory MkEuc of MkE is closed under finite 

limits and the functor

T:MkEuc→Wk

commutes with finite limits. In particular i f and are k f unctors having 

underlying coalgebras then x•~y has also the underlying coalgebra and

2.2.2 Let and y be two k-functors. Let _??_=•~y be the direct pro

duct of and with the canonical projections
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px1:3xand px2:_??_y.

We say that a point z of _??_ lies over (x, y), where x e and y•¸y, if x=px1(z) 

and y=pr2(z) (cf. (2.1.2)).

COROLLARY. Let and J be two k-functors. Let x•¸x and y e J and 

suppose that the tangent coalgebras Tx(x) and Ty(y) exist. Then for any 

point z of x•~y lying over (x, y), the tangent coalgebra Tz(x•~y) exists and

PROOF. By assumption s and s belong to MkEuc and so does xx•~yy.

 The above assertion will follow from Proposition 2.1.4 (ii) if we show the 

following two facts:

(i) The inclusion: xx•~yyx•~y induces an injection:

|xx•~yy||x•~y|

whose image coincides with the set of points lying over (x, y).

(ii) For any z•¸•~y lying over (x, y), which is identified with a point 

of xx•~yy, we have

(xx•~yy)z=(x•~y)z•

Indeed the injectivity of the map |xx•~yy|x•~y| follows from Lemma 

below. On the other hand it is known that |xp|=P for any subset P of |x

[7, I, •˜1, 4.10].

Now let z•¸•~y. If z•¸x•~yy then px1(z)•¸|x|={x} and px2(z)•¸|y|=

{y}. If z lies over (x, y), then since

(x•~y)z•¼xx•~yy,

we have {z}=|(x•~y)z|•¼|xx•~yy|. This proves (i). In general xp is the 

largest su functor of such that |xp|•¼P. Therefore the inclusion (x•~y)z 

•¼x•~yy means (x•~y)z=(xx•~yy)z for any point z of x•~y lying over (x, y).

2.2.3 LEMMA. Let f:xy be a monomorphism in MkE. Then the 

induced map |fl:|x||y| is injectioe (cf. [7, I, •˜1, 5.3]).

PROOF. The category Fldk has the initial object k and is directed in the 

following sense: For any objects J, K and L of Fldk and any Fldk-maps 

ƒ¿: Jand ƒÀ:JL there exist an Fldk-object M and Fldk-maps ƒÐ: KM 

and ƒÑ: LM such that ƒÐoƒ¿=ƒÑoƒÀ.

It follows that for any a•¸x(K) and b•¸x(L), where K and L•¸Fldk, the 

equality [a]=[b] holds if there exist an Fldk-object M and Fldk-maps ƒÐ:K
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M and ƒÑ:LM such that aM=bM. Lemma follows immediately from this 

fact.

2.2.4 PROPOSITION. Let and be two k-functors. Let e•¸(k) and 

e'•¸ey(k). If the coalgebras Se(x) and Se,(y) (resp, the tangent coalgebras 

in the strong sense Tste(x) and Tste'(y)) exist, then the coalgebra S(e
, e')(x•~y) 

(resp, the tangent coalgebra in the strong sense Tst(e,e')(x•~y))exists and

(resp.

PROOF. Put _??_=x•~y, e"=(e, e'), H=Se(x) and H'=Se'(y) (resp. H=

Tste(x) and H'=Tste'(y). Since H_??_H' (resp. H_??_H') is the direct product of 

H and H' (resp. of and H') in the category Wk (resp. in the category WR 

for any e M,) by (1.2.2) (resp. y (1.2.4)), we have for all C•¸Wfk,

(resp.

Since this isomorphism is functorial with respect to C•¸Wfk (resp. with re

spect to (R, C)•¸Wf), Proposition follows.

2.2.5 PROPOSITION. Let f:xy be a map o f k-functors. Suppose 
that the underlping coalgebras T(x) and T(y) exist. If f is a monomor

phism in Mk then the coalgebra map

T(f):T(x)T(y)

is injective.

PROOF. Let C•¸Wk and {Ci} be the set of all finite dimensional subco

alebras of C. The map

Wk(C, T (f)):Wk(C,T(x))Wk(C,T(y))
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is injective, since it factors as

Hence T(f) is a monomorphism in Wk and is injective by (1. 2. 3).

2.2.6 Let „w be a -scheme. For any point x of „w let

ε(x):Gpk(x)→x

denote the canonical map [7, I, •˜1, 5.2]. This is a monomorhism in MkE 

and its image is contained ins. Hence it induces an injective coalgebra 

map

Tx(ε(x)):κ(x)*→Tx(x)

if [k(x):k]<•‡. If we identify Tx(x)=(_??_x)0, then this map is induced by 

the canonical projection

κ(x)← 〓x.

In the following the above injection

κ(x)*→Tx(x)

is called the canonical injection and denoted by c(x) (, when of course [k(x):

k]<•‡).

Now let f:xy be a map of -schemes. Let y•¸y. The fibre of f 

over y, written f-1(y), is defined by the following pullback diagram [7, I, 

•˜ 1, 5.8]:

Let x e a point of such that f(x)=y. Then we have a pullback diagram
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Hence if in particular [k(y): k]<•‡, then the diagram

is a pullback diagram in Wk. In other words this diagram determines the 

subcoalgebra Tx(f-1(y)) of Tx(_??_).

2.2.7 PROPOSITION. Let _??_ and _??_ be locally algebraic k-schemes and 

f, g:_??_ two k-scheme maps.

(i) Let x be a closed point of _??_ and suppose that f(x)=y=g(x). If 

the induced maps Tx(f), T(g): Tx(_??_)Ty(_??_) coincide, then there exists an 

open subscheme U of _??_ such that x•¸U and that f|u=g|U.

(ii) If the induced maps T(f), T(g): T(_??_)T(_??_) coincide, then f=g.

(iii) f is a monomorphism in MkE iff T(f): T(_??_)T(_??_) is injective.

PROOF. (i) Since mx is cofinite in _??_x, (_??_x)0=T(_??_) is dense in (_??_x)* 

by Proposition 1.1.2 (iii). Hence the equality Tx(f)=Tx(g) means that the 

induced maps fx, gx:_??_y_??_x coincide. The assertion follows immediately 

from [7, I, •˜3, 4.1].

(ii) If we notice that

(2.1.4 (ii)) and that Tx(_??_)•‚0 for any closed point x of _??_, then the equality 

T(f)=T(g) is equivalent to saying that f(x)=g(x) and T(f)=T(g) for all 

closed points x of _??_. It follows from (i) that there exists an open subscheme 

Ux containing x such that f|Ux=g|Ux for each closed point x of _??_. Let U be 

the smallest open subscheme of _??_ which contains all Ux's. In view of [7, 

I, •˜1, 4.13], one sees that f|U=g|U. But since U contains all closed points 

of _??_, it follows that U=_??_ from [7, I, •˜3, 6.9]. Hence f=g.

(iii) Construct a pullback diagram in MkE as follows:

It is known that is a locally algebraic k-scheme [7, I, •˜3, 1.10]. If T(f) 

is injective, then since

T(f)_??_T(px1)=T(f)_??_T(pt2),
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we have T(px1)=T(px2). Hence px1=px2 by (ii). This means that f is a 

monomorphis in MkE. The converse follows from Proposition 2 .2.5.

2.2.8 Let K|k be a field extension . Let _??_ be a k-functor. Then the 
K-functor K_??_k _??_ is defined by

K〓:Mk→E,R|→ 〓(kR),

where kR is the underlying k-algebra of R [7, I, •˜1, 6,5]. Notice that there 

exists a natural equivalence between the categories MkE and MkE/(_??_K)
, 

where the latter denotes the category of k-functors over _??_p K [7, I, •˜1
, 6.2]. 

Then the K-f unctor K_??_ corresponds to the k-functor over _??_p K

Px1:(〓pK)× 〓→ 〓pK,

where (_??_pK) x_??_ denotes the direct product in MkE and px1 the canonical 

projection. In particular |K_??_| the underlying set of the K-functor K_??_ 

is equal to |(_??_pK)•~_??_| by definition [7, I, •˜1, 6.3]. we say that a point 

x of K_??_, which is identified with a point of (_??_pK)•~_??_ , lies over a point x 

of _??_ and write x|x if px2(x)=x, where

Px2:(〓PK)× 〓→ 〓

is the canonical projection.

For a K-functor _??_, we denote by Tk(_??_) the underlying L-coalgebra of 

_??_(, if it exists). In particular Tky(_??_) denotes the tangent K-coalgebra to 
_??_ at a point y of _??_. Suppose that T(_??_) and TK(K_??_) exist. We define a 

K-coalgebra map

ξ:K〓T(〓)→Tk(K〓)

as follows: Let C be a finite dimensional subcoalgera of T(_??_) with i: C 

_??_ T() the inclusion. Let

ξc:K(〓C→Tk(K〓)

be the K-coalgebra map which corresponds naturally to the element (i)K_??_c* 

of _??_(K_??_C*), where i is the element of _??_(C*) determined by i and (i)K_??_C* is 

taken with respect to the canonical map

C*→K〓C*.

Since ƒÌc is functorial with respect to C, there exists a unique K-coalgebra 

map ƒÌ such that

ξ|K〓C=ξc
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for all finite dimensional subcoalgebras C of T(_??_).
Let C be a finite dimensional cocommutative k-coalgebra, then the 

diagram below commutes:

where ƒÌ is the composite

One sees that ƒÌ is the unique K-coalgebra map such that the above diagram 

commutes for all C•¸Wfk.

Take _??_=_??_p A for instance, where A•¸Mk. Let

ι:K〓A0→(K〓A)0

be the canonical K-coalgebra map, where the right hand side denotes the 

K-coalgebra dual, that is

ι(λ〓X)(μ〓α)=<X,α>λ μ

for 2, ƒÊ•¸K, x•¸A0 and ƒ¿•¸A. In view of the above characterization of the 

K-coalgebra map ƒÌ, one may easily verify the commutativity of the follow

ing diagram

PROPOSITION. Let _??_ be a locally algebraic k-scheme and K|k a field 
extension.

(i) Let x be a closed point of _??_. There exists an isomorphism of 
K-coalgebras K_??_TX(_??_)_??_x|xT (K_??_) such that the diagram

commutes.
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(ii) In particular ƒÌ is injective and

(iii) If K|k is an algebraic extension, then ƒÌ is an isomorphism of K

- coalgebras.

PROOF. Let x be a point of _??_. We can identify Tx(_??_)=(_??_x)0. Then 

the canonical inclusion

(Ox)〓=Tx(〓)〓T(〓)

is clearly obtained by app1ying the functor T(-) to the canonical monomor

phism

εx:〓pOx〓.

Since the K-coalebra map ƒÌ is clearly functorial, the diagram below com

mutes:

where ƒÇ is the canonical map defined before this Proposition.

On the other hand we have a canonical bijection

{x∈K〓|x lies over x}〓Spec (K〓k k(x))

[7, I, •˜1, 5.2]. We denote by P(x) the prime ideal of K_??_k(x) which cor

responds to x. If we regard P(x) as a prime ideal of K_??_x naturally, then 

the K-algebra _??_x can be canonically identified with the localization (K_??_x)p(x) 

and the canonical monoorphism

εx:〓pkOx→Kx〓

is obtained as the composite

Suppose that x is a closed point of _??_. Then K_??_k(x) is Artinian. Hence 

its prime ideals are all maximal. Then Corollary 1.1.4 means that the 

map

ι:K〓(Ox)0→(K〓x)0

is injective and its image is
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Thus we get a commutative diagram

This proves (i).

(ii) follows immediately from (i).
Next suppose that K|k is algebraic. It is enough to show that if x is 

a closed point of K_??_, then px2(x)=x is a closed point of _??_. But this follows 

from the diagram below :

2.2.9 For a map of fields ƒÐ: kK and a k-functor _??_, we put

K〓 σ〓=K〓k〓.

Let p the characteristic exponent of k. We put

f:k→k,λ|→ λp.

For a k-functor _??_, we put

〓(p)=k〓f〓.

Thus this is the following k-functor

〓(p):Mk→E,R|→ 〓(fR),

where fR is the k-algebra obtained by pulling back the k-algebra R along f 

[10, III, 6, page 90]. The robenius map on [7, II, •˜7, 1.1], written _??_: 

_??__??_(p) , is defined as follows: For each R•¸Mk, the map

〓(R):〓(R)→ 〓(p)(R)=〓(fR)

is obtained by applying the functor _??_ to the Mk-map
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fR:RfR,a|

ap.

PROPOSITION. Let _??_ be a k-functor. Suppose that both _??_ and _??_(p) have 

the underlying coalgebras. Then the composite

is equal to T(_??_x), where ƒÁT(_??_) is defined in •˜1.9.

PROOF. Let C•¸Wfk. Then by definition we have a commutative dia

gram:

where we identify as usual C(p)*=C*(p) and

fφ:f(C*(p))→fC*

is the same as the map

φ:C*(p)→C*,λ 〓 α|→ λαp.

Since the composite

is equal to the map: a|ap, we have

Wk(C,ƒÌ)ƒÍWk(C,ƒÁT(_??_))=Wk(C,T(_??_)).

This means

ξογT(〓)=T(〓).

REMARK. Notice that the field map

f:k→k,λ|→ λp

can be regarded as an algebraic extension of fields. Hence if _??_ is a locally 

algebraic k-scheme, the map
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ξ:T(〓)(p)→T(〓(p))

is an isomorphism. Thus,the above Proposition permits us to identify the 

coalgebra map T(_??_) with the ƒÁ-map ƒÁT(_??_).

2.2.10 Let K|k be a field extension and _??_ a locally algebraic k-scheme . 

We put

〓(K)cl{α ∈ 〓(K)|[α] is a closed point of 〓}.

We establish a bijection between _??_(K)cl and G(K_??_T(_??_)) the set of group-like 
elements of the K-coalgebra K_??_T(_??_).

By (2.1.8) we have

G(Tk(K〓))〓(K〓)(K)=〓(K).

Let ƒ³: G(K_??_T(_??_))_??_(K) be the composite:

where ƒÌ is defined in (2.2.8). Then the image of ƒ³ is contained in _??_(K)cl. 

Indeed let g•¸G(K_??_T(_??_)). There exists a finite dimensional subcoalgebra 

C of T(_??_) such that g e (K_??_C). we view g as a K-coalgebra map

g:K→K〓C.

By definition we have ƒ³(g)=(i)K•¸_??_(K), where i is the element of _??_(C*) 

which is determined by the inclusion

i:C〓T(〓)

and (i)K is taken with respect to the composite:

Since ƒÑ(C*)=F is a finite dimensional subfield of K, we have

[(i)k]=[(i)F]∈ ‖〓 ‖.

Next e define a map

Ψ:〓(K)c1→G(K〓T(〓))

as follows: Let ƒ¿•¸_??_(K)cl and put x=[ƒ¿]•¸|_??_|. we regard as usual a as a 

map of k-schemes

α:〓pK→ 〓.
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This induces an Fldk-map

σ:k(x)→K.

Extend this to a K-algebra map

1〓 σ:K〓k(x)→K.

Let g: KTx(_??_) be the composite:

where ƒÇ(x) is canonic (2.2.6). Clearly g is a K-coalgebra map. Hence g(1) 

is a group-like element of K_??_Tx(_??_), and of K_??_T(_??_) too. We put

Ψ(α)=g(1)∈G(K〓T(〓)).

We claim that ƒ³ƒµ=1. Notice that the map

α:〓pK→X

factors as

where ƒÃ(x) is canonic. Let

α:〓pk K→K〓

be the map which is naturally identified with the element

α∈(K〓)(K)=〓(K).

The map ƒ¿ factors as

Apply the functor TK(-) to the above sequence. Then we have

that is

Tk(α)=ξ οg.

This means that under the canonical bijection

G(Tk(K〓))〓(K),
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the elements ƒÌ(g(1))•¸G(TK(K_??_2)) and ƒ¿•¸_??_(K) correspond to one another. 

Hence we have ƒ³ƒµ=1. Since ƒ³ is inj ective, we have also ƒµƒ³=1.

Let ƒ¿•¸_??_(K)cl and put x=[ƒ¿]. We view ƒ¿ as a rational point of K_??_. 

Then it lies clearly over x. It follows from above that ƒµ(ƒ¿) is a group-like 

element of K_??_Tx(_??_) and ƒÌ(ƒµ(ƒ¿)) is the unique group-like element of Tka(K_??_) 

the tangent K-coalgebra to K_??_ at the rational point ƒ¿ of K_??_. Hence 

Proposition 2.2.8 (i) means that the canonical injection

ξ:K〓T(〓)〓TK(K〓)

induces an isomorphism of K-coalgebras

where the left hand side denotes the irreducible component of the K-coal

gebra K_??_Tx(_??_) containing the group-like element ƒµ(ƒ¿).

For a coalgebra C and a group-like element g of C, we put (•˜1.0)

Pg(C)={x∈C|⊿(x)=g〓x十x〓g}.

This is equal to P(Cg) the set of primitive elements of Cg the irreducible 

component of C containing g. Then we have a canonical isomorphism of 

K-coalgebras

Notice that the right hand side can be canonically identified with the Zariski's 

tangent space to K_??_ at the rational point ƒ¿ (2.1.12).

In general let x be a closed point of _??_. We view the canonical map

ε(x):〓p k(x)→ 〓

as an element ε(x)∈ 〓(k(x)). Then [ε(x)]=x. We put

gx=ψ(ε(x))∈G(k(x)〓Tx(〓)).

This is the element which corresponds to the canonical map

ι(x):k(x)*→Tx(〓)

under the canonical ijection

k(x)〓Tx(〓)〓Modk(k(x)*, Tx(〓)).

It follows from above that

and
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where ƒÃ(x) is regarded as a rational point of k(x)_??_. Since the Zariski's 

tangent space to _??_ at x is canonically isomorphic to that to k(x)_??_ at ƒÃ(x)

 by [7, I, •˜4, 4.1 and 4.15] and the latter is identified with  P(Tκ(x)ε(x)(k(x)〓)),

 we have:

PROPOSITION. Let be a locally algebraic k-scheme and x a closed 

point of _??_. Let gx•¸k(x)_??_Tx(_??_) be the element which corresponds naturally 

to the canonical map ƒÇ(x): k(x)*Tx(_??_). Then gx is a group-like element of 

the k(x)-coalgebra k(x)_??_Tx(_??_) and the k(x)-vector space

Pgx(κ(x)〓Tx(〓))

can be canonically identified with the Zariski's tangent space to _??_ at x.

2.3 Flatness and smoothness

2.3.1 A map of k-schemes f: _??__??_ is said to be flat at a point x of _??_ 

if the induced ma fx: _??_f(x)_??_x makes _??_x, into a flat _??_f(x)-module [7, I, •˜2, 2.4]. 

In the following we shall view Tx(_??_) as a Tf(x)(_??_)-comodule via the induced

 coalebra map  Tx(f):Tx(〓)→Tf(x)(〓).

PROPOSITION. Let f: _??__??_ be a map of locally algebraic k-schemes 
and x a closed point of _??_. Then f is flat at x iff Tx(_??_) is an injective object

 in ComodTf(x)(_??_). If f is flat at x, then the induced map Tx(f):Tx(〓)→Tf(x)(〓)

 is surjective.

PROOF. _??_x and _??_f(x) are local Noetherian and their maximal ideals are 

cofinite. Since _??_x is flat over _??_f(x) iff _??_x. is faithfully flat over _??_f(x) [2, I, •˜3

, n•K5, Proposition 9 e)], the assertion follows directly from Corollary 

1.7.9.

2.3.2 A map of k-schemes f: _??__??_ is said to be faithfully flat if it is 

flat at every point of _??_ and the induced map

|f|:|〓|→|〓|

is surjective [7, I, •˜2, 2.4].

COROLLARY. Let f: _??__??_ be a map of locally algebraic k-schemes. If 

f is faithfully flat, then the induced coalgebra map

T(f): T(〓)→T(〓)

is surjective.
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PROOF. Let x•¸•a_??_•a. Then the map

Tx(f): Tx(〓)→Tf(x)(〓)

is surjective by (2.3.1). Since T(_??_)=_??_x•¸•a_??_•aTx(_??_), it is enough to show that 

the map

‖f‖:‖〓‖→ ‖〓‖

is surjective.

Indeed let y•¸•a_??_•a. Then f-1(y)=_??_•~_??_(_??_p k(y)), which is also locally 

algebraic, has the non-empty underlying set, since

|〓|×|〓||〓pk(y)|≠ 〓

[7, I, •˜1, 5.4]. Hence we have •af-1(y)•a•‚_??_ by [7, I, •˜3, 6.8 and 6.9]. This 

proves our assertion.

2.3.3 A map of k-schemes f: _??__??_ is said to be quasi-compact if for 

any open quasi-compact subset V of |_??_|, f-1(V) is quasi-compact [7, I, •˜2, 2.1]. 

A locally algebraic k-scheme is quasi-compact iff it has a finite open affine 

covering. Such a locally algebraic k-scheme is called an algebraic k-scheme 

[7, I, •˜3, 2.1].

PROPOSITION. Let f: _??__??_ be a map of locally algebraic k-schemes.

 Suppose that f is quasi-compact.  If T(f):T(〓)〓 →T(〓)then f:〓〓→ 〓.11)

PROOF. The assumption that T(f) is an isomorphism means that  ‖f‖:

‖〓‖〓→ ‖〓‖•@ and that Tx(f): Tx(_??_)_??_Tf(x)(_??_) for any closed point x of _??_. In

 particular f is flat at every closed point of _??_. Since

U={x∈ 〓|f is flat at x}

is open [7, I, •˜3, 3.13] and contains all closed points of _??_, we have  U=|〓|

 by [7, T, •˜3, 6.8 and 6.9]. Therefore f is flat at every point of _??_.

Next we show that is surfjecive. Let B be an open algebraic sub

scheme of _??_. Then we have

T(f):T(f-1(B))〓 →T(B),

since T commutes with finite limits (2.2.1). Since is covered by a family 

of open algebraic subschemes, we can assume without loss of generality 

that _??_, and _??_ also, is algebraic. Then the image f(|_??_|) is a constructible 

subset of |_??_| by [7, I, •˜3, 3.9] and contains all closed points of _??_. Hence

 f(|〓1)=|〓|  by [7, I, •˜3, 6.8 and 6.9] again.
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We have proved that f is faithfully flat. By Theorem of fpqc descent 

[7, I, •˜2, 2.7], the following is a coequalizer diagram in Schk the category 

of k-schemes

But it follows from Proposition 2.2.7 (iii) that is f a monomorphism. Hence 

px1=px2 and f is an isomorphism.

REMARK. Author does not know whether Proposition holds without 

the assumption "f is quasi-compact".

2.3.4 Let f:_??__??_ be a map of schemes. We denote by ƒ¶_??_/_??_ the module 

of differentials of _??_ over _??_ [7, I, •˜4, 2.1], which is a quasi-coherent _??_-

module, and put for any point x of _??_

Ω 〓/〓(x)=k(x)〓 x(Ω 〓/〓)x.

If f is locally finitely presented [7, I, •˜3, 1.6] then ƒ¶_??_/_??_(x) is finite dimensional 

over k(x) and

dimxf-1(f(x))≦[Ω 〓/〓(x):k(x)]

by [7, I, •˜4, 2.10].

For simplicity we assume that f is locally finitely presented. Let x•¸_??_ 

and y=f(x). f is said to be non-ramified (resp. etale, resp. smooth) at x 

if ƒ¶_??_/_??_(x)=0 ,(resp, if f is non-ramified and flat at x, resp. if f is flat at x 

and dimx f-1(f(x))=[ƒ¶_??_/_??_(x): k(x)] [7, I, •˜4, 3.2 and 4.1].

The purpose of the rest of this section is to translate the concepts of 

being non-ramified, etale or smooth into the coalebra language (cf. Intro

duction). In other words we want to find out classes _??_n, _??_e and _??_l con

sisting of maps of cocommutative irreducible k-coalgebras such that for 

any map f: _??__??_ of locally algebraic k-schemes and any closed point x of 

_??_, f is non-ramified (resp. etale, resp. smooth) at x iff the induced coalebra 

map Tx(f): Tx(_??_)Tf(x)(_??_) belongs to _??_n (resp. _??_e, resp. _??_l).

We reduce the problem to the rational case. Let K|k be an extension 

of fields and f: _??__??_ a map of locally algebraic k-schemes. Let x be a point 

of K_??_ lying over a point x of _??_. Then f is non-ramified (resp. etale, resp. 

smooth) at x iff K_??_f is non-ramified (resp. etale, resp. smooth) at x [7, I, 

•˜ 4, 4.1]. Suppose that for any finite field extension K|k, there exist classes 

(K),_??_'e(K) and _??_l(K) consisting of maps of cocommutative connected K

- coalgebras such that for any map f:_??__??_ of locally algebraic K-schemes 

and any rational point x•¸_??_(K), f is non-ramified (resp. etale, resp. smooth)
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at x iff the induced K-coalgebra map TKx(f): Tkx(_??_)•¨TKf(x)(_??_) belongs to _??_'n(K)

(resp._??_'e(K), resp._??_'l(K)).

Now let ƒÓ: C•¨D be a map of cocommutative irreducible k-coalgebras. 

Then K=C*0 is a finite field extension of k, where C0 is the coradical of C. 

Let g•¸K_??_C be the element which corresponds naturally to the inclusion: 

C0_??_C. Then g is a group-like element of the K-coalgebra K_??_C (cf. 

(2.2.10)). The K-coalgebra map K_??_ƒÓ: K_??_C•¨K_??_D induces a map of con

nected cocommutative K-coalgebras

where (K_??_C)g is the irreducible component containing g and so is 

(K_??_D)(K_??_ƒÓ)(g). Let _??_n (resp. _??_e, resp. _??_l) be the class of ƒÓ: C•¨D such that 

the induced map

belongs to _??_n(K)(resp. _??_'e(K), resp. _??_'l(K)).

If he notices that a closed point x of a locally algebraic ƒÈ-scheme _??_ de

termines a rational point ƒÃ(x) of ƒÈ(x)_??__??_ and that the tangent coalgebra 

TƒÈ(x)ƒÃ(x)(K(x)_??_) is equal to (ƒÈ(x)_??_Tx(_??_))gx, the reader may easily verify that 

the classes _??_n, _??_e and _??_l satisfy the conditions described above. Thus we 

have only to find out the classes _??_'n(K), _??_'e(K) and _??_'l(K) as above.12)

2.3.5 Let f: _??_•¨_??_ be a map of locally algebraic k-schemes. Let x•¸

_??_(k) and y=f(x). The following is a pullback diagram in WcnƒÈ(2.2.6):

Since the functor P: WcnƒÈ•¨ModƒÈ commutes with finite limits by (1.2.8), we 

have an exact sequence of vector spaces:

0•¨ P(Tx(f-1(y)))•¨P(Tx(_??_))•¨P(Ty(_??_)).

On the other hand, we have an exact sequence of vector spaces:

[7, I, •˜4, 2.9]. Notice that ƒ¶_??_/k(x)=mx/m2x and ƒ¶_??_/k(y)=my/m2y and that 

ƒ¶f/ is induced by the canonical map fx: mx•¨my [7, I, •˜4, 2.2]. But we have 

naturally

P(Tx(_??_))_??_(mx/m2x)*,
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since {(_??_/mn+1x)*} is the coradical filtration of Tx(_??_)(Proposition 1.1.1).
Thus we get a commutative diagram:

This implies first that

P(Tx(f-1(y)))_??_ƒ¶??_/_??_(x)*

and secondly that

ƒ¶_??_/_??_ (x)=0•ÌTx(f) is injective

in view of [11, Lemma 11. 0.1].

Recall that Tx(f) is smooth (1.8.1) iff Tx(_??_) is an injective object in 

Comod Ty(_??_) and Tx(f-1(y))_??_B(U) for some vector space U, where one should 

notice that Tx (f-1(y)) is the largest sucoalgebra of Tx(_??_) contained in 

Tx(f)-1(ƒÈ(y)*) and that ƒÈ(y)* is the coradical of Ty(_??_). Since Tx(f-1(y)) is of 

fi nite type, the latter condition is equivalent to

K dim Tx(f-1(y))=dimƒÈP(Tx(f-1(y)))

by Proposition 1.6.1 (ii). Since dimxf-1(y)=K dim Tx(f-1(y)) by Proposition 

2.1.11 and P(Tx(f-1(y)))*_??_ƒ¶_??_/_??_(x), we have

Tx(f) is smooth•Ìf is flat at x and

dimxf-1(y)=[ƒ¶_??_/_??_(x):k].

•Ìf is smooth at x

Thus we have proven:

PROPOSITION. Let f: _??_•¨_??_ be a map of locally algebraic k-schemes. 

Let x•¸_??_(k) and y=f(x). Then _??_ is non-ramified (resp. etale, resp. smooth) 

at x iff the induced coalgebra map Tx(f): Tx(_??_)•¨Ty(_??_) is injective (resp. 

bijective, resp. smooth in the sense of (1.8.1)).

2.3.6 As an application we give here another proof of (i)•Ì(ii) in 

Theorem of smoothness [7, I, •˜4, 4.2], that is:

PROPOSITION. Let f: _??_•¨_??_ be a map of locally algebraic k-schemes. 

Let x be a (not necessarily closed) point of and y=f(x). The following 

are equivalent:

(i) f is smooth at x.

(ii) There exist an open neighboorhood _??_ of x, an integer n and a
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map g:_??_•¨_??_•~_??__??_ ƒÈ[T1,..., Tn] such that g is etale at x and that f|u=

pr1ƒÍ g, where k[T1, ... , Tn] denotes the polynomial algebra in n variables.

PROOF. (ii)•Ë(i). Applying the functor k(x)_??_(-) and taking the rational 

point of ƒÈ(x)_??_ lying over x, we can assume that x•¸_??_(k) Then g(x) is of 

the form (y, z), where z: k[T1, ... , Tn]•¨k is an algebra map and can be 

identified with an n-tuple (ƒÉ1, ... , ƒÉn) of elements of k. Replacing Ti by 

T i-ƒÉi, we can assume that ƒÉi=...=ƒÉn=0. Since Tx(f) factors as

(cf. (2.2.4)), we have only to show that

Tz(_??_k[T1, ... , Tn])_??_B(kn)

in view of Theorem 1.8.1(v). Put we have for any C•¸WfƒÈ,

where one should notice that the original point of Mk(k[Tl, ... ,Tn], C*0) is 

ƒÅ_??_ z: ƒÈ[T1, ... , Tn]•¨k•¨C*0 and with respect to which Ker(-) is taken. This 

means that Tz(_??_k[T1, ... , Tn])_??_B(kn).

(i)•Ë(ii). Replacing by an open atfine subscheme of _??_, we can assume 

that _??_=_??_p A for some A•¸Mk. Take an extension of fields K|ƒÈ such that 

there exists a rational point x' of K_??__??_ lying over x, for example K=ƒÈ(x).

 Put

where y'=(K_??_f)(x'). U is a finite dimensional K-vector subspace of

Hence we have natural surjection of K-vector spaces:

K_??_A•¨ModK(U, K).

Take elements a1,..., an•¸A such that {a1|U, ... , an|U} form a K-basis of 

ModK(U, K). The k-algebra map

ƒÐ: k[T1,... , Tn]•¨A, Ti|•¨ai
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determines a map of ƒÈ-schemes

_??_=_??_p ƒÐ: _??_=_??__??_ A•¨_??_p k[T1, ..., Tn].

Put g=(f,_??_): _??_•¨_??_•~_??__??_ k[T1, ... , Tn]. We claim that g is etale at x. It 

is enough to show that K_??_g is etale at x'. This argument permits us to 

assume that x•¸_??_(k) from the beginning.

Suppose that x•¸_??_(k) and hence take K=k. Then we have

and {a1|U, ... , an|U} form a basis of U*. In particular the composite

is surjective. This implies the injectivity of the composite

where z=_??_(x). We have shown during the proof of (ii)_??_(i) that

Tz(_??_pk[T1, ... , Tn])_??_B(kn).

Then the composite

is bijective, because it is injective and U is n-dimensional. Now the map

Tx(g): Tx(_??_)•¨Ty(_??_)_??_Tz(_??_k[T1, ... , Tn]))

satisfies

Tx(f)=(1_??_ƒÃ)_??_Tx(g) and Tx(_??_)=(ƒÃ_??_1)_??_Tx(g).

Therefore the arguement previous to Proof (iii)•Ì(v) in Theorem 1.8.1 

implies that Tx(g) is an isomorphism, since Tx(_??_) is smooth. Hence g is 
"etale" at x

.

2.3.7 A locally algebraic k-scheme _??_ is said to be k-smooth at a point 

x of _??_, if the canonical projection: _??_•¨_??__??_ k is smooth at x. If e is a rational 

point of _??_, then _??_ is k-smooth at e iff Te(_??_)_??_B(U) for some vector space U. 

As a corollary to Proposition 1.6.4 we have:

PROPOSITION. Let be a locally algebraic scheme over an infinite 

fi eld k and e•¸(k). Consider the following commutative triangle consisting 

of canonical maps:
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Then _??_ is k-smooth at e iff the map

is surjective for any integer n>0. In particular is k-smooth at all rational 

points iff qn is surjective for all n>0.

PROOF (cf. [7, I, •˜4, 5.11]). Enough to notice that

and

3. Hyperalgebras

3.1 Basic concepts

3.1.1 A k-monoid-functor (resp. k-group-functor) means a monoid (resp. 

group) object in the category MkE, or equivalently a covariant functor from 

Mk to Mon (resp. Gr) [7, II, •˜1, 1.1]. The category of k-monoid-functors 

(resp. k-group-functors) is denoted by Monk (resp. Grk). The structure 

maps of a k-monoid-functor (resp. k-group-functor) _??_ will be denoted as 

follows:

(multiplication)

(unit)

(resp. in addition

(inverse)

(cf. (1.3.1)). The index '_??_' will be omitted if there is no risk of confusions.

Let _??_ be a k-monoid-functor (resp. k-group-functor). Suppose that 

the underlying k-functor of _??_ has the underlying coalgebra T(_??_)(2.1.1). 

We know that T(_??_)_??_T(_??_) is the underlying coalgebra of _??_•~_??_(2.2.1). 

Hence applying the functor T(-) to the structure maps of _??_, we get coal

gebra maps:

μ=T(〓): T(〓)〓T(〓)→T(〓)

ƒÅ =T(e): k_??_T(_??_p k)•¨T(_??_)
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(resp. in addition

S=T(ti): T(_??_)•¨T(_??_))

which make T(_??_) into a cocommutative bialgebra (resp. cocommutative 

Hopf algebra with antipode S), as is easily verified. We say that T(_??_) is 

the underlying bialgebra (resp. the underlying Hopf algebra) of _??_. It is 

easy to see that the structure (ƒÊ, ƒÅ)(resp. (ƒÊ, ƒÅ, S)) is the unique one which 

turns the canonical isomorphism (2.1.1):

WƒÈ(C, T (_??_))_??_(C*)

into a monoid (resp. group) isomorphism for all C•¸WfƒÈ. (The uniqueness 

follows from Lemma 1.3.2).

3.1.2 Let _??_ be a k-monoid-functor. We identify as usual the structure 

map e: _??__??_k•¨_??_ with an element of _??_(k), which is the unit of the monoid 

_??_(k). Suppose that the coalgebra Se(_??_) to _??_ at e exists (2.1.8). Since 

Se(_??_)_??_Se(_??_) is the coalgebra S(e ,e)(_??_•~_??_) by (2.2.4), the structure maps of 

_??_ induce coalgebra maps

and

where 1 is the unique rational point of _??_k. One may easily check that 

the maps ƒÊ and ƒÅ make Se(_??_), which is connected by (2.1.8), into a hyper

algebra (1.3.5) and that (ƒÊ, ƒÅ) is the unique bialgebra structure on Se(_??_) 

which turns the canonical isomorphism (2.1.8):

into a monoid isomorphism for any C•¸Wfk. But the left hand side is in 

fact a group, since every hyperalgebra has the antipode (1.3.5). Hence the 

existence of Se(_??_) means that Ker (_??_(C*)•¨_??_(C*0)) is a multiplicative sub

group of _??_(C*) for any C•¸Wfk. On the other hand the subfunctor _??_e13) of 

_??_ is easily seen to be a k-monoid-subfunctor. Then the hyperalgebra 

(Te(_??_), ƒÊ, ƒÅ) is clearly equal to the underlying bialgebra of _??_e. The hyper

algebra (Se(_??_), ƒÊ, ƒÅ) is called the hyperalgebra of _??_ and denoted by hy(_??_).

If in particular is a k-group-functor, then the antipode S of hy(_??_) 

is induced by the structure map i: _??_•¨_??_, that is

S=Se(_??_): Se(t)•¨Se(_??_).

If a k-monoid-functor has _??_ the underlying bialgebra T(_??_), then it 

follows directly from Proposition 2.1.4 (or from (1.3.4)) that the hyperal
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gebra hy(_??_) exists and is equal to T((_??_))1 the irreducible component of T(_??_) 
containing 1, which is a subbialgebra of T((_??_)).

3.1.3 Let _??_ be a k-monoid-functor. Suppose that Tste(_??_) the tangent 

coalgebra to _??_ at the unit e in the strong sense exists (2.1.8). In view of 

(2.2.4) the structure maps p and e induce coalgebra maps respectively

and

which make Tste(_??_) into a hyperalgebra. Now consider the canonical iso

morphism :

for all (R, C)•¸Wf (2.1.8). The right hand side is a submonoid of _??_(R_??_C*). 

The hyperalgebra structure (ƒÊ,ƒÅ) on Tste(_??_) determines a group structure on 

the left hand side (1.3.5). Then it is clear by the definition of (ƒÊ,ƒÅ) that 

the above isomorphism becomes a monoid, in fact a group, isomorphism. 

In other words the hyperalgebra (Tste(_??_), ƒÊ, ƒÅ) represents the monoid-functor 

on Wf:

in the sense of (1.3.8). We call that hyperalgebra (Tste(_??_), ƒÊ,ƒÅ) the hyper

algebra of _??_ in the strong sense and denote by hyst(_??_).

If _??_ is a k-group-functor, then the antipode S of hyst(_??_) is clearly 

equal to Tste(i): Tste(_??_)•¨Tste(_??_).

3.1.4 A k-monoid-f unctor (resp. k-group-functor) is called a k-monoid 

(resp. k-group) if its underlying k-functor is a k-scheme [7, II, •˜1, 1.1].

Let _??_ be a k-monoid. It follows from Proposition 2.1.6 that the under

lying boalgebra T(_??_) exists and is equal to

In particular the hyperalgebra hy(_??_) exists and is equal to (_??_e)0. The hyper

algebra structure on (_??_e)0 is determined as follows: The direct product 

diagram in MkE:

induces a direct product diagram in Wk:
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by (2.2.4). Then the multiplication ƒÊ:(_??_e)0_??_(_??_e)•¨(_??_
e)0 is the composite

where p(e ,e):_??_e•¨_??_(e,e) is the local homomorphism induced by the structure 

map p:_??_x_??_•¨_??_. The unit of (_??_e)0 is the unique group-like element .

If _??_ is a locally algebraic k-monoid, then it follows from Proposition 

2.1.9 that (_??_e)0 is the hyperalgebra in the strong sense.

3.15 Let f:_??_•¨_??_' be a map of k-monoid-f unctors. Suppose that both 

_??_ and _??_' have the underlying bialgebra (resp, the hyperalgebra, resp . the 

hyperalgebra in the strong sense). Then the induced coalgebra map

(resp.

resp.

is easily seen to be a bialgebra map. Thus the f unctor T(-) (resp. hy(-), 
resp. hyst(-)) can be considered as a covariant functor from some full sub
category of Monk to the category of cocommutative ialgebras (resp. hyper
algebras).

Let _??_ be the kernel of f. Lemmas 1.3.3 and 1.3.5 imply directly that 
the bialgebra kernel of T(f) (resp. Se(f), resp. Tste(f)) is the underlying bialgebra 

(resp. the hyperalgebra, resp. the hyperalgebra in the strong sense) of _??_. In 

particular we have hy(_??_)=k (resp. hyst(_??_)=k iff Te(f) (resp. Tste(f)) is injective 
by (1.3.6).

3.1.6 Let _??_ and _??_ be two k-group-functors. Let

be an action of _??_ on _??_ [7, II, •˜1, 3.10], that is u is an action in the sense 

of (2.1.10) such that _??_(R) acts on _??_(R) as group automorphisms for any RƒÃM

k. Suppose that hyst(_??_) the hyperalgebra in the strong sense exists. 

Since e•¸_??_(k) is _??_-stable, there is a natural linear action of _??_ on (hyst(_??_))a. 

Let _??_ act on _??_•~_??_ via the diagonal map: _??_•¨_??_•~_??_. Then the structure 

map



104 MITSUHIRO TAKEUCHI

commutes with the action of _??_. This implies that the induced map

is a k-_??_-module map, where the left hand side is viewed as a k-_??_-module 

via the diagonal map:_??_•¨_??_x_??_. Similarly if we let _??_ act on k trivially, 

then the structure map

η:k→hyst((〓)

is also seen to be a k-_??_-module map. Hence the subspace (hyst(_??_))_??_ is a 

subalgebra of hyst(_??_) (but not necessarily a subcoalgebra). Let B be the 

largest subcoalgebra of hyst(_??_) which is contained in (hyst(_??_))_??_. Then B is 

a subyperalgebra of hyst(_??_) and is the hyperalgebra in the strong sense of _??_

 by (2.1.10).

3.1.7 Let be a field extension. It is known [9, Proposition 3.2.3] 

that if C is a connected caalgebra then K_??_C is a connected K-coalgebra.

Let _??_ be a locally algebraic k-scheme and e•¸_??_(k). It follows from 

Proposition 2.2.8 that the canonical map

induces an isomorphism:

But since the left hand side is irreducible, we have

where eK•¸_??_(K) is viewed as a rational point of K_??_.

Let _??_ be a k-monoid-functor. Suppose that the underlying bialgebras 

T(_??_) and TK(K_??_) exist. The naturality of the map implies the com

mutativity of the diagrams:
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This means that the map

ξ:K〓T(〓)→TK(K〓)

is a bialgebra map. Hence we have proven:

PROR0SITION. Let K|k be a field extension and a _??_ k-monoid-functor
. 

If the underlying bialgebras T(_??_) and TK(K_??_) exist then the canonical 

map ƒÌ: K_??_T(_??_)TK(K_??_) is a bialgebra map. I f in particular _??_ is a 

locally algebraic k-monoidg then ƒÌ induces an isomorphism of hyperalgecras:

 K〓hy(〓)〓→hyK(K〓).

3.1.8 Let k(ƒÃ) be the k-algebra on basis 1 and s with ƒÃ2=0. We define 

some algebra maps as follows

υλ: ｋ(ε)→k(ε), ε|→ λε for λ∈k

for 1≦i ≦n.

Let p be the characteristic exponent of k. The subalgebra of symmetric 

elements in _??_p k(ƒÃ) is generated by ƒÐ=ƒÃ1+¥¥¥+ƒÃp and ƒÎ=ƒÃ1¥¥¥ƒÃp , where ƒÃi

=ki/p(ƒÃ). Then there exists a unique algebra map

h: k(σ,π)→k(ε)

such that h(ƒÎ)=ƒÃ and h(ƒÐ)=ƒÂ1 ,pƒÃ.

Let _??_ be a k-group-functor. We put

Lie(〓)=Ker(〓(k(ε))→ 〓(k))

where the right hand side is taken with respect to the canonical projection: 

k(ƒÃ)->k, ƒÃ|0.

PROPOSITION (cf. [7, II, •˜ 4 and •˜7]). Let _??_ be a k-group-functor. 

Suppose that _??_ has the hyperalgebra hy(_??_).

(i) The action:

k×Lie(〓)→Lie(〓), (λ, x)|→ 〓(υλ)(x)

makes the group Lie (_??_) into a rector space.

(ii) There exists a unique map

α: Lie(〓)×Lie(〓)→Lie(〓)

such that
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in the group _??_(k(ƒÃ)_??_k(ƒÃ)) for any x, y•¸Lie(_??_). Then the vector space 

Lie (_??_) becomes a Lie algebra with a the bracket product.

(iii) The inclusion: k(ƒÐ,ƒÎ)_??_p k(ƒÃ) induces an infection:

Ker((〓(k(σ,π))→(〓(k))〓(〓pk(ε))

where the left hand side is taken with respect to the canonical projection:
 k(ƒÐ, ƒÎ)•¨k, ƒÐ|•¨0, ƒÎ|•¨0. The map:

induces a map

fp:Lie(〓)→Ker(〓(k(σ,π))→ 〓(k)).

Let P: Lie (_??_)•¨Lie (_??_) be the composite:

Then the map P turns the Lie algebra Lie (_??_) into a restricted Lie algebra.

(iv) The (restricted) Lie algebra Lie (_??_) is naturally isomorphic to 
P(hy(_??_)).

PROOF. Consider the natural isomorphisms:

Proposition then follows immediately from •˜1.3b if one notices that the 

algebra maps

υλ: k(ε)→k(ε)

ι: k(ε)→k(ε)〓k(ε)

ιi/n: k(ε)→ 〓nk(ε)

cano.: k(σ,π)〓pk(ε)

h: k(σ,π)→k(ε)

are respectively the linear duals of the following coalgebra maps

uλ: B1→B1

ν: B1〓B1→B1

pri: 〓n B1→B1

cano.: 〓p B1→SpB1

g: B1→SpB1.
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31.9 Let _??_ be a k-group-functor. For any RƒÃMk we put

where R(ƒÃ)=R_??_k(ƒÃ). In particular

Lie(〓)=〓ie(〓)(k).

Suppose that hyst(_??_) the hyperalgebra in the strong sense exists. Then we 

have

As a corollary to Proposition 1.3b.6 we have

PROPOSITION. Let _??_ be a k-group functor having hyst(_??_) the hyper
algebra in the strong sense.

(i) The action:

makes the group _??_ie (_??_)(_??_) into an R-module, where ƒÒƒÉ is the R-algebra 

map: R(ƒÃ)•¨R(ƒÃ), ƒÃ|•¨ƒÉƒÃ for AƒÃR.

(ii) The maps:

and

induce respectively maps

and

in the same way as in Proposition 3.1.8. Then the R-module _??_ie (_??_)(R) 

becomes a (restricted) Lie algebra over R with ƒ¿R and PR the structure 

maps.

(iii) The map:

R× 〓(k(ε))→ 〓(R(ε)), (λ, x)|→ 〓(vλ)(x)

induces an isomorphism of (restricted) Lie algebras over R:

R〓Lie(〓)〓 → 〓te(〓)(R).



108 MITSUHIRO TAKEUCHI

3.2 Examples

3.2.1 Let V be a vector space. The commutative k-group-f unctors 

Va and Da(V) are defined as follows [7, II, •˜1, 2.1]:

Va(R)=R_??_V and

 Da(V)(R)=Modk(V, R)

for R•¸Mk,

PROPOSITION. hyst(Va)_??_Ba(V) and hy(Da(V))_??_Ba(V*). 

PROOF. Let (R, C)•¸Wf. Then we have

(1.5.4)

as groups. Since these isomorphisms are easily seen to be functorial with 

respect to (R, C)•¸Wf, we have by definition

hyst(Va)〓Ba(V).

Let C•¸Wfk. Since we have

Wk(C, Ba(V*))〓Modk(C/C0, V*)

〓Modk(V,(C/C0)*)

〓Ker(Da(V)(C*)→Da(V)(C*0))

naturally as groups, it follows that

hy(Da(V))〓Ba(V*).

3.2.2 Let A be a (small) commutative bialebra (resp. opf algebra). 

For any R•¸Mk, the set Mk(A, R) is easily seen to be a multiplicative sub

monoid (resp. subgroup) of the algebra Modk(A, R) [11, Theorem 4.0.5]. 

Hence the affine k-scheme

〓pA:R|→Mk(A,R)

can be considered as a k-onoid- (resp, k-group-) functor. On the other 

hand the dual coalgebra A0 has a natural structure of (cocommutative) 

bialgebra (resp. Hopf algebra) [11, •˜6.2]. Then the canonical isomorphism 

(2.1,5):A0_??_T(_??_p A) is easily seen to be a bialgebra (resp. Hopf algebra) 

isomorphism. In particular (A0)1 the irreducible component of A0 contain
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ing 1 can be canonically identified with the hyperalgebra of the k-monoid

- (resp, k-group-) functor _??_p A.

Let V be a vector space. We shall denote by SV the symmetric algebra 

on V. Then SV has a unique Hopf algebra structure (‡™, ƒÃ, S) determined by

⊿(v)=v〓1+1〓v, ε(v)=0 and S(v)=-v

for v•¸V [11, Proposition 3.2.3]. Then the k-group-f unctor Da(V) is clearly 

isomorphic to the k-group-functor Cp SV (cf. [7, II, •˜1, 2.1]). Hence we 

have:

COROLLARY. For any vector space V, there is a canonical isomorphism 
of hyperalgebras:

Ba(V*)〓((SV)0)1.

3.2.3 The multiplicative group of an algebra. Let A be an associative 

(not necessarily commutative) algebra. The k-group-functor ƒÊA [7, II, •˜1, 

2.3] is defined by

μA(R)=U(R〓A)

for R•¸Mk, where U(R_??_A) denotes the unit group of the ring R_??_A.

PROPOSITION. hyst(ƒÊA)•¬Bm(A).

PROOF. Let (R, C)•¸Wf . We have functorially

WR(C, Bm(A))〓T(R〓A)(C)

as groups (1.5.6). The canonical isomorphism of algebras:

clearly induces an isomorphism of multiplicative subgroups:

From this the assertion follows immediately.

3.2.4 Linear groups. Let V be a vector space. The general linear 

group _??__??_(V) is the k-group-functor defined by

〓(V)(R)=GLR(R〓V)

for R•¸Mk [7, II, •˜1, 2.4]. If V is finite dimensional, then the special 

linear group _??_(V) is the k-group-subf unctor of _??_(V) defined by

〓(V)(R)=SLR(R〓V)
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for R•¸Mk.

PROPOSITION. hy(_??_(V))_??_Bm(Endk (V)).

If V is finite dimensional, then

hySt(_??_(V))_??_Bm(Endk (V)) and

hyst(_??_(V))_??_Ker0 (DV),

where DV: Bm(Endk (V))•¨Bm(k) is the h hyperalgebra map define in (1.5.10).

PROOF. Let C•¸Wfk. Then the canonical isomorphism of algebras 

(1.5.9):

EndC*(C*〓V)〓Modk(C, Endk(V))

induces an isomorphism of multiplicative subgroups:

Ker(GLC*(C*〓V)→GLC*0(C*0〓V))〓TEndk(V)(C).

Since we have

Wk(C, Bm(Endk (V)))_??_TEndk(V)(C)

naturally as groups, it follows that

hy(_??_(V))_??_Bm(Endk(V)).

Suppose that V is finite dimensional. Since then _??_(V) is an algebraic 

k-group, it has the hyperalgebra in the strong sense which is equal to 

hy(_??_(V)). Now Proposition 1.5.10 means that the map of hyperalgebras

DV:Bm(Endk (V))•¨Bm(k)

is obtained by applying the functor hyst(-) to the map of k-groups

beterminant:_??_(V)•¨_??_(k).

Hence _??_(V) the kernel of the determinant map has the Hopf kernel of DV 

as its hyperalgebra in the strong sense by (3.1.5).

3.2.5 Let _??_ be a k-group-functor and V a vector space. Then the 

linear actions of _??_ on Va (2.1.10) correspond bijectively to the maps of k

- group-functors:_??_•¨_??__??_(V) [7, II, •˜2, 1.1]

Suppose that the hyperalgebra hy(_??_) exists. Then any k-s-module 

(V, ƒÏ), where ƒÏ: _??_•¨_??_(V), has a natural structure of left hy(_??_)-module via 

the composite
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where ƒÎ'=ƒÎ'Endk (V)(1.5.5).

Let C be a finite dimensional subcoalgebra of hy(_??_) with i: C_??_hy(_??_) 

the inclusion. Consider the map

V→Modk(C, V),v|→(?)v,

where (?)v: c|•¨c•Ev. Let i be the element of _??_(C*) determined by i. Then 

we have:

LEMMA. The above map: V•¨Modk(C, V) factors as

PROOF. Under the canonical isomorphism:

Modk(V, Modk(C, V))_??_Modk(C, Endk(V))

the map: v|•¨(?)v corresponds to ƒÎ'ohy(ƒÏ)|C clearly. Put via the canonical 

isomorphism of algebras:

Modk(C, Endk(V))〓Endc*(C*〓V)

the element ƒÎ'ohy(ƒÏ)|C corresponds to ƒÏ(i) by definition. This proves Lemma.

3.2.6 The automorphis group of an algebra. Let A be an associative 

(but not necessarily commutative) algebra. The k-group-functor uut(A) is 

defined by

uut(A)(R)=AlgR-aut(R〓A)

for R•¸Mk, where the right hand side means the group of R-algebra auto

morhisms of R_??_A [7, II, •˜1, 2.6].

PROPOSITION, hy(uut(A))_??_Mc(A, A)1.

PROOF. Let C•¸Wfk. It follows from (1.5.11) that we have

Wk(C, Mc(A, A))〓Algc*(C*〓A, C*〓A)

as monoids. Hence by (1.3.4) we have

Wk(C, Mc(A, A)1)〓Ker(uut(A)(C*)→uut(A)(C*0))

as groups. This means that hy(uut (A))_??_Mc(A, A)1

3.2.7 Let V be a vector space and A an algebra. We defined in (1.5.1) 
the additive C-Hop f-algebra on V denoted by Ca(V). Then it is easy to see 

that
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T(Va)〓Ca(V) and T(Da(V))〓Ca(V*).

Consider the monoid-functor:

C|•¨Modk(C, A)•~

on Wk, where Modk(C, A)•~ denotes the multiplicative monoid of the algebra 

Modk(C, A). Since this functor is represented by C(A), there exists a unique 

bialgebra structure (ƒÊ', ƒÅ') on C(A) which makes the canonical isomorphism

Wk(C, C(A))→Modk(C, A)×, σ|→ πA°σ

into a monoid isomorphism, where ƒÎA: C(A)•¨A is canonic. The bialgebra 

(C(A), ƒÊ', ƒÅ') is called the multiplicative C-bialgebra on V and denoted by 

Cm(A). The bialgebra structure (ƒÊ', ƒÅ') is easily seen to be unique such that 

the map

πA:C(A)→A

turns into an algebra map.

Let (Aa)•~ be the k-monoid-functor defined by

Mk→Mon, R|→(R〓A)×.

Since then

Wk(C, Cm(A))〓Modk(C, A)× 〓(C*〓A)×

for any C•¸Wfk, it follows that

T((Aa)×)〓Cm(A).

Let _??_nb (V) and _??_n_??_al9 (A) be the k-monoid-functors defined by

〓n〓(V): R|→(EndR(R〓V))×

〓n〓alg(A): R|→AlgR(R〓A, R〓A)

(cf. [7, II, •˜1, 2.4 and 2.6]). Since then

Wk(C, Cm(〓n〓(V)))〓Modk(C, Endk(V))× 〓EndC*(C*〓V)×

and

Wk(C, Mc(A, A))_??_AlgC(C*_??_A)

for any C•¸Wfk (1.5.9 and 1.5.11), it follows that

T(_??_n_??_ (V))_??_Cm(Endk (V)) and T(_??_ n_??_alg (A))_??_Mc(A, A)
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Summarizing we have

PROPOSITION.  T(Va)_??_Ca(V)

T(Da(V))_??_Ca(V*)

T((Aa)•~)_??_Cm(A)

T(_??_n_??_ (V))_??_Cm(Endk (V))

T(_??_n_??_alg (A))_??_Mc(A, A).

3.2.8 Let _??_ be a k-monoid-functor. We define a k-group-f unctor U(_??_) 

by

u(〓)(R)=U(〓(R))

for any R•¸Mk, where U(_??_(R)) is the group of invertible elements in _??_(R)

 (1.3a.1) (cf. [7, II, •˜1, 1.4]). Suppose that _??_ has the underlying bialgebra 

T(_??_). Let T(_??_)' be the largest sub-Hopf algebra of T(_??_) (1.3a.5). Then 

we have

Wk(C, T(_??_)')=U(Wk(C, T(_??_)))_??_U((C*))=u(_??_)(C*)

for any C•¸Wfk. Hence the Hopf algebra T(_??_)' is the underlying Hopf 

algebra of u(_??_). In particular we have

hy(_??_)=T(_??_)1=T(_??_)'1=hy(u(_??_)).

Let V be a vector space and A an algebra. Since then we have

μA=u((Aa)×),〓(V)=u(〓n〓(V)) and uut(A)=U(〓n〓alg(A)),

it follows that the underlying Hopf algebras

T(μA), T(〓(V)) and T(uut(A))

are respectively the lamest sub-Hopf algebras of the bialgebras

Cm(A), Cm(Endk (V)) and Mc(A. A).

3.3 The hyperalgebra of an algebraic k-group

3.3.1 Let _??_ be a locally algebraic k-group. It follows from (2.1.11) 

that the hyperalgebra hy(_??_) of _??_, which is in the strong sense (2.1.9), is of 

finite type as a coalgebra (that is Lie (_??_)=P(hy(_??_)) is finite dimensional) 
and that

dim _??_=dime _??_=K dim hy(_??_).

Let _??_0 be the connected component of e in [7, II, •˜5, 1.1]. _??_0 is an open
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subgroup of D and algebraic. Since the structure sheaf OD0 has the same 

stalk over e as OD, we have

hy(D0)=hy(D).

3.3.2 Let D be a k-group. A subgroup (resp. an open subgroup, resp. 

a closed subgroup) of D means a k-group-suf unctor of D which is a sub

scheme (resp. an open subscheme, resp. a closed subscheme). If D is alge

braic then any subgroup of D is closed by [7, II, •˜ 5, 5.1(b)].

Let f: D-D be a map of algebraic k-groups. It follows from [7, III, 

•˜ 3, 5.2 and 2.6] that there exists a unique subgroup _??_•L of _??_ containing the 

image f(_??_) such that the induced map

f:_??_•¨_??_•L

is faithfully flat. In the following we shall write

and call it the image-subgroup of (which coincides with the sheaf-image 

of defined in [7, III, •˜ 1, 2.3]). Since now the induced map:

hy(_??_)•¨hy(f(_??_))

(resp.

 hy(f(_??_))•¨hy(_??_))

is surj ective (resp. inj ective) by Proposition 2.3.1 (resp. by Proposition 

2.2.5), we have:

PROPOSITION. Let f: _??_•¨_??_ be a map of algebraic -groups. Then 

y(f(_??_)) the hyperalgebra of the image-subgroup of is the image of the 

induced map of hyperalgebras

hy(f):hy(_??_)•¨hy(_??_).14)

3.3.3 A locally algebraic k-scheme is said to be etale (resp. smooth) 

at a point x if the canonical projection: _??_•¨_??_p k is etale (resp. smooth) 

at x.

PROPOSITION. Let: be a map of locally algebraic k-groups. 

The following are equivalent:

(1) f is non-ramified at e.

(ii) her (f) is etale at e.

(iii) hy(f): hy(_??_)•¨hy(_??_) is iujective. 

In particular _??_ is etale at e iff hy(_??_)=k.
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PROOF. It follows from Proposition 2.3.5 that

is non-ramified at e_??_hy(f): hy(_??_)•¨hy(_??_) is inj ective

and that

is etale at e_??_hy(_??_)=k.

Since hy(Rei(f)) is the Hopf kernel of hy(f) (3.1.5), we have

hy(f) is inj ective_??_hy(Rex(f))=k

by (1.3.6). This proves Proposition.

REMARK. locally algebraic k-scheme is said to be etale (resp. 

smooth) if it is etale (resp. smooth) at its every point. It is known that 

a locally algebraic -group is etale (resp. smooth) iff it is at e [7, II, •˜ 5, 

1.4 and 2.1].

3.3.4 PROPOSITION. Let f: _??_•¨_??_ be a map o f locally algebraic k

groups. The following are equivalent:

(i) f is flat at e.

(ii) The induced map hy(f): hy(_??_)•¨hy(_??_) is surjective.

PROOF. (i)_??_(ii) is contained in Proposition 2.3.1.

(ii)_??_(i). It is enough to show that the induced map

f: 〓0→D0

is flat at e. Since hy(_??_0)=hy(_??_) and hy(D0)=hy(D), we can assume that _??_ 

and are algebraic. Decompose as follows:

f: 〓→f(〓)〓.

Since hy(f) is surf ective, it follows from (3.3.2) that

hy(f(_??_))=hy(D).

Hence the inclusion: f(_??_)D is etale at e, and in particular flat at e, 

by Proposition 2.3.5. Since the induced map: _??_•¨f(_??_) is faithfully flat, 

the assertion follows.

3.3.5 PROPOSITION. Let p be the characteristic exponent of k. Let 

be a locally algebraic k-group. The following are equivalent:

(i) _??_ is smooth at e.

(ii) hy(_??_)_??_B(U) as a coalgebra for some vector space U.

(iii) dim _??_=[Lie (s): k].
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(iv) _??_: _??_•¨_??_(p) the Frobenius map of _??_ is flat at e.

(v) Modk(hy(_??_), k1/p) is a reduced algebra. 

In particular if p=1 then any locally algebraic k-group is smooth at e.

PROOF. It follows from Propositions 3.3.4 and 2.2.9 that

(iv)_??_rhy(_??_): hy(_??_)•¨hy(_??_)(p) is surf ective.

Since dim _??_=K dim hy(_??_) and Lie (_??_)=P(hy(_??_)), we have

(iii)_??_K dim hy(_??_)=dunk P(hy(_??_)).

Therefore the assertion results from Proposition 2.3.5, Theorem 1.8.1, 

Proposition 1.6.1 and Theorem 1.9.4.

REMARK. As is said before the condition (i) implies that _??_ is smooth.15)

3.3.6 PROPOSITION. Let _??_ be a locally algebraic k-group and a 

subgroup of _??_. Then _??_ is an open subgroup of _??_ iff hy(_??_)=hy(_??_).

PROOF. It is enough to prove the "if" part. Suppose that hy(_??_)=

hy(_??_). Let k be the algebraic closure of k. Then k_??_D is a subgroup of 

the locally algebraic k-group k_??_ and satisfies

hyk(k_??_D)=hyk(k_??_)

by (3.1.7). Since D is open in _??_D iff k_??_ is open in k_??_ by [7, I, •˜ 2, 5.3], 

we can assume that k=k.

Now let OD,e and be the fibres over e of the structure sheaves O_??_ and 

O_??_ respectively. Since is a subscheme of _??_, the induced map:

is sur ective. But since (O_??_,e)0=hy(_??_) is dense in (O_??_,e)* by (1.1.1), it follows 

from the assumption hy(D)=hy(_??_) that the above map is in ective too. 

Thus we have 

This means that contains an open subscheme of such that e•¸U in 

view of [7, I, •˜3, 4.2]. Let B be the smallest open subscheme of which 

contains all Ux for x•¸(k). Then is an open subscheme of and satis

fies B(k)=_??_(k). Hence _??_=B by [7, I, •˜3, 6.8]. Therefore D is an open 

subgroup of _??_. (That B is contained in follows from [7, I, •˜1, 4.13]).

3.3.7 COROLLARY. Let f;_??_•¨D be a map of algebraic k-groups. Then 

the image-subgroup f(_??_) is an open subgroup of _??_ iff the induced map hy(f):
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hy(_??_)-*hy(D) is surf ective. (The latter condition is equivalent to saying 

that f is flat at e).16)

3.3.8 COROLLARY. Let ( be a locally algebraic k-group and a sub

group of D. Then

D0=_??_0_??_ hy(_??_)=hy(D)

PROOF. If D0=_??_0 then hy(D)=hy(D0)=hy(_??_0)=hy(_??_). If hy(D)=hy(_??_) 

then is an open subgroup of _??_. Hence D0 is open in _??_0. Since _??_0 is 

algebraic D0 is closed too.Since _??_0 is connected D0=_??_0.

3.3.9 Let be a locally algebraic k-group. Then for any subgroup 

D of _??_ we have hy(D)=T(D)•¿hy(_??_), since hy(D)=T(D)1. In particular if SI 

is another subgroup of _??_, we have

hy(D•¿R)=hy(D)•¿hy(R)

since T(D•¿R)=T(D)•¿T(R) by Proposition 2.2.1.

COROLLARY. Let be a locally algebraic k-group and _??_,R two sub

groups of _??_. Then we have

D0•¼R)hy(D)•¼hy(R).

PROOF. hy(D)•¼hy(R)•Ìhy(D)=hy(D•¿R)=(D•¿R)0•ÌD0•¼R.

3.3.10 COROLLARY. Let f1 and f2 be maps of locally algebraic k-groups: 

D_??_D•L If D is connected then

f1 =f2•Ìhy(f1)=hy(f2): hy(_??_)_??_hy(_??_•L).17)

PROOF. The equalizer R=Re_??_ (f1, f2) is a subgroup of by [7, I, 2, 5.6]. 

Since T(R) is the equalizer Ker (T(f1), T(f2)) by Proposition 2.2.1, it follows 

easily that

hy(R)=Ker(hy(f1), hy(f2))

(cf. (3.3.9)). Hence we have

hy(f1)=hy(2)hy(R)=hy(_??_)_??_R0=_??_0=_??_

3.3.11 For a k-scheme we denote by red the reduced part of which 

is the smallest closed subscheme of such that |_??_|=|_??_red| [7, I, •˜ 2, 4.10].

Let M be a locally algebraic k-group. Suppose that is perfect. Then
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it is known that red is a smooth subgroup of [7, II, •˜ 5, 2.3]. Hence Wired 

is the largest smooth subgroup of _??_.

PROPOSITION. Suppose that is perfect. Let _??_ be a locally algebraic 

k-group. Then hy(_??_red) the hyperalgebra of the reduced part of is hy(_??_)red 

the reduced part of hy(_??_) in the sense o f (1.9.5).

PROOF. Since hy(_??_red) is reduced in the sense of (1.9.5), e have 

hy(_??_red)•¼hy(_??_)red, In order to show hy(_??_)red•¼hy(_??_red) we can assume that

 _??_=_??_0, since (_??_0)red=(_??_red)0. The image-subgroup of the Frobenius map 

_??_D:_??_•¨_??_(p), which is well-defied because _??_ is algebraic, is of the form 

for some uniquely determined subgroup _??_•L of _??_, since k is perfect. If 

we put inductively

then {_??_(n)} form a descending chain of closed subgroups of and satisfy 

hy(_??_ (n))=hy(_??_)(n) in the same notation as in Proof 1.9.5. Since is algebraic 

there exists an integer such that _??_(N)=_??_(N+1). Then _??_(N) is smooth by 

Proposition 3.3.5 (iv) and hence contained in _??_red. Therefore we have by 

Proof 1.9.5

hy(_??_)re_??_•¼Thy(_??_)(N)=hy(_??_(N))•¼hy(_??_red).

3.3.12 In view of Theorem 1.6 we have:

COROLLARY. Suppose that k is perfect. Then for any locally algebraic 

k-group 

D Lie(_??_red)={l•¸Lie(_??_)|There is a •‡-seque ce o f divided powers

in y(_??_) lying over l}.

3.4 hy(_??__??_(_??_)) and hy(_??__??_(_??_))

Let R•¸Mk. We shall denote by MR the category of (small) commuta

tive R-algebras, which can e naturally identified with Mk/R the category 

of pairs (S, ƒÓ) with S•¸ Mk and e Mk(R, S).

Let _??_ be a k-group-functor having the hyperalebra hy(_??_). The cano

nical isomorphism:

Wk(C, hy(_??_))_??_•¨Ker ((G*)•¨_??_(C*0))

will be denoted by

ƒÐ|•¨ exp (ƒÐ, C)
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where C•¸Wfk. If in particular hy(_??_) is in the strong sense
, then

exp (ƒÐ, C)=exp (ƒÐ, k, C)

in the notation of (2.1.8).

3.4.1 Let be a k-group-functor. A k-_??_-module hyperalgebra is a 

pair (I, ƒÏ) where I is a hyperalebra and

is a linear representation of on I such that D(R) acts on R_??_I as R -Hopf 

algebra automorphisms for any R•¸Mk.

Let (I, ƒÏ) be a k-_??_-module hyperalebra. We shall write

a_??_x=ƒÏ(a)(x) and [a, x]=‡”(a_??_x(1))SI(x(2))

for R•¸Mk, a•¸_??_(R) and x•¸R_??_1, where SI denotes the antipode of I
. A 

simple calculation shows that

[ab, x]=‡”[a, b_??_x(1)][b, x(2)]

[a, xy]=‡”(a_??_x(l))[a, y]SI(x(2)) and

a_??_x=‡”[a, x(1)]x(2)

for a, b•¸_??_(R) and x, y•¸R_??_I where R•¸Mk.

Let A be a subalebra and C a subcoalebra of I such that

A¥C•¼C.

We define a sub-functor _??_A ,C of _??_ as follows: For R•¸Mk, _??_A,C(R) is the 

set of a•¸_??_(R) such that

[a, R_??_C]•¼R_??_A.

We claim that _??_A ,C is a sub-monoi-functor of _??_ such that C is _??_A,C-stable. 

Indeed let a, b•¸_??_A,C(R). Then

and

Hence C is _??_A,C-stable and ab•¸_??_A ,C(R). Since 1•¸_??_A,C(R) clearly, it follows 

that _??_A,C is a sub-mooi-functor of _??_.

Let J be a sub-hyeralebra of I which is _??_-stable. We put

V={x•¸I|[_??_(R), x]•¼R_??_J for any R•¸Mk}.

Since
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[S(R),JV]⊂(S(R)一J)[S(R),V]J⊂R×J,

we have JV•¼V. Let

XI(S,J)

denote the largest subcoalgebra of I contained in V. It follows that

J・XI(S,J)⊂XI(S,J) and J⊂XI(S,J).

Now Lemma 2.4.5 implies that for any R•¸Mk, R•~V is the set of x•¸R•~I 

such that

[S(S),x]⊂S×J

for any S•¸MR. Let (R, D)•¸W and ƒÐ•¸WR(D, I), It follows from Lemma 

1.2.5 that

Therefore the set WR(D,XI(S,J)) can be canonically identified with the set 

of ƒÐ•¸WR(D,I) such that

(ρ(9)οWφ（σ))*(Wη(SI)οWφ(σ))∈WS(D,J)

for any S•¸Mk, ƒÓ•¸Mk(R,S) and g•¸S(S).

3.4.2 LEMMA. Let _??_ be a k-functor and V, W vector spaces. Let

u:x×Va→Wa

be a map of k-functors such that for any R•¸Mk and a•¸_??_(R), the map:

R×V→R×W,x|→u(a,x)

is R-linear. Let W' be a subspace of W. Let be the sub-functor of Va 
de fined by

_??_(R)={x∈R×V|u(_??_(S),x)⊂S×W' for any S∈MR}.

Then we have _??_=Va, where

V'=_??_(k).

PROOF. _??_ clearly contains V. Let R•¸Mk and x•¸_??_(R). Write

x=Σri×xi

with ri•¸R linearly independent and xi•¸V. Let S•¸Mk and a•¸(S). Then 

we have
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Σri×u(a,xi)∈R×S×W'

since R•~S•¸MR. This means that each xi belongs to V' . Hence Y=Va.

3.4.3 Let S and _??_ be k-group-functors and

an action of S on _??_ (3.1.6). For a•¸S(R) and x•¸_??_(R), where R•¸M
k, we 

shall write

a一x=u(a,x) and [a,x]=(a一x)x-1.

Let R be a sub-group-functor of which is S-stable. A sub-functor((S
,R) 

of _??_ is defined as follows: For any R•¸Mk, _??_(S,R)(R) is the set of x•¸_??__??_(R) 

such that

[S(S),xS]⊂R(S)

for any S•¸MR. It is easy to show that _??_(S,R) contains R and that

R・_??_(S,R)⊂_??_(S,R)

Suppose that _??_ has the hyperalgebra in the strong sense hyst(_??_) (3.1.3). 
We have seen in (3.1.6) that the action u induces a natural linear action:

S×hyst(_??_)a→hyst(_??_)a

such that S(R) acts on R•~hyst(_??_) as R-Hopf algebra automorphisms. Thus 

the hyperalgebra hyst(_??_) turns into a k-S-module hyperalgebra. Let be 

a S-stable sub®group-functor of _??_, Suppose that also has the hyperalgebra 

in the strong sense. Then the induced map:

hyst(R)→hyst(_??_)

is injective by Proposition 2.2.5. Hence hyst(_??_) can be identified with a C
stable sub-hyperalebra of hyst(_??_).

PROPOSITION. Tste(_??_(S,R))=Xhyst(_??_)(S,hyst(R)).

PROOF, Let (R,C)•¸Wf, Consider the canonical injection:

WR(C,hyst(_??_))→_??_(R×C*),σ|→exp(σ,R,C)

We have shown in (3.4.1) that

σ ∈WR(C,Xhyst(_??_)(S,hyst(R)))

⇔(ρ(g)οWφ(σ))*(Wη(S_??_)οWφ(σ))∈WS(C,hyst(R))

for any S∈Mk,φ ∈Mk(R,S)and g∈S(S)
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where S_??_ denotes the antipode of the hyperalgebra hyst(_??_) and ƒÏ the induced 

linear representation of S on hyst(_??_). If we notice that

then it follows from Lemma below that

for any S•¸MR and g•¸S(S)

This means Tste(_??_(S,R))=Xhyst(_??_)(S,hyst(R)).

3.4.4 LEMMA. Let S, _??_ and R be as above. Let R, T∈Mk and x∈

_??_(R×T). Then x∈_??_(S,R)(R×T) iff [αS×T,xs×T]∈R(S×T) for any S∈MR

 and a∈S(S).

PROOF. Exercise (cf. [7, II, •˜1, 3.5]).

3.4.5 Let S be a k-group-functor. Suppose that hy(S) the hyperalebra 

of S exists. A pair (V, ƒÏ) with V a vector space and ƒÏ:S•¨s_??_(V) a map 

of k-group-functors is called a k-S-module. Such a pair determines a 

structure of hy(S)-module on V as is seen in (3.2.5). Let V and e k-

modules. If we view V•~W as a k-S-module by pull back along the dia

gonal map: S•¨S•~S, then the induced hy(S)-module V•~W is obtained 

from the (hy(S)•~hy(S))-module V•~W by pull back along the structure map 

‡™:hy(S)•¨hy(S)•~hy(S). If f:V•¨W is a map of k-S-modules, then f is 

also hy(S)-linear.

Now let I be a k-S-module hyperalebra. Then by definition, the 

structure maps

⊿:I→I×I, μ:I×I→I, SI:I→I,

η:k→I and ε:I→k

are k-S-module maps. Hence they are hy(S)-linear also. This means that 

I becomes a hy(S)-module hyperalebra in the sense of (1.10.1).

Let A be a sualebra and a sucoalera of I such that

A・C⊂C.

We have defined a sub-hyperal ebra hy(S)A,c of hy(S) in (1.10.4).

PROPOSITION. hy(SA ,C)=hy(S)A,c. If hy(S) is in the strong sense, then
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hyst(SA,C)=hyst(S)A,C.

PROOF. Let D•¸Wfk and ƒÐ•¸Wk(D,hy(S)). Then we have

exp(σ,D))∈SA,C(D)*)⇔[exp(σ,D)),D*×C]⊂D*×A

⇔ Σ(exp(σ,D)一c(1))SI(c(2))∈D)*×A for any c∈C.

If we identify D*•~I with Modk(D,I) naturally, Lemma 3.2.5 means that

(exp(σ,D)一c)(d)=σ(d)一c

for c•¸C and d•¸D. Hence we have

exp(σ,D))∈SA ,c(D*)

⇔ Σ(σ(d)一c(1))SI(c(2))∈A for any d∈D and c∈C

⇔[σ(D),C]⊂A

⇔ σ(D)⊂hy(S)A,C.

This implies that hy(SA ,c)=hy(S)A,c.

Suppose next that hy(S) is in the strong sense. Let (R,D)•¹Wf and 

WR(D, hyst(S)). Then we have

exp(σ,R,D))∈SA ,C(R×D)*)

⇔ Σ(exp(σ,R,D)一c(1))SI(c(2))∈R×L)*×A for any c∈C.

If we identify R•~D*•~I With ModR(R•~D,R•~I) naturally, then it follows 

from Lemma below that

(exp(σ,R,D))一c)(d)=σ(d)一c

for c•¸R•~I and d•¸R•~D. Hence we have

Put

V={x∈hyst(S)|[x,C]⊂A}.

Then it is easy to show that

Since hyst(S)A ,C is the largest subcoalebra of V, it follows from Lemma 
1.2.5 that
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Therefore we have

This means that hyst(SA, C)=hyst(S)A,C.

3.4.6 LEMMA. Let S be a k-group-functor which has the hyperalebra 

in the strong sense hyst(S). Let (V, ƒÏ) be a k-S-module. (Hence V becomes 

a hyst(S)-module naturally). Let (R, C)•¸Wf and ƒÐ•¸WR(C, hyst(S)). If we 

identify R•~C*•~V with ModR(R•~C, R•~V) canonically, then we have

σ(c)→x=(ρ(exp(σ,R,C))(x))(c)

foy c•¸R•~C and x•¸R•~V, where '•¨' denotes the induced action of R•~hyst(S) 

on R•~V.

PROOF. Since C is finite dimensional, there exist a finite dimensional 

subcoal ebra D of hyst(S) and ƒÐ•L•¸WR(C,D) such that

σ=Wη(i)〓 σ́

where i:D•¨hyst(S)is the canonical injection. Lemma 3.2.5 implies that

(ρ(exp(i,k,D))(x))(d)=d→x

for d•¸D and x•¸V, under the identification:

D*×V=Modk(D,V).

Since we have

exp(Wη(i),R,D)=exp(i,k,D)R×D*,

it follows that

(ρ(exp(Wη(i),R,D))(x))(d)=d→x∈R×V

for d•¸R•~D and x•¸R•~V, Since exp (ƒÐ,R,C) is equal to exp (WƒÅ(i), R, D)R•~C* 

taken with respect to the R-alera map

ModR(σ,R):R×D*→R×C*,

it follows that

(ρ(exp(σ,R,C))(x))(c)=σ(c)→x

for c•¸R•~C and x•¸R•~V.

3.4.7 Let be a hyperalebra and I a G-module hyperalebra (1.10.1).



Tangent Coalgebras and Hyperalgebras I 125

Let J be a G-stable sub-hyperalgebra of I. Put

V={x∈I|[G, x]⊂J}

Where [a, x]=ƒ°(a•¨x(l))SI(x(2)) for a•¸G and x•¸I (1.10.4). We denote by 

XI(G, J) the largest subcoalgebra of I contained in V. Then we have

J⊂X1(G, J) and J・XI(G, J)⊂XI(G,J).

PROPOSITION. Let _??_ be a connected algebraic k-group and I a k
- module hyperalgebra. (Then I is a hy(_??_)-module hyperalgebra). Let J be 

a _??_-stable sub-hyperalgebra of I. Then we have

XI(_??_,J)=XI(hy(_??_),J).

PROOF. Let ƒ³ (resp. ƒµ) be the set of subcoalgebras C of I such that 

J•¼C, J•EC•¼C and _??_=_??_J , C (resp. hy(_??_)=hy(_??_)J, C). Then by definition, 

XI(_??_, J) (resp. XI(hy(_??_), J)) is the largest element of ƒ³ (resp. ƒµ). Hence 

we have only to prove ƒ³=ƒµ. The inclusion ƒ³•¼ƒµ always holds by Proposi

tion 3.4.5. But _??_J, C is a closed subgroup of by Lemmas below. Hence 

if hy(_??_)=hy(_??_ J, C), then _??_J, C=_??_ by Corollary 3.3.8, since _??_ is connected. 

This proves Proposition.

3.4.8 LEMMA. Let _??_ be a k-group-functor and I a k-_??_-module hyper

algebra. For a subalgebra A and a subcoalgebra C of I such that A•EC•¼C, 

the sub-monoid-functor _??_A, C of _??_ is a closed submonoid.

PROOF. Let R•¸Mk and g•¸_??_(R). Form a pullback diagram as follows:

It is enough to show thot B=Gp(R/m) for some ideal m of R. Let A•Lbe 

a subspace of I such that I=A_??_A•L. Take a basis {eƒÉ} for A•L. There exists 

a linear map fƒÉ:C•¨R for each ƒÉ such that

[g,cl≡ Σλfλ(c)_??_eλmod R_??_A

for all C•¸C. Put

m=Σλ, CR・fλ(c).

Let ƒÓ•¸Mk(R, S). Then we have
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φ ∈ 〓(S)⇔gs (taken with respect to φ)∈ 〓A,C(S)

⇔[gs,C]⊂S〓A⇔ φ(fλ(c))=0 for any λ, c.

Hence we have  〓=〓p(R/m).

3.4.9 LEMMA. Let _??_ be an algebraic k-group. Then any closed sub
monoid of _??_ is a sub-group.

PROOF. Let _??_ be a closed sub-monoid of _??_ and _??_' the largest subgroup
functor of _??_. Then we have a pullback diagram:

where i=i_??_|_??_(3.1.1). Therefore _??_' is a closed subgroup of _??_. Since 

hy(_??_)=hy(_??_'), the same method as in Proposition 3.3.6 shows that _??_' is open 

in _??_. (In fact Proposition 3.3.6 holds for a locally algebraic k-ovoid _??_ 

and its sub-group _??_) . In order to say _??_=_??_' we can assume that k is alge

braically closed, since k_??_=k_??_' implies _??_=_??_' But then we have only

 to prove _??_(k)=_??_'(k) in view of [7, I, •˜3, 6.8]. Let x•¸_??_(k). Then  {xn〓}n

 form a descending chain of closed subsche es of _??_, Since _??_ is algebraic, 

this must be stationary. This means that x is invertible in _??_(k). Hence

 〓(k)=〓'(k).  This proves Lemma.

3.4.10 Let _??_, _??_ be k-group-functors and

an action of _??_ on _??_. Let _??_ be a _??_-stable sub-group-functor of _??_.

COROLLARY. Suppose that the hyperalgebras in the strong sense hyst(_??_) 

and hyst(_??_) exist and that _??_ is a connected algebraic k-group. Then we have

34.11 Let _??_, _??_ be k-group-functors and

an action of _??_ on _??_. Suppose that hy(_??_) and hyst(_??_) exist. Then hyst(_??_) 

becomes a k-_??_-module hyperalebra by (3.4.3) and so a hy(_??_)-module hyper

algebra by (3.4.5).

LEMMA. The induced coalgebra map

S(e ,e)(u):hy(〓)〓hyst(〓)〓S(e,e)(〓 × 〓)→hyst(〓)
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coincides with the structure map of the hy(_??_)-module hyperalgebra  hyst(〓).

PROOF. Let ƒÏ: _??_•¨_??_(hyst(_??_)) be the structure map of the k-_??_-module 

hyperalgebra hyst(_??_). Let (R, C)•¸Wf, ƒÐe•¸Wk(C, hyst(_??_)) and g•¸_??_(R). Then 

we have by definition

u(gR〓C*, exp(σ,C)R〓C*)=exp(ρ(g)οWη(σ), R, C).

Let D•¸Wfk and ƒÑ•¸Wk(D, hy(_??_)). Put

R=D* and g=exp (τ, D).

Then we have

u(exp(τ,D)D*〓C*, exp(σ, C)D*〓C*)

=exp(ρ(exp(τ, D)οW
η(σ), D*, C).

Put ƒË=ƒÏ(exp (ƒÑ, D))ƒÍWƒÅ(ƒÐ)•¸WD*(C, hyst(_??_)). Let

ν':D〓C→hyst(〓)

be the composite:

Then Lemma below means that ƒË' is a coalgebra map and

exp(ν, D*, C)=exp(ν', k, D〓C).

On the other hand Lemma 3.2.5 means that

ν'=p〓(τ 〓 σ)

where

p: hy(〓)〓hyst(〓)→hyst(〓)

denotes the structure map of the hy(_??_)-module hyperalgebra hyst(_??_). Hence 

we have

exp(p〓(τ 〓 σ), D〓C)

=u(exp(τ, D)D*〓C*, exp(σ, C)D*〓C*)

=u(exp(τ 〓 σ, D〓C))

=exp(S(e
,e)(u)〓(τ〓 σ), D〓C).

Therefore we have
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pο(τ 〓 σ)=S(e,e)(u)ο(τ 〓 σ).

This means that

pS(e,e)(u).

3.4.12 Let D, C•¸Wfk and H•¸Wk. The composite of natural isomor

phisms:

induces a bijection:

as is verified by simple calculation. We shall denote by ƒË' the element of 

Wk(D_??_C, H) which corresponds to ƒË•¸WD*(C, H). Then ƒË' is the composite:

Let _??_ be a k-group-functor having the hyperalgebra in the strong sense

 hyst(〓). Let ƒË•¸WD*(C, hyst(_??_)). Then there exist a finite dimensional sub

coalgebra E of hyst(_??_) and v•¸WD*(C, E) such that

ν=Wη(i)οv

where i: E•¨hyst(_??_) is the canonical injection. Then we have

ν'=(Wη(i)οv)'=i〓v'.

Since the algebra map

t(v'):E*→D*〓C*

factors as

it follows that

exp(ν, D*, C)=exp (Wη(i), D*, E)D*〓C*=exp(i, k, E)D*〓C*

=exp(ν', k, D〓C).

Thus we have proven:

LEMMA. Let _??_ be a k-group-functor such that hyst(_??_) exists. Let
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D,C∈Wfk and ν∈WD*(C, hyst(〓)).  Then the composite

is a coalgebra map and

exp(ν, D*, C)=exp(ν', k, D〓C).

3.4.13 Let _??_ be a k-group-functor. Let

be the action of _??_ on _??_ by inner automorphisms, that is

u(a,x)=axa-1

for a, x•¸_??_(R), where R•¸Mk. Suppose that _??_ has the hyperalgebra in the 

strong sense hyst(_??_). Then the action u makes hyst(_??_) into a k-_??_-module 

hyperalgebra, whose structure map will be denoted by

and called the adjoint representation of _??_. This representation induces a 

structure of hyst(_??_)-module hyperalgebra on hyst(_??_), whose structure map 

coincides with

by Lemma 3.4.11 But we have

for a, x•¸hyst(_??_), where S_??_ denotes the antipode of hyst(_??_), by simple calcu

lation. Therefore the ajoint representation of _??_ induces the adjoint 

action of hyst(_??_) on hyst(_??_) (1.10.3,1)).

Let _??_ be a sub-group-functor of _??_. The normalizer _??_(_??_) (resp. the 

centralizer _??_(_??_)) of _??_ in is the subgroup-functor of _??_ defined by

for any

(resp. by

for any S∈MR and x∈ 〓(S)})

for R•¸Mk. Consider the sub-functors _??_(_??_,_??_) and _??_(_??_,e) taken with re

spect to the inner-automorphism action:
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〓 × 〓 → 〓,(a,x)|→axa-1.

Since we have

for any S∈MR},

it follows that _??_(_??_,_??_) is a sub-monoid-functor of _??_ and has _??_(_??_) as its 

largest sub-group-functor. Therefore if both hyst(_??_) and hyst(_??_) exist, then 

we have

where Xhyst(_??_)(_??_, hyst(_??_)) is taken with respect to the adjoint representation

Similarly we have

and

In other words we have

PROPOSITION. Let _??_ be a k-group-functor having the hperalgebra in 
the strong sense hyst(_??_). Let be a sub-group-functor of _??_.

(i) hyst(_??_(_??_)) is the largest element of the set of subcoalgebras C of 
hyst(_??_) such that

Σu〓(h)(c(1))S〓(c(2))∈R〓k

for any R•¸Mk, h•¸_??_(R) and c•¸C, where S_??_ is the antipode of hyst(_??_).

(ii) Suppose that hyst(_??_) exists. Then hyst(_??_(_??_)) His the largest element 

of the set of subcoalgebras D of hyst(_??_) such that

Σu〓(h)(d(1))S〓(d(2))∈R〓hyst(〓)

for any R•¸Mk, h•¸_??_(R) and d•¸D.

3.4.14 Let _??_ be a locally algebraic k-group and _??_ a subgroup of _??_. 

If _??_ is connected, then it follows from Corollary 3.4.10 that

and

where the right hande sides are taken with respect to the adjoint action. 

(Notice that _??_ is algebraic, since it is connected). But since Xhyst(_??_)(hyst(_??_), 
hyst(_??_)) is the largest element of the set of sub-coalgebr as C of hyst(_??_) such 

that



Tangent Goalgebras and Hyperalgebras I 131

[hyst(〓), C]⊂hyst(〓),

it follows that

in the notation of (1.10.5). (The reader should notice that

S〓([a, x])=[x, a]

far any a, x•¸hyst(_??_)). Since we have similarly

follows the following:

PROPOSITION. Let _??_ be a locally algebraic k-group and _??_ a connected 
subgroup of _??_. Then we have

and

3.4.15 COROLLARY. Let _??_ be a connected algebraic k-group and _??_ a 
closed subgroup of _??_. Then we have

〓 is normal (resp. central) in 〓

⇔ Σu〓(h)(c(1))S〓(c(2))∈R〓hy(〓) (resp. ∈R〓k)

for any R∈Mk, h∈ 〓(R) and c∈hy(〓)

where S_??_ denotes the antipode of hy(_??_). Suppose further that _??_ is connected. 
Then we have

〓 is normal (resp. central) in 〓

⇔[hy(〓), hy(〓)]⊂hy(〓) (resp. ⊂k).

PROOF. Since _??_(_??_) and _??_(_??_) are closed subgroups of _??_, our assertion 

follows immediately from Propositions 3.4.13 and 3.4.14 in view of Corol

lary 3.3.8.

3.4.16 Lei _??_ be a k-group-functor and

a linear representation of _??_ on a vector space V. For subspaces W, W' of 

V such that W'•¼W, the sub-monoid-functor _??_W',W [7, II, •˜2, 1.4] is defined 

by
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〓w´, w(R)={g∈ 〓(R)|g・x-x∈R〓W´ for any x∈W}

for R•¸Mk. Suppose that hy(_??_) exists. Then V is a hy(_??_)-module by 

(3.2.5).

PROPOSITION. hy(_??_w•L, w) is the largest element of the set of subcoalge

bras C of hy(_??_) such that

(c_??_x)-ƒÃ(c)x•¸W•L

for any c•¸C and x•¸W, where denotes the action of hy(_??_) on V.

PROOF. Let D•¸Wfk and a e Wk(D, hy(_??_)). Then we have

exp (ƒÐ, D)•¸_??_w•L, w(D*)•Ìexp (ƒÐ, D) •Ex-x•¸D*_??_W•L for any x•¸W.

 If we identify D*_??_V with Modk(D, V) canonically, then we have

(exp (ƒÐ, D)•Ex)(d)=ƒÐ(d)_??_x

for d•¸D. Hence we have

exp (ƒÐ, D)•¸Cw•L, w(D*)•Ì(ƒÐ(d)_??_x)-ƒÃ(d)x•¸W•L for any d•¸D and x•¸W.

Since there exists the largest subcoalgebra C of hy(_??_) such that

(c-x)_??_ƒÃ(c)x•¸W•L

for any c•¸C and x•¸W, it follows that hy(_??_w•L, w)=C.

3.4.17 It is easy to see that _??_w•L, w is a closed subonoid of _??_ (cf.

 (3.4.8)). In particular if _??_ is an algebraic k-group, then _??_w•L,w is a closed 

subgroup of _??_ by (3.4.9).

COROLLARY. Let _??_ be a connected algebraic k-group and

a linear representation of _??_ on a vector space V.

(i) AA subspace W of V is _??_-stable iff hy(_??_)-stable.

(ii) V_??_=Vhy(_??_)={x•¸V|c_??_x=ƒÃ(c)x for any c•¸hy(_??_)}.

PROOF. (i) is _??_-stale•Ì_??_=_??_w , w•Ìhy(_??_)=hy(_??_w, w)

•Ì W is hy(_??_)-stable.

(ii) Let W be a subspace of V. Then

W•¼V_??_•Ì_??_=_??_0, w•Ìhy(_??_)=hy((_??_0, w)•ÌW•¼Vhy(_??_).
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3.4a hy(_??_-1(_??_)) and hy(_??_-1(_??_))

3.4a.1 Let _??_ be a ƒÈ-group-functor, _??_ a ƒÈ-functor and

an action of _??_ on _??_. Let be a subfunctor of _??_. We define a subfunctor 

_??_1(_??_) (resp
. _??_-1(_??_)) of _??_ as follows" Let R•¸MƒÈ. Then _??_-1(_??_)(R) (resp.

 _??_1(_??_)(R)) is the set of y•¸_??_(R) such that

g_??_ys•¸_??_(S) (resp. g_??_ys=ys)

for any S•¸MR and g•¸_??_(S), where we put as usual

g_??_ys=u(g, ys).

The subfunctor _??_-1(_??_) (resp. _??_-1(_??_)) of _??_ is the largest which is _??_-stable 

(resp. on which _??_ acts trivially).

PROPOSITION. Suppose that _??_ is a ƒÈ-group (-scheme). If _??_ is a closed 

subfunctor of _??_, then _??_-1(_??_) is also a closed subfuntor of 3. If _??_ is a sep

arated ƒÈ-functor [7, I, •˜2, 5.4], then _??_-1(_??_) is a closed subfunctor of _??_.

PROOF. Recall that given a map of ƒÈ-functors

and a subfunctor _??_•L of _??_, the transporter of U in _??_•L, written _??_ram_??_p (U, _??_•L), 

is the largest subfunctor of _??_ such that

[7, I, •˜2, 7.4] . Since we have

the first part follows from [7, I, •˜2, 7.7]. Let

be the trivial action. Let

be the maps canonically associated with u and b respectively. Then _??_-1(_??_) 
is the equalizer of the diagram

Since _??_omƒÈ(_??_, _??_) is separated if _??_ is separated by [7, I, •˜2, 7.8], the latter
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part follows.

3.4a.2 LEMMA. Let y•¸_??_(R_??_T) with R, T•¸Mk. Then we have

for any and

PROOF. Exercise.

3.4a.3 Let _??_ be a k-group-functor and

a linear representation of _??_ on a vector space V. For a subspace W of V, 

we put

for any and

for any and

LEMMA. If we view ƒÏ as an action of _??_ on Va, then we have

and

PROOF. This follows from Lemma 2.4.5.

3.4a.4 Let u: _??_•~•¨_??_ be an action of a k-group-functor _??_ on a k

- functor _??_ and _??_ a subfunctor of _??_. Let e•¸_??_(k)•¿_??_(k) and suppose that 

both Tste(_??_) and Tste(_??_) exist. We know that u induces a natural linear re

presentation of _??_ on Tste(_??_), which we shall write ƒÏ.

PROPOSITION. Tste(_??_-1(_??_)) (resp. Tste(_??_-1(_??_)) is the largest subcoalgebra 

of Tste(_??_) contained in N-1Tste(_??_)(_??_) (resp. C-1Tste(_??_)(_??_)).

PROOF. Let (P, C)•¸Wf and ƒÐ•¸WR(C, Tste(_??_)). Then we have

for any and

for any and

(where we put W=Tste(_??_)).

Similarly we have
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Hence our assertion follows from Lemma 1.2.5.

3.4a.5 Let _??_ be a k-group-functor and _??_ a sub-group-functor of _??_.

 The subfunctor _??_-1(_??_) (resp. _??_-1(_??_)) of _??_ taken with respect to the inner

automorphism action

(g, x)|•¨gxg-1

is clearly a sub-group-functor of _??_ and the largest normal (resp. central) 

sub-group-functor of _??_ contained in _??_. If _??_ is a k-scheme and _??_ is a 

closed subgroup of _??_, then _??_-1(_??_) and _??_(_??_) are closed subgroups of _??_ by 

Proposition 3.4a. 1(, since any k-group is separated).

COROLLARY. Let _??_ be a locally algebraic k-group and _??_ a connected 

closed subgroup of _??_. Then we have

_??_ is normal (resp. central) in _??_

•Ì hy(_??_) is _??_-stable (resp. _??_ acts trivially on hy(_??_)) under the adjoint

 representation of _??_.

PROOF. Since _??_-1(C) and _??_-1(_??_) are closed subgroups of _??_, it follows 

from Corollary 3.3.3 that

_??_ is normal (resp. central) in _??_

•Ì hy(_??_) is _??_-stable (resp. _??_ acts trivially on hy(_??_)) under the adjoint

 representation of _??_.

3.5 hy(_??_((_??_))

Let _??_ be an algebraic k-group which is smooth. Then the derived 

group _??_(_??_) of _??_ is defined as follows [7, II, •˜5, 4.8 and III, •˜3, 3.7d)]: 

For R•¸Mk, _??_(_??_)(R) is the set of g•¸(R) such that there exists an S•¸MR 

which is faithfully flat and finitely presented over R such that gs belongs 

to [_??_(S), _??_(S)] the commutator subgroup of _??_(S). It is known that _??_(_??_) 

is a closed smooth subgroup of _??_. The purpose of this section is to compute 

hy(_??_(_??_)) the hyperalgebra of _??_(_??_).

In the following _??_ denotes an algebraic smooth k-group. The hyper

algebra of _??_ is simply denoted by hy(_??_) (, although it is in the strong sense).
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S_??_ denotes the antipode of hy(_??_). Let R•¸Mk, a, x•¸_??_(R) and u, v•¸R_??_hy(_??_). 

We shall write

a_??_x=axa-l, [a, x]=(a_??_x)x-1

a_??_v=_??_(a)(v), [a, v]=‡”(a_??_v(1))S_??_(v(2))

u_??_v=‡”u(1)vS_??_(u(2)), [u, v]=‡”(u-v(1))S_??_(v(2))

(cf. •˜3.4 and •˜1.10).

3.5,1 Let „U be the set of sualgebras A of hy(_??_) such that

with respect to the adjoint representation of _??_, that is

[_??_(R), R_??_hy(_??_)]•¼R_??_A

for any R•¸Mk. The reader may easily verify that contains the smallest 

element, which we shall denote by d(_??_).

LEMMA. Let K|k be an extension of fields. Then

d(K_??_)=K_??_(_??_).

PROOF. Notice that hyk(K_??_)=K_??_hy(_??_) (3.1.7). The inclusion 

d(K_??_)•¼K_??_d(_??_) is clear. Let R•¸Mk. Since R_??_K•¸Mk and R_??_d(K_??_)

=(R_??_K)_??_Kd(K_??_), it follows that

[_??_(R), R_??_hy(_??_)]•¼(R_??-k_??_hy(_??_))•¿(R_??_d(K_??_))=R_??_A

where A=(k_??_hy(_??_))•¿d(K_??_). This means that A•¸„U. Hence

d(K_??_)•½K_??_A•½d(_??_).

3.5.2 LEMMA, hy(_??_(_??_))•½d(_??_).

PROOF. Let C be a finite dimensional sucoalgera of hy(_??_). For any 

R•¸Mk and g•¸_??_(R) we have

[gR_??_C*, exp (i, C)R_??_C*]=exp(ƒÐ, R, C)•¸_??_(_??_)(R_??_C*)

where i: C•¨hy(_??_) is the canonical injection and

ƒÐ =(_??_(g)_??_WƒÅ(i))*(WƒÅ(S_??_)_??_WƒÅ(i)) .

Hence ƒÐ•¸WR(C, hy(_??_(_??_))). This means that

ƒÐ(R_??_C)=[g, R_??_C]•¼R_??_hy(_??_(_??_)).
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Since hy(_??_) is a directed union of finite dimensional subcoalgebras, it follows 

that hy(_??_(_??_))•¸„U.

3.5.3 LEMMA. (i) [hy(_??_), hy(_??_)]•¼d(_??_).

(ii) For any R•¸Mk, a, b•¸_??_(R) and x, y•¸R_??_hy(_??_), we have

‡”(a_??_x(1))(b_??_y(1))S_??_(x(2))S_??_(y(2))•¸R_??_d(_??_).

PROOF. (i) Since _??_=_??_d(_??_) , hy(_??_), it follows that

hy(_??_)=hy(_??_)d(_??_) , hy(_??_).

This means that [hy(_??_), hy(_??_)]•¼d(_??_).

(ii) This is clear since

‡”(a_??_x(1))(b_??_y(1))S_??_(x(2))S_??_(y(2))=‡”[a, x(1)][x(2), b_??_y(1)][b, y(2)]

. 3.5.4 It follows from Proof of [7, II, •˜5, 4.8] that for some integer 

n>0, the mapf:_??_•~_??_

n_??_(_??_) (x
, y)|•¨[x1, y1]•c[xn, yn]

is flat on some open dense subscheme U of _??_n•~_??_n. Suppose that k is alge

braically closed. Then U(k)•‚0 by [7, I, •˜3, 7.8]. Hence f is flat at some 

rational point (u, v) of _??_n•~_??_n. Then the mapƒÕ

: _??_n•~_??_n•¨_??_(_??_)

(x, y)|•¨[u1x1, v1(u1_??_y1)]•c[unxn, vn(un_??_yn)]

is flat at (e, e). Since

we can find out elements a, b, c, d•¸_??_n(k) such that

for any R•¸M„{ and x, y•¸_??_n(R), where we put

c•¨x=(c1_??_x1,•c, cn_??_xn).

This prove the following:

LEMMA. If k is algebraically closed, then there exist an integer n>0 

and elements a1,•c, an, b1,•c, bn of _??_(k) such that the map
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defined by

is fiat at (e, e).

3.5.5 THEOREM, hy(_??_(G))=d(G).18)

PROOF. Let K|k be an extension of fields. Then we have

〓(K〓)=K〓(G).

Hence K_??_hy(_??_(G))=hyk(K_??_G)). In view of Lemma 3.5,1, the equality

hyK(〓(K〓G))=d(K〓G)

means the desired equality. Thus we can assume that k is algebraically 

closed. Take an integer n and elements ai, biƒÃG(k) as in Lemma 3.5.4. 

A simple calculation shows that

for iu, ivƒÃhy(G),i=1,•c, n. Since the map

T(e ,e)(ω):〓2n hy(G)→hy(〓(G))

is surjective by Proposition 2.3.1, it follows from Lemma 3.5.3 that hy(_??_(G)) 

•¼ d(G). This proves Theorem in view of Lemma 3.5.2.

3.5.6 COROLLARY. If G is connected, then hy(_??_(G)) is the subalgebra 

of hy(G) generated by [hy(G), hy(G)].

PROOF. Let A be a subalgebra of hy(G). Since GA, hy(G) is a closed sub

group of G, we have

3.6 Algebraic sub-hyperalgebra

Let G be a locally algebraic k-group. A sub-hyperalgebra of hy(G) is 

said to be algebraic if it is of the form hy(_??_) for some closed subgroup of 

G. Let _??_ be a (not necessarily closed) subgroup of G. Since G0 is algebraic, 

_??_0 is a closed subgroup of G0(3.3.2). Put G0 is a closed (and open) subgroup
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of [7, II, •˜5, 1.s]. Hence _??_0 is a closed subgroup of G. Therefore hy(_??_) 

=hy(_??_0) is an algebraic sub-hyperalgebra of hy(G). Corollary 3.3.9 implies 

that the map:_??_|hy(_??_) is a bijection from the set of connected subgroups 

of G onto the set of algebraic subhyperalgebras of hy(G).

Let {_??_ƒÉ} be a family of closed subgroups of G, Then •¿ƒÉ is also a 

closed subgroup of and we have

hy(∩Dλ)=∩hy(Dλ).

This is clear, since we have

for any C•¸Wfk. Let J be a sub-hyperalgebra of hy(G). Let {_??_ƒÉ} be the set 

of closed subgroups of such that hy(_??_ƒÉ)•½J. Then hy(•¿_??_ƒÉ) is the smallest 

algebraic sub-hyperalgebra of hy(G) containing J, which we shall denote by 

A(J) and call the algebraic envelope of J.

In the following G will denote a locally algebraic k-group.

3.6.1 LEMMA. Let I be a k-G-module hyperalgebra (3.4.1). Let A 

be a subalgebra and C a subcoalgebra of I such that A•EC•¼C. Then hy(G)A, c 

is an algebraic sub-hyperalgebra of hy(G). (Notice that I is a hy(G)-module 

hyperalgebra (3.4.5)).

PROOF, we can assume that G is connected and hence algebraic. Then 

G A, C is a closed subgroup of G(3.4.8 and 3.4.9) and hy(G)A, C=hy(G, C) 

(3.4.5).

3.6.2 For x, y•¸hy(G), we put

[x, y]=‡”x(1)y(1)SG(x(2))SG(y(2))

where SG denotes the antipode of hy(G).

COROLLARY. Let J and be sub-hyperalgebras of hy(G) such that K

•¼ J. Let A be a subalgebra and C a subcoalgebra of hy(G) such that A• C•¼C.

(i) If [J, C]•¼A, then [A(J), C]•¼A.

(ii) Nhy(G)(J) and Chy(G)(J) (1.10.5) are algebraic sub-hyperalgebras.

(iii) If K is normal (resp. central) in J, then so is in A(J).

(iv) If [J, J]•¼K, then [A(J),  A(J)]•¼K.

PROOF. (i), (ii) and (iii) follow immediately since the adjoint action of 
hy(G) on by(G) is induced by the adjoint representation of G.

(iv) [J, J]•¼K•Ë[A(J), J]•¼K•Ë[J, A(J)]=SG([A(J), J])•¼K•Ë[A(J), A(J)]•¼

K.
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3.6.3 PROPOSITION. Let J is a sub-hyperalgebra of hy(G) . Then the 
subalgebra of hy(G) generated by [J, J] contains [A(J), A(J)] . If k is perfect 
and J is reduced (1.9.5), then the subalgebra of hy(G) generated by [J , J] is 
an algebraic sub-hyperalgebra of hy(G).19)

PROOF. Since [J, J] is a subcoalgebra of J, the subalgebra of J generat

ed by [J, J] is a sub-hyperalgebra. Hence the first part follows from Corol
lary 3.6.2 (iv). Suppose that k is perfect and J is reduced . Let be a 
connected subgroup of G such that hy(D)=A(J). Then the image-subgroup 

(3.3.2) of the Frobenius map

is of the form D'(p) for some closed subgroup D' of D. We have

hy(D')(p)=Im(hy(U)=γhy(D):hy(D)→hy(D)(p))⊃J(p)

since the map TJ: ƒÁJ(p) is surjective (1.9.4). Since is connected
, it 

follows that D=D'. This implies that is smooth by (3 .3.5 (iv)). There

fore the subalgebra generated by [J, J], which is the same as the one gene

rated by [A(J), A(J)], is equal to hy(_??_(D)) by (3.5.8) . This proves Proposition.

3.6.4 COROLLARY. Let J be a sub-hyperalgebra of hy(G) . Suppose 

that k is perfect. If J is reduced and generated by [J, J] as an algebra
, 

then J is algebraic.

3.6.5 PROPOSITION. Let f:Gbe a map of connected algebraic 

groups. Then the induced map of hyperalgebras

hy(f):hy(_??_)hy(D)

is bijective iff f is faithfully flat and Rex (f) is finite [7, I, •˜5, 1.1] and 

etale.

PROOF. Since Im (hy(f))=hy(f(G)) (3.3.2), it follows that hy(f) is sur

f ective iff f(_??_)=D, or equivalently f is faithfully fiat. On the other hand 

hy(f) is injective iff Rex (f) is etale (3 .3.3). But an algebraic k-group is 

finite if it is etale (cf. [7, II, 5, 1.10]).

3.6.6 PROPOSITION. Let G and _??_ be connected algebraic k-groups . 

Suppose that k is perfect, G is smooth and Then for any hyper

algebra map ƒÓ: hy(G)hy(_??_), there exist a connected algebraic k-group G' 

and maps of k-groups

p:_??_'_??_ and ω:〓'→D

such that hy(ƒÖ)-ƒÓohy(p) and hy(p) is bijective.
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PROOF. We have

hy(_??_•~D)=hy(_??_)_??_hy(D).

Let ƒÕ: hy(G)hy(G•~D) be the composite:

Then ƒÕ is an injective hyperalgebra map, since (1_??_)oƒÕ=1. Let J be the 

image of ƒÕ. Since G is smooth, J is reduced. Since G=_??_(G), J is generat

ed by [J, J] as an algebra. Hence J is an algebraic sub-hyperalgebra of 

hy(G•~N). Let G' be a connected subgroup of G•~N such that hy(G')=J. 

If we put

and

then the assertion holds.

3.6.7 COROLLARY. Let G be a connected algebraic smooth k-group. 

Suppose that G=_??_(G) and k is perfect. Then the condition:

(SC) Any map of connected algebraic k-groups p:G'G which is faith
-fully flat with the kernel Rex (p) finite and etale is an isomorphism.

implies that the map:

Cr k(〓,D)→Hopfk(hy(〓),hy(D)),f|→hy(f)

is bijective for any locally algebraic k-group N.20)

PROOF. This is injective by (3.3.10). Since hy(N)=hy(N0), the sur

j-ectivity follows from (3.6.6).
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Foot Notes

P. 5, 1) A0 denotes the dual k-coalgebra [11, •˜6.0] of a k-algebra A.

P. 8, 2) I.e., the set of finite dimensional subcoalgebras of C forms a directed 

family whose union equals C.

P. 13, 3) This abuse of notation (see 1.2.8) may lead no confusion.

P. 27, 4) It will be shown that K dim C is finite [15, 4.3.4.3].

P. 29, 5) We call (C(V), ƒÊ, ƒÅ, S) the additive C-Hop f algebra on V and denote it 

by Ca(V).

P. 49, 6) The case of cocomutative coalgebras of finite type (but not necessarily 

connected) will be treated in Part II [15, 4.4.5.8].

P. 63, 7) It is to generalize the results here to the case of p-Lie algebras.

P. 70, 8) We view •aX•a as a subset of |X|( via ƒÖ, since the map ƒÖ is injective, e.g., 

by [7, I, •˜2, 2.7].

P. 72, 9) For each aƒÃ•aX•a, let Xa•¼X be the following subfunctor: Xa(R) (RƒÃMk) 

is the set of ƒÏƒÃX(R) with <X(ƒÓ)(ƒÏ)>=a for all ƒÓ: RK in Mk with KƒÃFldfk. If T(Xa) 

exists, we define Sa(X)=T(Xa). Then the set Wk(C, Sa(X)) is naturally isomorphic to

{fƒÃX(C*)|<f D*>=a for all D•¼C simple}

for CƒÃWfk..

P. 72, 10) Note that Wk(C0, Se(X)) consists of ohly one element for CƒÃWfk.

P. 94, 11) A subscheme of a locally algebraic k-scheme X is clearly locally 
algebraic with the inclusion i:yX quasi-compact. Hence y=x iff T(y)=T(x). More 

generally let f: xy be a map of locally algebraic k-schemes. If f is faithfully flat, 
then T(X) is an injective coyenerasor in the category of T(y)-comodules, or equivalently 
T(X) is an injective T(y)-commodule with T(f) surjective. The converse holds true, if f 
is quasi-compact.

P. 96, 12) The classes yn, ye and ye are explicity described in [15, 4.4.3,3, 4.4.5.1].
P. 101, 13) This is in the sence of the footnote 9).

P. 114, 14) Similarly T(f(_??_)) equals the image of T(f):T(_??_)T(D).
P. 116, 15) Since the Frobenius map Ux:xx(p) is always surjective, the condition 

(iv) implies that UG is faithfully flat.

P. 117, 16) On the other hand, f(_??_)=D if and only if T(f):T(_??_)T(D) is surjective.
P. 117, 17) In general h=f2 if and only if T(f1)=T(f2) for G arbitrary.
P. 138, 18) More generally let G be an algebraic k-group and N, R be smooth closed 

subgroups of G satisfying at least one of the following conditions:(a) One of D and 

R is connected or (b) One of and fi normalizes the other. The commutator subgroup 

[D, R] which is smooth closed, can be defined (see [7, II, •˜5, 4.9] in case (a) and [Borel, 

Linear algebraic groups, pp. 108, 111] in case (b)). We can prove that T([D, R]) is the 

subalgebra of T(_??_) generated by [T(D), T(R)] with the notation of 3.5. If D is connected, 

hy([N, R]) is the subalgebra of hy(_??_) generated by [hy(D), T(R)]. If both N and R are 

connected, hy([D, R]) is generated by [hy(N), hy(R)] as an algebra. On the other hand if 

both N and St normalize the other, then hy([D, R]) is the subalgebra generated by 

[T(D), hy(R)]+[hy(D), T(R)]. In particular hy(D(_??_)) is generated by [T((_??_), hy(_??_)] as an 

algebra.

Further the above results can be generalized to the case of not necessarily smooth 

subgroups D and R (but satisfying one of (a) and (b)).

P. 140, 19) It will be shown elsewhere that the assumptions on perfectness of k 

and reducedness of J can be dropped.

P. 141, 20) In fact the assumptions of smoothness and perfectness are unnecessarily. 

The assumption _??_=D(_??_) can be weakened to that _??_/D(_??_) is finite [16, Lem. 1.8].


