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This paper presents some applications of the theory of coalgebras and
Hopf algebras to the theory of locally algebraic schemes and groups over a
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field k. Our starting point is to define the tangent coalgebra T (%) to g
locally algebraic k-scheme X at a point x of X. The functor (%X, x)|—T,(X)
permits us to compare the two languages of schemes and coalgebras. A
property 2 of morphisms of locally algebraic k-schemes is said to be trans-
latable into the language of coalgebras if there exists a property # of mor-
phisms of coalgebras such that a morphism f: X—9 of locally algebraic %-
schemes satisfies the property & at a closed point z of X iff the induced map
T, : T,(X)—>T,9), where y={(x), satisfies the property &#. The flatness
[7,1,82,2.4] is an example of translatable properties. Let £, and £, be two
properties of morphisms of locally algebraic k-schemes translatable into the
coalgebra language. Then the equivalence of their translations &, and 7,
implies of course the equiqalence of £, and £,. In this way, among other
things, we can give another proof of Theorem of smoothness [7,1, § 4, 4.2].

The tangent coalgebra T,(®) to a locally algebraic k-group & at unit e
€ ©(k) has a natural structure of hyperalgebra and is called the hyperalgebra
of ® and denoted by hy(®), where the word ‘hyperalgebra’ is a synonym of
‘connected cocommutative Hopf algebra’. The Lie algebra Lie (®) of &
7,11, § 4,4.8] is nothing else than the primitive elements P (hy(®)) of hy(®).
Our main task in this connection is to establish the hyperalgebra theory of
locally algebraic k-groups which is analogous to the Lie algebra theory of
algebraic groups over a field of characteristic 0.

The purpose of this paper is to develop some of the basic theory of
tangent coalgebras and hyperalgebras. The reader is expected to be familiar
with the languages of coalgebras and schemes. We refer to [11] for the
former and to [7] for the latter.

This paper divides into three Chapters. Chapter 1 is a collection of
algebraic preliminaries and complements to the theory of coalgebras and
Hopf algebras and is free from the scheme theory. We introduce some
new concepts as follows: the categories Wy, where R ¢ M, and W, set- or
group-functors on a category 4, the largest sub-Hopf algebra of a co-
commutative bialgebra, the Krull dimension of a coalgebra, the multiplica-
tive Birkhoff-Witt hyperalgebras, the smoothness of a map of coalgebras,
the reduced part of a hyperalgebra, actions of hyperalgebras on hyperal-
gebras and so on. We set up a coalgebra theoretical version of the theorem
of smoothness and characterize the Birkhoff-Witt coalgebras by the extension
property of sequences of divided powers. We show that a finitely generated
commutative A-algebra B, where A is assumed to be a finitely generated
commutative k-algebra, is flat (over 4) iff B® is an injective A%comodule.

Chapter 2 deals with the theory of tangent coalgebras and underlying
coalgebras.

The tangent coalgebra to a k-scheme ¥ at a point z is by definition (0,)°,
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the dual k-coalgebra of the fibre @, over = of the structure sheaf 0;. The
underlying coalgebra of X, written T(¥), is @ T,(¥) the direct sum of all
reX

tangent coalgebras. For instance if X=8p A the affine scheme of 4 (e M,),
then T(X)=A". We show that the restriction of the functor T(—): ¥>T(¥) to
the full subcategory of locally algebraic k-schemes satisfies the following
properties: Let §: ¥—9 be a map of locally algebraic k-schemes. Then fis
a monomorphism iff the induced map T(f) : T(X)—-T(Y) is injective (as a map
of sets). If {is faithfully flat then T(f) is surjective. If | is quasi-compact
and T(f) is bijective, then f is an isomorphism. Let §,q: ¥=39) be two maps
of locally algebraic k-schemes. If T(f)=T(g) then {=g. T(—) converts the
Frobenius map §: X—-X® [7,11,§ 7, 1.1] into the »"-map of T(¥) [9, § 4.1].

Further we translate some concepts such as the local dimension dim, X,
flatness or smoothness into the language of coalgebras. When a k-group
acts on a locally algebraic k-scheme X and stabilities a rational point e e ¥(k),
we show that there is a natural linear representation of ® on T,(¥) such
that T.(X°) is the largest subcoalgebra of T,(X) contained in T,(¥)®. This
is an example of situations in which the above “geometric” definition of
tangent and underlying coalgebras is inadequate. We give a more “cate-
gorical” definition and prove the last result among other things.

Chapter 3 deals with the theory of hyperalgebras and set up an analogy
of the Lie algebra theory of algebraic groups over a field of characteristic
0.

After defining the hyperalgebra hy(®) of a k-group-functor ® in § 3.1,
we compute in § 3.2 the hyperalgebras of V,, ®2(V) and Aut(A4), where V is
a vector space over k and A is a k-algebra [7,11,§1,2.1; 2.4; 2.6] and show
that given a linear representation of a k-group ® on V we have a natural
left hy(®)-module structure on V.

In § 3.3 we show that the map $| —hy(9) from the set of connected sub-
groups of a locally algebraic k-group ® to the set of sub-hyperalgebras of
hy(®) is injective. We compute hy(9t,(£)) and hy(€4(9)) in § 3.4 and hy(2(®))
in §3.5. In §3.6 we develop the theory of algebraic sub-hyperalgebras
which is analogus to [7,11,§6,2.4~2.11].

Notations and Conventions

We shall adopt the terminology, definitions, notations and main results
of [11].

Throughout this paper, k& will denote a fixed ground field. The char-
acteristic exponent of k¥ (=Max (1, char (k))) is denoted by p. Vector spaces,
algebras, coalgebras etc. will mean k-vector spaces, k-algebras, k-coalgebras
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ete.

All rings or monoids are assumed to be associative and unitary and
their homomorphisms preserve units. For a monoid M, U(M) denotes the
group of invertible elements in M. For a ring A, the multiplicative monoid
of A is denoted by A*. We put UA)=U(A*). The Krull dimension of a
commutative ring R is denoted by K dim R.

For a category 4, A(X,Y) denotes the set of 4-maps from X to Y, where
X and Y are objects of 4.

Categories:
E sets
Mon monoids
Gr groups
Lie, Lie algebras

Hopf., Hopf algebras
Mod, left A-modules, where A is a ring
Comod; right C-comodules, where C is a coalgebra

Algr R-algebras, where R is a commutative ring

Coalg, R-coalgebras, where R is a commutative ring

My (small) commutative R-algebras, where R is a (small) commutative
ring

Let V and W be vector spaces. We put

VRW=VQ,W
End, (V)=Mod, (V,V).

For a linear map f: V—W, its transpose is denoted by
i WESVE
For x eV and X ¢ V*, we put
X,xy=<{x, X>=X(x).
For subsets T of V and P of V*,

T +={XeV*KX,T>=0}
Pi={z e V|{P,xy=0}.
A subspace V' of V is said to be cofinite if V/V’ is finite dimensional. A

subspace V" of V* is said to be dense if V’L=0. Finally S*V and E*V.de-
note the n-fold symmetric power and exterior power of V respectively.
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Let A and C be an algebra and a coalgebra respectively. The structure
maps will be denoted by

pa: AQA—A,p, k—A
A4y C—CRC,eq: C—k.

The index A or C is often omitted. The vector space Mod, (C, A) is always
viewed as an algebra, whose multiplication is defined by

Srg=po(f®g)od.
We adopt the following “sigma notation”:
A(e)=72 c,®e forceC.
The coradical filtration [11, § 9.1] of C is denoted by {C.};»,. G(C) denotes
the set of group-like elements of C
{9eCld(9)=9Rg and «(9)=1}.

G(C) can be naturally identified with the set of coalgebra maps from % to
C. For ge G(C),C* denotes the irreducible component [11, § 8.0] of C con-
taining g and P,(C) the set of primitive elements of C with respect to g

{xeCld(x)=2@g9 + gQRux}.

C is said to be connected if C, is one-dimensional. A connected coalgebra
C has a unique group-like element, which we shall denote by g, and put

P(C)=P, (C).

A Hopf algebra means a bialgebra with an antipode. The antipode of
a Hopf algebra H is denoted by Sy (or S).
The symbols [] X, and @ V, will mean the disjoint union of sets X,

acd acd
(e € A) and the direct sum of vector spaces V, (« ¢ A) respectively.
1. Preliminaries

1.1 The structure of A°

1.1.1 Let C be a k-coalgebra. If W, and W, are subspaces of C we
denote by W, AW, the kernel of the map

c-2s0c00—>CIW,RC|W,
[11,89.0]. Let A be a subalgebra of C*. For a subset S of A we put
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St={zx e C|<x,S>=0}.
LEMMA. If V,and V, are subspaces of A, then ViAVi=(V,V,)*L.
Proor. Since Vi is the kernel of

restr.
C— > A2 yx,

we have C/V}=—V¥. The commutative diagram

C-LsCRC—>CVIQC | Vie—sVIQVH

restr. tu

| ()
A*—‘—)(V1V2)* > V.®V,)*,

where 4 (resp. p) is the comultiplication (resp. multiplication) of C (resp. 4),
implies that (V,V,)1=VLI AV

1.1.2 We are concerned with the structure of A°, where A is a com-
mutative k-algebra. But we see later (2.1.7) that

A= (‘D (Ap)°

PeSpec 4

where A is the localization of A at P. Hence enough to consider the case
where A is local.

PROPOSITION. Let A be a commutative local k-algebra with maximal
ideal m.
(i) If m s not cofinite in A, then A°=0.
(i) If m is cofinite, then A° is irreducible with coradical filtration
{A°N(A /M) * Y5, In particular we have
A'Clim (A/m*H*,
—>

k2

(iii) If m is cofinite and A is Noetherian, then we have
A'=lim (A /m?+)*
=
and A° is dense in A*.

ProoOF. We have A'= lim (A/D* by [11, §6.0]. Because m is

ADI cofinite ideals

nilpotent mod I for any cofinite ideal I of A, we have

A°Clim (A /mi*h*,
e

K
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If m is not cofinite then A° is 0, because A has no cofinite ideals. If m is
cofinite then (A/m)* is a simple subcoalgebra of A°. Since

/\”l(A/m)* :Ao n (A//miﬂ)*
by 1.1.1, we have A°:U A (A/m)*. Tt follows from [11, Lemma 11.0.8]

that A° is irreducible with coradical (A/m)*. This proves (ii). If further-
more A is Noetherian then m?*’s are cofinite and Nm**'=0 by the theorem
of Krull. This means (iii).

1.1.3 Let A be a commutative k-algebra. For an ideal I of A such
that I'*! is cofinite for all 7 we put

(A%, =lim (A /I+Y)*,
=

LEMMA. Let {M,, ---,M,} be the set of maximal ideals of A containing
I. Then we have

(AN =AY%D- - - DAYy, and (A%, =(A4,)"
Proor. M,N---NM,=M,---M, is nilpotent modulo I, because A/l is
Artinian. [ is nilpotent mod M,---M,. Hence we have
(A =A"%,...u,-
Because A+(M,---M,)'""'=A=Mi*'x --- X A=M*', we have
(A0, = (A0, D+ - - DAy,
(A%, =(Ay,)° follows from 1.1.2.

1.1.4 Let A be a commutative local k-algebra with maximal ideal m.
Suppose that m**s are cofinite in A. Let K|k be a field extension. Then
the K-coalgebra K®A® is clearly equal to (K®A)")xgm, Where (KQA)® de-
notes the dual K-coalgebra of KA. Hence by 1.1.3, we have

COROLLARY. KRA'=((KR®A)y)®- - - D(KR®A)y,)", where {M,,---,M,}
18 the set of maximal ideals of KQA containing KQm, and (—)° in the right
hand side denotes the K-coalgebra dual.

1.2 The categories Wy, Wy, WS and W

1.2.1 For each R € M;, we define a category W as follows: An object
of Wp is a cocommutative k-coalgebra; A morphism from C to D in W, is
an R-coalgebra map f: ROC—R®D such that f(RRC,) C RRD,, where C,
(resp. D,) is the coradical of C (resp. D). In view of [11, Theorem 8.0.8 d)],
W is the same as the category of cocommutative coalgebras. For an M,-
map ¢: R—S we define a functor W,: W,—Wjg as follows: W, is the identity
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on the class of objects; W,(f)=S®yf for any Wy-morphism f. Finally let
W% be the full subcategory of W, whose class of objects consists of all finite
dimensional cocommutative k-coalgebras.

1.2.2 Itisknown that the category W, has finite products [11, Theorem
6.4.5]. More precisely for any C, D € W, the diagram:

1Re

c s®1

CRD—=5D

is a direct product diagram in W, and k the final object.

Given two W -maps f, g: C=3D, the largest subcoalgebra contained in
Ker (f—g) is clearly the equalizer (kernel) of the pair (f,g) in W,. Thus
W has finite products and equalizers. Therefore:

PROPOSITION. The category Wy has finite limits.

1.2.3 PROPOSITION. A map f: C—D of cocommutative coalgebras is
a monomorphism in Wy, iff it is injective (as a map of sets).

ProoF. Enough to prove the “only if” part. Assume that f is a mono-
morphism in ;. Then for any subcoalgebra C’ of C, the induced map

f: 0= 1)

is also a monomorphism. Since C is the directed union? of its finite dimen-
sional subcoalgebras [11, Theorem 2.2.1], we can assume without loss of gen-
erality that C is finite dimensional and that f(C)=D. Then the induced alge-
bra map ’f : D¥*—C* is an epimorphism in M,. This follows if one notes
that for any ¢, v € M, (C*, A) with A € M, $(C*) -»(C*) is a finite dimensional
subalgebra of A. Hence the assertion follows from the following:

LEMMA. Let ¢: A—>B be an M-map. If B is a finitely generated A-
module then ¢ is an epimorphism in M, iff it is surjective.

Proor. By (2,11, § 3,n°3, Proposition 11], ¢ is surjective iff the induced
map: A/m—B/Bm is surjective for any maximal ideal m of A. Suppose
that ¢ is an epimorphism in M,. Then the induced map: A /m—B|/Bm is
also an epimorphism. In particular we have 2®1=1®x in (B/Bm)®Q A/m
(B/Bm) for any x € B/Bm. But since A/m is a field, this means the sur-
jectivity of the map: A/m—B/Bm. Hence ¢ is surjective.

1.2.4 Let ReM,. Then k is the final object of W, also. Let C,(C’¢
Wx. Then the diagram:

W,(1Re) Wy(e®1)

C >C’

cRC’
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is a direct product diagram in the category of cocommutative R-coalgebras
[6, page 28, Proposition 4.1] (but not necessarily so in W5), where 5: k—R
is the structure map. Let D e W,. The above diagram induces an injec-
tion:

Wo(D, CRQC)CW (D, C) X Wx(D, C).

Note that (C®RC"),cC,®C; in general [8,2.3.13]. If (CRC"),=C,RC;, then
the above map is clearly isomorphic and hence CXC’ is the direct product
of C and C’" in W5. This occurs for example if C or C’ is pointed [11, § 8.0]
or if k is perfect.

1.2.5 LEMMA. Let CeW, and ACC be a subspace. Let B be the
largest subcoalgebra of C which is contained in A. Then for any R e M,,, D
eWypand o € Wx(D, C), we have

d(R®D)C RRAS(RYD)C RYB.

PROOF. Suppose that ¢(RR®D)C R®A. We want to show that ¢(RQD)
CR®B. Since D isthe directed union of its finite dimensional subcoalgebras,
we can assume that D is finite dimensional. Then there exists a finite
dimensional subspace A’ of A such that o(RQRD)CRXA’. Let w: C*—-RQD*
be the composite

C*— % Mody(RRC, B2 YR pe D,
This is an algebra map, since ¢ is an R-coalgebra map. Since o(RQD)C
R®A’, w factors as

cano. cano. Modx (o,R)
—y

Cc* >A’* >RQA™ R®D*.

But since A’ is finite dimensional, there exist a unique subspace B’ of A’
and an isomorphism 6: B’* ~w(C*) such that o factors as

cano. cano.
L SA*— S B

w: C AV* L o(C*)=—>RRD*.

Since B’+=Xer (») isanideal of C*, B’ is a subcoalgebra of C [11, Proposition
1.4.3]. Hence B’CB. The fact that o factors through the canonical pro-
jection: C*—B’* means clearly that ¢(RQD)C RQB’. Thus we have ¢(RKD)
CR®B.

1.2.6 Let C,DeW, and f,g: C=ZD be two coalgebra maps. Then
Ker (f, g) the equalizer of (f, g) in W, is the largest subcoalgebra contained
in Ker (f—g¢). Since Ker (RQ f—RXQg9)=RRXKer (f—g), it follows from
above that Ker (f, ¢) is the equalizer of (W,(f), W,(9)): C3D in W5 for any
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R e M,. In other words the functor
Wv . Wk"") WR
preserves equalizers (but not finite products).

1.2.7 A coalgebra C is said to be connected if the coradical C, is 1-
dimensional [9, Definition 3.1]. Such a coalgebra has a unique group-like
element g, and Cy=Fkg,. We denote by W the category of cocommutative
connected coalgebras. If C,D e W, then CRD e W, since (CRD), is con-
tained in C,®D, (cf. [9, Proposition 3.2.4]). Let f, f/: C=3D be the maps
in W, Since f(9,)=¢p=f'(gs), the kernel Ker (f, g) is a non-zero, hence
connected, subcoalgebra of C. Thus we have proven:

PROPOSITON. The full subcategory W of W, is closed under finite
limits.

1.2.8 Let B, be the coalgebra on basis b, and b, with

A(bo) = bo®bo; E(bo): 1;
4(b,)=b,8b,+b,&Qb,, e(b,)=0.

Clearly B, € W and we have
(B, C)=P(C)

for any C ¢ W, where P(C) is the set of primitive elements with respect
to the unique group-like element g,, that is

PO)={x e Cld(@)=2Qg;+ g,x}.
In particular the functor
P:wr—-Mod,, C|—P(C)

commutes with finite limits.

Let f: C—D be a W™map. We denote by Ker,(f) the equalizer
Ker (f,gpce) in W, where g, is identified with the unique coalgebra
map: k—D. It is also defined by the following pullback diagram in W, :

c 2. p

Ker, (/) —kg,.

Since P(—) commutes with finite limits, we have



Tangent Coalgebras and Hyperalgebras I 11

P(Ker, (f))=Ker (P(f): P(C)—-P(D)).

LEMMA. A W-map f: C—D is injective (as a map of sets) tff Ker, (f)
=kgo..

ProoF. Itisknown that f isinjective iff P(f): P(C)—P(D) is injective
[11, Lemma 11.0.1]. In particular the structure map ¢: C—Fk is injective
iff P(C)=0. Hence we have

f is injective &P (Ker, (f))=0
&Ker, (f)=kge.

1.2.9 We define a category W as follows: The class of objects in
W consists of all pairs (R, C), where R e M, and C € W ; The W-maps from
(S,D) to (R,C), where (S,D) and (R,C) are objects in W, consist of all
pairs (¢, o) with ¢ e M(R,S) and o € Ws(D,C). The composite of W-maps

a, 5236, 0YA R, 0

is of course (Yrog, W,(0)o7).

W* will denote the full subcategory of W consisting of all (E,C) such
that C is finite dimensional.

1.3 Representable functors and hyperalgebras

1.3.1 Let 4 be a category. A contravariant functor from 4 to E
(resp. Mon, resp. Gr) is called a set- (resp. monoid-, resp. group-) functor
on A.

Suppose that 4 has finite products and especially the final object,
written e. A monoid (resp. group) object in A is by definition a triple
(resp. 4-tuple) (G, p, n) (resp. (G, p,3,8) with Ge 4, A(GXG,G) and 7€
A(e, G) (resp. in addition S ¢ 4(G, G)) such that

poluxX1lg)=po(1sXpW: GXGXG—-G
and
popxlg)=1lg=po(lgXn): G-G
(resp. in addition
po(Sx1g)od=noe=po(lgx S)od: G—G),

where 4: G—G X G is the diagonal map and ¢: G—e is the unique map.
Let G be an object (resp. a monoid object, resp. a group object) in 4.
Then the functor
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A(—,@): C|—AC, @

is a set- (resp. monoid-, resp. group-) functor on 4, where the multiplication
on A(C, G) is defined by
AC,p)
A(C, )X AC, )= A(C,GX @ —34(C, G),
(in case G is a monoid or group object).

A set- (resp. monoid-, resp. group-) functor 7 on 4 is said to be repre-
sentable if T is isomorphic to 4(—, G) for some object (resp. monoid object,
resp. group object) G in 4. Such an object (resp. a monoid object, resp. a
group object) G, which is clearly unique up to isomorphisms, is said to re-
present T.

A group- or monoid-functor on A4 is representable iff the underlying
set-functor is representable as is easily verified.

1.3.2 The category W, is seen to have finite products (1.2.2). More
precisely if C and D are two objects in W, the following is a direct product
diagram in W, :

1XRe

c eX1

CQRD—D.
The final object in W, is k. It follows that a cocommutative bialgebra
(resp. cocommutative Hopf algebra) is nothing other than a monoid (resp.
group) object in W, (cf. [6, page 33 and 11, page 71]).

Let H be a cocommutative bialgebra (resp. cocommutative Hopf alge-
bra). Then the functor

Wi(—,H): C|-W(C, H)

is a monoid- (resp. group-) functor on W,, where the monoid (resp. group)
structure on W,(C, H) is defined as follows:

(multiplication) fxg=po(f®g)od
(unity) Noe

(resp. in addition
(inverse) f1=8So1).

Recall that W: is the category of finite dimensional cocommutative co-
algebras. A set- (resp. monoid-, resp. group-) functor 7" on Wi is said to
be represented by a cocommutative coalgebra (resp. bialgebra, resp. Hopf
algebra) H if T isisomorphic to the restriction of W,(—,H) to W From
Lemma below it follows that such an H is unique up to isomorphisms.



Tangent Coalgebras end Hyperalgebras I 13

LEMMA. Let T and U be two set- (resp. monoid-, resp. group-) functors
on Wy. We assume that T and U commute with limits. (This means that
of C=lim C; in W, then T(C)=1lim T(C,) and U(C)=lim UC;)) in E (resp.
Mon, resp. Gr)). Then any natural transformation

a: TIWi-U|WE
can be uniquely extended to a natural transformation
a:T-U.
If in particular T|WE and U| Wi are isomorphic to each other then so are T
and U.

ProOF. Since every coalgebra is the directed union of its finite dimen-
sional subcoalgebras, we have naturally

T(C)= lim T(D) and UC)=~ lim U(D)
<« <«

oD f.d. CoOD f.d.

for any Ce W,. Let @(C): T(C)—U(C) be the composite

lim «(D)
T(C)~ lim T(D)Z22EXY 5 lim UMD)~U(C).
<« <—
CoDf.d. CoD f.d.

Then &: T—U is a unique natural transformation such that
a|Wi=a.

1.3.3 Let «: T—U be a natural transformation of monoid- (resp.
group-) functors on a categary 4. The kernel of «, written Ker (@), is de-
fined by

Ker (e)(A)=Ker (a(A) : T(A)—U(A))
for all Ae A. This is clearly a monoid- (resp. group-) functor on 4.

Let f: H—H’ be a map of cocommutative bialgebras. The bialgebra
kernel of f, written Ker, (f), is the equalizer of (f,yo¢) in the category W,>.

LEMMA. Ker, (f) is a subbialgebra of H and represents the kernel of
the map

Wil(—, ) Wi(—, H)—W(—, H)

of monotd-functors on Wy. If H and H' have the antipode, then Ker, (f) is
a sub-Hopf algebra of H.

PRrRoOOF. Ker (f—70¢) is a subalgebra of H. In general if A is a subal-
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gebra of H then the largest subcoalgebra of H contained in A is also a sub-
algebra of H as is easily seen. Hence Ker, (f), which is the largest subco-
algebra contained in Ker (f —zoe), is a subbialgebra. The other statements
are clear.

1.3.4 Let C,DeW,,9ecG(D) and o0 W,(C,D). We denote as usual
by C, the coradical of C and by D¢’ the irreducible component of D which
contains g. We claim that

a(C)C D'&a(Cy) Cky.

Indeed if ¢(C)c DY, then ¢(Cp))C(DY),=kg. Conversely if o(C,)Ckg, then
a(A\*C)C \"kg by [11, Lemma 9.1.3]. Since D’=U A" kg [11, Lemma
11.0.8], we have o(C)C D?.

Let H be a cocommutative bialgebra. Then H! the irreducible compo-
nent of H containing 1 is a subbialgebra [11, Proposition 8.1.1]. It follows
from above that the sequence

1—> W (C, HY— W (C, ) 2% W (C,, H)
is exact for any C € W,. This gives a characterization of the monoid-func-
tor Wi(—, HY.

1.3.5 A cocommutative irreducible bialgebra is called a hyperalgedra.
A hyperalgebra is connected and has an antipode [11, Propposition 9.2.5].
A subbialgebra or a quotient bialgebra of a hyperalgebra is also a hyper-
algebra. The tensor product of two hyperalgebras is a hyperalgebra.

A hyperalgebra is nothing other than a monoid object, in fact a group
object, in W, Let R e M, with »: k—R the structure map. It follows
from (1.2.4) that the functor

W,: We—Ws
preserves finite products and so group objects. Hence a hyperalgebra H
can be considered as a group object in W5 and so the functor

We(—,H): C—>Wgy(C, H)
a group-functor on Wj.

LEMMA. Let f: H—H’' be a map of hyperalgebras. Then Ker, (f) the
Hopf kernel of f (1.3.3) is a subhyperalgebra of H and represents the kernel
of the map

WR(_ ’ Wv(f)) : WR(—‘ ’ H)"*WR(‘“ , H')

of group-functors on Wx.
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Proor. This follows immediately from (1.2.6).

1.3.6 As a corollary to 1.2.8 we obtain:

PROPOSITION. Let f: H—H’ be a map of hyperalgebras. Then we
have

P(Ker, (f))=Ker (P(f): P(H)—P(H")
and f is injective iff Ker,(f)=k.

1.3.7 Let Re M. A set-functor T on WY is said to be represented by
an object C of Wy if

T=Wg(—,C)|Wr.

Such an object C is unique up to Wp-isomorphisms by the following lemma
which can be proved by the same method as in 1.3.2:

LEMMA. Let Re M, and C,D e Wy. Let
a: Wr(—, O) | Wy—Wg(—, D) | W

be a map of set-functors on WL. Then there exists a unique W gp-map
o: C—D such that

a=Wgx(—,0) | WE.
1.3.8 Let H be an object in ;. Then the correspondence
(R,0)|>Wgx(C,H), W—E
turns into a contravariant functor if we associate the composite

H
wa(C, D woc, D (D, B)

with each W-map (4, 0): (S, D)—(R, C). This set-functor on W is said to be
represented by H and denoted by ©. (If we embed W, into W via

Wk_’W) C | —>(k, C)

then @, is nothing other than the representable set-functor W(—, (k, H))).
If H has a hyperalgebra structure, then @, becomes naturally a group-
functor on W by (1.3.5).

LEMMA. Let H and H’ be two cocommutative coalgebras (resp. hyper-
algebras). Let

@i Oy | W0 | W*
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be a map of set- (resp. group-) functors on W*t. Then there exists a unique
coalgebra map (resp. hyperalgebra map)
o: H-H’'
such that
a(R, C)=Wx(C, W, (o))
for each (R,C) e Wt. In particular a can be uniquely extended to a map
a:Oy—0y.
of set- (resp. group-) functors on W.
PROOF. R e M, being fixed, « induces a map of set- (resp. group-)
functors on W5 :

C(R: WR('—', H) | W§3—>WR('—‘,H,) | Wlfz.

This is of the form Wx(—,o(R)) | W by 1.3.7, where ¢(R) is a uniquely de-
termined Wy-map: H—H’. (In case of hyperalgebras, ¢(R) is also an R-
algebra map from RXH to R®H’). Since ag, hence o(R) also, is “natural
with respect to R”, it follows that

o(R)=W (a(k)).
This proves Lemma.

We say that a set- (resp. group-) functor T on W* is said to be repre-
sented by a cocommutative coalgebra (resp. hyperalgebra) H if T~04|W".
Such an H is unique up to a unique isomorphism.

1.3.9 Consider the correspondence
(R, C)| —>RQC*, W'—M,.
This turns into a contravariant functor if we associate the composite

L PO Mods(@,S)

R&®C S®C* S®D*

with each Wimap (¢,0): (S,D)—(R,C). We always in this manner con-
sider RRC* as a functor of (B,C) e W*.
1.3a The maximum sub-Hopf algebra of a cocommutative bialgebra

1.3a.1 For a monoid M, we denote by U(M) the group of invertible
elements in M.
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Let H be a cocommutative bialgebra. Consider the group-functor on
Wi
C|—-UW(C, H)).
The purpose of this section is to prove the following:

PROPOSITION. The above functor is representable. More precisely
there exists a (unique) subbialgebra H' of H such that

(i) H’ has an antipode and

(ii) For any Cec W, and o € W(C, H) we have

d(C)C H' & is invertible in the algebra Mod,(C, H).
Then H' represents the above group-functor.

1.3a.2 Let A be an associative (not necessarily commutative) algebra
and R a commutative finite dimensional algebra. Let S be a subalgebra of
R. Then S®A is a subalgebra of RRA.

LEMMA. If an element x of S®A s invertible in the algebra RRA,
then it is invertible in SRA.

Proor. If S is a field, then the assertion is clear since R®A=
R®s(S®A).

In general let {M,, - - -, M,} be the set of all maximal ideals of E. Since
R is finite dimensional, m,=M,;N S is a maximal ideal of S. Applying the
above remark to the field extension (B/M,)|(S/m,), it follows that x is in-
vertible modulo m,®A. Thus we have

S®A=2(S®A)+m,RA.
Notice that the set 2 of ideals a of S such that
S®A=2(S®A)+a®A
is closed under the formation of finite products. But since
M=MQNO---NM,

is nilpotent, m=m,N --- Nm, is a nilpotent ideal of S and belongs to the
set 2 because it contains m,---m,. This implies that 0 ¢ 4, that is

SRA=2(SRA).
Similarly we have SQA =(S®A)x. This proves Lemma.

1.3a.3 Let A be an algebra and z: C—D a surjective map of cocom-
mutative coalgebras.
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COROLLARY. Let ¢ e Mod,(D,A). If oor is tnvertible in the algebra
Mod,(C, A), then ¢ is invertible in Mod,(D, A).

ProOF. Let {C,} be the set of all finite dimensional subcoalgebras of C.
Put

D,=zC),r,=|C,: C,—~D, and
o.,=c|D,: D,—A.

Since ¢,07, € Mod,(C,, A)~(C)*®A 1is invertible, it follows from Lemma
above that ¢, € Mod,(D,, A)~(D)*®A is invertible. But since {D,} forms
a directed set of subcoalgebras such that D= U D,, this means that ¢ is in-
vertible.

1.3a.4 Let H be a cocommutative bialgebra. Then W,(C, H) is a mul-
tiplicative submonoid of the algebra Mod,(C, H) for any C e W,. We claim
that if ¢ € W,(C, H) is invertible in Mod,(C, H) then ¢~' ¢ W,(C, H).

Indeed consider the commutative diagram:

c 2> H
Ag AH
R0 HRH.

Since 4y € Alg,(H, HQH) and 4, ¢ W,(C, CRC), it follows that
Adgoo ' =(dyo0) ' =(0®0)ody) ' =(0"'Ro ™o d,.

Similarly we have egoo'=c¢,.

Let & be the set of subcoalgebras C of H such that the inclusion
ig: C=——>H is invertible in the algebra Mod,(C, H) (or equivalently in the
monoid W,(C, H)).

LEMMA. () ke Z.

(ii) If C and D are in & then C+D and C-D are in & also.

(iii) For any cec W (E,H), where E ¢ W, o is invertible in the algebra
Mod,(E,H) iff ¢(E) e %.

Proor. (i) is clear and (iii) follows immediately from Corollary 1.3a.3.
(ii) Suppose that C,De 2. Then CND is a subcoalgebra of H and

@) M| CND=(@y) I CND
clearly. Hence there exists a unique linear map

7:C+D—H
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such that j|C=(i,)"* and j|D=(i,)"'. Since the map 7 is easily seen to be
the inverse of i, ,,, it follows that C+D e 2.
On the other hand the coalgebra map:

CR®D—H, cRd|—c-d
has the map:
CRD—H, c®d|—(ip)~(d)- (i)~ (c)
as its inverse. By (iii) this means that C-D ¢ 2.
1.3a.5 Let H and & be as above. Put
H=73%C.

Cex

Then it follows from Lemma above that H’ is a subbialgebra of H and the
largest element of #°. Since the image of the map

(iy) 't H—H

belongs to £, We have (i) "(H)CH’. Hence H’' has (i5.)"" as its antipode.
In view of the condition (iii) of Lemma above, we see that the subbialgebra
H’ satisfies the conditions (i) and (ii) of Proposition 1.3a.1. Let C e W, and
ce W,(C,H). Since then

0(C)C H'So is invertible in Mod,(C, H)
&oe UW(C, H)),

it follows that the Hopf algebra H’ represents the group-functor on w,:
C|-UW,(C, H)).

This proves Proposition 1.3a.1.

Now let H” be a sub-Hopf algebra of H, that is H” is a subbialgebra
of H and has an antipode. Since then the inclusion i, : H’=—>H is in-
vertible, it follows that H”C H’. In this sense the subbialgebra H’ may be
referred to as the largest sub-Hopf algebra of H. In particular H' the ir-
reducible component of H containing 1 is contained in H’ since it is a sub-
Hopf algebra of H. Thus we have H'=H"".

1.3b The Lie algebra of primitive elements of a hyperalgebra
1.3b.1 Let H be a hyperalgebra. The set

PH)={z e H|4(x)=2@1+ 1Rz}
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is a vector subspace of H and closed under the maps:
(9,h)| >lg, hl=gh—hg and g|—g®

where p is the characteristic exponent of k. Thus P(H) has a natural struc-
ture of (restricted) Lie algebra.
Let B, be the coalgebra on basis b,, b, with

A(bo):bo®bo, 5(bo):1;
A(bl):b0®bl+ b1®bm 5(b1)=0
(1.2.8). The map
0: W(B,, H)—-P(H), a|—0a(b,)

is clearly a bijection. By transporting the structure along the bijection
07, Wi(B,, H) becomes a (restricted) Lie algebra. In the following we shall
describe that structure.

1.3b.2 For an element 1 ¢ k, we define a coalgebra map
u,: B,—B,
by
u(by) =0, and u,(b,)=2b,.
Let k act on W,(B,, H) as follows:
EXW(B,, H)—»W(B,, H), (2,0) | —»oou,.

PROPOSITION. The above action makes the group W,(B,, H) into a vec-
tor space and then the bijection

0: Wi(By, H—s P(H)
becomes a morphism of vector spaces.
ProoF. Let 2e¢k and o,z¢ W, (B,, H). Then

(052)(b) =0(b)2(by) +3(by)z(b) =a(b) +(b) and
(0ou)(b) =0(2D,) = 20(D,).

This proves Proposition.
1.3b.3 Define a coalgebra map
Bg: HRH—H
by



Tangent Coalgebras and Hyperalgebras I 21

[8(95®y):Z xa,yu)S(x(z))S(y(z))
(cf. (1.10.5)).
LEMMA. Let C,DeW,. If we put

1 =1Re: CRD—C and
pry=e®1: CRD—D

then the following two maps coincide with each other:

w(C, H) X W(D, H)ZW,(CQD, H)
(0,7)| —Bo(c®z) and
| =(gopr)s(ropr,)s(gopr)  x(ropr,) ™

Proor. For any C e W, the composite:

W(C, Hy=w(C, HOI OB w.c, 1)

is eagily seen to be the map:
(0, 0) | —>oxpxa~lxp™

The assertion follows immediately, since the element e®z ¢ W, (CRD, HRYH)
corresponds to (gopr,, Topr,) € W ,(CRD, H)? canonically.

1.3b.4 We define a linear map
v: B®B,—B,
as follows:
v(0 QD) = by, v(0y®b,) =v(D,®b) =0, v(D,®b,) =b,.
The map v is a coalgebra map, since it is the linear dual of the algebra map:
EIXT/(X?)—E[X]/(XDRK[X]/(X?), X | - X®X.
PROPOSITION. There exists a unique map
o: Wi(By, H)X W(B,, Hy—»W(B,, H)
such that for any o,t € Wi(B,, H)
oo, tyov=_(copr)x(ropr,)x(gopr) tx(ropr,)~*
i the group W,(B,®B,, H), where the maps
o1y, Yy BIQB 3B,
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are the canonical projections. Then the bracket product
[o,z]=0al(o, 7)

makes Wy (B,, H) into a Lie algebra over k such that the bijection

0: W(B,, H—>P(H)
becomes a Lie algebra isomorphism.
Proor. We have only to show the commutativity of the diagram:
PH)xPH) —21s P@E)
Y0-1x 61
Wi(B,, H) X W(B,, H) o

E
w.(B&B, ;) B, H)

where § is the map: (¢, 7) | —80(0e®r).
Indeed let x,y ¢ P(H). Then we have

Be®y =zy—yr, pER=0=1KRKy) and pARK1)=1.
Hence if we put
c=0"(x), =0"'(y) and p=0"'(ry—yx)
then it follows that
Ble®7)=pov: B®B,—H.
This proves Proposition.

1.3b.5 Let n be an integer>>0 and C a coalgebra. Let S*C be the n-th
symetric power of C. Then the maps:

canonic

®" O (@' C)R(®C)- "8 51 CRS"C  and @' C— >k
are easily seen to factor through the canonical projection:
X" C—S*C.

This means that S”C is a quotient coalgebra of ®"C.
Consider the map:

Wi(C, H)—»W(®" C, H), 0| —(aopr)+(aopr,)x- - - x(gopr,)
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where pr;: @ C—C is the i-th projection, that is
Pri(@®- - Q) =e(@,): - - x;- - ().
Just as in Lemma 1.3b.3, one sees that
(gopr)s- - - x(gopr,) = pt,0(®" 0)
where p,: ®*H—H is the map:
TR Q| >y - L.

Take C=B, in particular. Then for any ¢e W,(B,, H) the image a(B,) is
contained in a commutative subalgebra of H, since o(b,)=1. This means
that the map

tno(®"0): @™ B,—H
factors through 8"B,. Thus we can well-define a map
S Wi(B, H) W, (S"B,, H), 0| —(copr,)s- - - x(copr,).
Now let p be the characteristic exponent of k. Let
g: B,—S?B,
be the composite:
B,—®? B, S 5op,

bo | —QP bo
b, | —-®?b,.

We claim that ¢ is a coalgebra map. Indeed we have

A(®? bl)zie%_jl)p (0,®- @b, )R(b,_,®- - -®b,_;,)
in ®” B,. Consider the natural action of the cyclic group of order p on the
set {0,1}?. Since each orbit has length 1 or p, it follows that the image
®? b, of ®? b, in S”B, is a primitive element. This means that ¢ is a coal-
gebra map.

Let P: W.(B,, H—W,(B,, H) be the composite:

—_——>

W(B,, H)—L2 5w ,(S*B,, H) W.(B,, H).

Then the diagram:
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P
Wi(B,, H)—> Wy(B,, H)
|6 L0
(—)r
PH — PH)
commutes. Indeed let o e W,(B,,H). Then the map
Sp(0): SPB,—H

is induced by the composite:

@ B2 S @v H—'7 .

Hence we have
P(0)(b) = f(0)(9(b) = 1, ((®? o) (@7 b)) =a(b)?.
Thus we have proven:
PROPOSITION. The map P: W(B,, H)—W(B,, H) makes the Lie algebra
W.(B,, H) into a restricted Lie algebra such that the canonical bijection
0: Wy(B,, H)——>P(H)
18 an isomorphism of restricted Lie algebras.

1.3b.6 Let R e M, with »: k—R the structure map. Leto,pe Wx(C, H)
and r € Wx(D, H), where C,D e W;. The map

0Q@r7: RICKD->RRVHRH
is a We-map from CQRD to HRH, since
(C®D)0CCO®D0 and (H®H)02H0®H0:k

Now Wx(C, H) is a group by (1.3.5). Itis easy to see that the multiplication
satisfies

oxp=W (11)o(a@p p)o W, (4).
In particular if we define maps
B: HQH—H
to: Q" H—H
pr: CQD—C
pr,: CRD—D
pry: Q" C—C
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just as in the previous paragraphs, it follows that
W,(B)o (6@ z )= (a0 W, (1)) *(co W, (p1ry) (@ W, (p7,)) (o W, (p1,)) !
in Wx(C®D, H) and
W, (112)o(Q% )= (ao W (pr))s- - - 5(ao W, (07,))

in Wr(®" C,H). For ¢ R, we define a Wr-map u,: B,—B, by

1,(1QD) =1®db, and %,(1Qdb)=21R0,.
Finally let

v: B®B,—B, and g¢:B,—S’B,
be the coalgebra maps defined in (1.3b.4 and 5).
ProPOSITION. (i) The action:
BXWg(By, H)—Wg(B,, H), 2, 0) | —oou,

makes the group Wg(B,, H) into an R-module.
@ii) There exists a unique map

a: Wr(B,, H) X W(B,, H—W (B, H)
such that
a(a, 7)o W, (v) = (o W (p1)* (o W, (1) x(co W (pr) x(zo W, (p1,)) !

m the group Wi(B,®B,, H) for any o, e Wx(B,, H). Then the bracket
product

[o, z]l=alo, )

turns the R-module Wx(B,, H) into a Lie algebra over R.
(iii) Let p be the characteristic exponent of k. The map:

We(By, H)—>W,(®? B, H)
a|—=(ao W, (pr))x- - - x(go W, (D7,))
mduces a¢ map
Jot Wx(By, H)>—-Wy(S?B,, H).
Let P: Wx(B,, H)y—W(B,, H) be the composite:

Wr(W(9),H)
s

Wo(By, H) L2 W o(S7B,, H) Wo(B,, H).
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Then the map P makes the R-Lie algebra Wi(B,, H) into a restrictive Lie
algebra over R.

(iv) The map: o—c(1Qb,), Wr(B,, H)—-RXH induces an isomorphism
of restricted Lie algebras over R:

W o(B,, H—> RQP(H).

PRrROOF. The set of primitive elements of the R-coalgebra R®H with
respect to 1®1 is equal to RQP(H) as is easily seen. Since for any
o€ Wx(B,, H) we have ¢(1Qb,) =11, it follows that the map:

W (B, H)—RQP(H), 0—>0(1Qb,)

is bijective. This implies Proposition by the same method just as in case
of R=Fk (where one should notice that R®S? B, is the p-th symmetric power
of the R-module RQB,).

1.4 The Krull dimension of coalgebras

1.4.1 PROPOSITION. LetC bea cocommutative coalgebra with coradical
filtration {C};s,- Suppose C, is finite dimensional. Then C, is finite di-
mensional for any n=0,C* is Noetherian and every ideal of C* is of the
form D+, where D is a uniquely determined subcoalgebra of C.

This is contained in [8,5.2.1,2.4.3 and 1.3.1]. We give here another:

Proor. Since C,=C,AC,_,, we have
4:C/C,CGC/CRC/C, ;.
But because 4(C,,pc >, C,&®C, [11, Corollary 9.1.7], we have

t+j=n+1
4: Cn+1/Cnc;Cl/Co®Cn/Cn—1'
Therefore C, is finite dimensional by induction. We have for :<j C,=

A7 Co=(CH D% in C; by 1.1.1 or [11, Proposition 9.0.0 b)]. Since C; is
finite dimensional this means that

Ker (C}—C¥)=Ker (Cf—C¥)i+1,

If we apply [3, I11, § 2, n°11, Proposition 14] and its two Corollaries to

Cc* =lim C,
it follows that C* is Noetherian and the topology on C*, which is the pro-
jective limit of discrete rings C}, is the same as the Cg-adic topology.
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More precisely we have
Clt=Ker (C}—C*)=Ker (CF—C*)"*'=(CH)"*?,

i.e. C* isthe Ct-adic completion of C*. Hence by [3, I11, § 3, n°4, Proposition
8 ()] C* is a Zariski ring. It follows from [3, III, § 3, n°3, Proposition 6 c)]
that every ideal I of C* is closed. The closure of I in C* is easily seen to
be I++. If we notice that It is a subcoalgebra of C [11, Proposition 1.4.8 b)]
the proof is complete.

1.4.2 Let CeW,. A subcoalgebra D of C is said to be a coprime sub-
coalgebra, if D=0 and for any subcoalgebras A and B of C, DCAARB
implies DC A or DCB.

LEMMA. D is a coprime subcoalgebra of C iff D+ is a prime ideal of
C*.

PrROOF. D=0 is equivalent to D+==C*. For any ideals I and J of C¥*,
I+ and J+ are subcoalgebras of C [11, Proposition 1.4.3b)], and IJC D+ is
equivalent to D (IJ)+t=I-AJ+ (1.1.1). Hence if D is coprime then D+ is
prime. Conversely if A and B are subcoalgebras of C, then AL and Bt are
ideals of C* [11, Proposition 1.4.3 a)]. Suppose D+ is prime. Then DCA
AB=(AL+BL)! implies AtB+C D+ and so A+C D+ or BLc DL, This means
DcCA or DCB. Hence D is coprime.

1.4.3 DEFINITION. Let CeW,. The Krull dimension of C, which we
denote by K dim C, is the supremum of the length n of chains

D0;D1; tt ;_Dn

of coprime subcoalgebras of C.

1.4.4 COROLLARY. If C, is finite dimensional then K dim C is equal to
the Krull dimension K dim C* of C*.*

1.4.5 REMARK. A subcoalgebra E of a cocommutative coalgebra C is
coprime iff E£* is an integral domain. Hence if D is a subcoalgebra of C it
is clear that

K dim D<K dim C.
If K dim C<oco and C* is an integral domain, the equality holds iff D=C.

1.4.6 Following [8,§2.2] a coalgebra C is said to be of finite type if
C, is finite dimensional.
Let C be a cocommutative coalgebra of finite type. By 1.4.1 every
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ideal of C* is of the form D+. D+ is cofinite in C* iff D is finite dimensional.
Hence we have

C=lim D —>lim (C*/ DH*=(C*)",

where D is taken over all finite dimensional subcoalgebras of C.
In this case, since we have

M (C*, C"*) =W (C’, (C*)")
for any C’ ¢ W, the canonical map
Wi (C', O)—=M(C*, C™), f|>'f

is a bijection. See [8] for detailed or generalized results on coalgebras of
finite type.

1.5 Some Hopf algebras

In this section we consider some representable group-functors on W,
o= or W and determine the representing Hopf algebras or hyperalgebras.

1.5.1 Let V be a vector space. Then there exists a pair (C(V),r,)
with C(V) e W, and =, € Mod, (C(V), V) such that for any C ¢ W, the map

W (C,C(V)—Mod,(C,V),q|—>ryoc

is bijective [11, Theorem 6.4.3]. Since such a pair (C(V),n,) is uniquely
determined up to isomorphisms, we say that C(V) is the cofree cocommutative
coalgebra on V and r, the canonical projection.

If V,WeMod, and f: V—-W a linear map, then there exists a unique
coalgebra map

C(f): C(MH—-CW)
such that 7, oC(f)= for, [11, Proposition 6.4.6]. Thus the correspondence
C . Mod]c->ka V | _>C(V)

becomes a covariant functor (which is the right adjoint of the forgetfull
functor: W,—Mod,).

The functor C: Mod,—W; clearly commutes with limits (because it has
the left adjoint). In particular we have canonically

CVAW)—>CONRCHV) and  C0)— sk
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for any V, W e Mod;. (Through the first isomorphism the canonical pro-
jection gy, : C(VOW)—V@W corresponds to the map

CONRXCW)—-VEW, 2®y | — (v (@)e(y), e(@)my (1))).

Now Sweedler makes C(V) a Hopf algebra as follows [11, Theorem 6.4.8] :
The linear maps

Veov-vV, (v, w) | —v+w,
0—-V
VoV,v|—>—v

induce coalgebra maps (respectively)

7 CNRC(V)=C(VBV)—-C(V)
p: k=C(0)—C(V)
S: C(V)—-C(V)

which make C(V) into a cocommutative and commutative Hopf algebra (with
antipode S).” We leave it to the reader as an exercise to prove:

PROPOSITION. Let V be a vector space.
(1) The cocommutative Hopf algebra C,V) represents the group-
functor on Wy

C|—Mod,(C,V).

More precisely the Hopf algebra structure (or group object structure in W)
(¢, 1, S) on C (V) is the unique structure which turns the canonical isomor-
phism

W.(C, C(V))—>Mod,(C, V), s| —myoa

mto a group isomorphism for any C e Wi,
(i) The bialgebra structure (u,n) on C, (V) is the unique one such that

mp(@y) =y (X)e(y) + (@) (y)

1.5.2 Let V be a vector space. The additive B-W hyperalgebra on 'V,
written B,(V), is C,(V)' the irreducible component of the Hopf algebra C,(V)
containing 1. The underlying coalgebra of B,(V) is called the B-W coalgebra
on V and denoted by B(V) (cf. [9, § 4.2] or [11, page 261, Definition]).

The restriction z,,|B,(V) of the canonical projection z, is also denoted
by 7. By (1.3.4) we have
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wi(C, B, (V))=Ker (W(C, C(V))—W(C,, C(V)))
:Ker (Modk(C, V)—>M0dk(co; V))
~Mod,(C/C,, V).

In other words, the canonical projection z, induces an isomorphism of
groups:

W(C, B.(V)——>Mod(C|Cy, V), 0| —zyoo
for any C e W,.
In particular if C e W?, then
cr—=»c/C,,

where C*=Ker (¢: C—k). Hence B,(V) as a group object in the category
W represents the following group-functor on W;e»:

C|—Mod,(C*, V).

In view of [11, Theorem 12.2.5], this means that our B-W coalgebra B(V)
coincides with the coalgebra B(V) defined by Sweedler.
Now the functor

B . Modk—>Wk, V l —>B(V)
is the right adjoint of the functor:
Wk—>M0dk, C i *">C/CO.

Hence the functor B(—) commutes with finite limits. In particular we have
canonically

B(VOW)——>B(V)QB(W) and B(0)—>k.

It is clear that the structure maps p,7 and S on B,(V) are the coalgebra
maps induced by the following linear maps respectively :

Vev-vV, (w, w) | —v+w
0—-V
V-V, V| ——0.

There is another characterization of the bialgebra structure (y,7) on
B,(V). The map »: k—B(V) is the unique coalgebra map. The map p:
B(V)®B(V)—B(V) is the unique coalgebra map such that
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7y (2 @Y)) =7 (X)e(y) + ()7 (y)

for any «,y ¢ B(V).

Sweedler defines a Hopf algebra structure on B(V) [11, page 261, Def-
inition]. B(V) being given that structure, it is easy to show that “our”
structure map

©: B(V)®B(V)—B(V)

becomes a map of Hopf algebras, since it is induced by a linear map:
VOV—-V (cf. [11, Lemma 12.3.1 d)]. This means that the bialgebra B(V)
defined by Sweedler coincides with our B,(V).

1.5.3 Let B be the coalgebra on basis by, b, b,, - - - with «(b,)=4, , and
Ab,)=2b,8b,_;. Then BeW,. Since {kb,},-, defines a strict graduation
on B [11, page 232], the coradical filtration of B is given by

B,=kby+ ---+kb,
[11, Lemma 11.2.1]. Let
n: B—k

be the linear map: b,|—d, ,.

LEMMA. Let ReM, and Ce Wy. Then the map

Wx(C, B)>Modx(RQ(C/Cy), R), 0| —(1zQ8r)°a

18 bijective.

ProoF. Note that an element ¢ of Wx(C, B) is an R-coalgebra map:
R®C—R®B such that ¢(RRC)CRR®B,. Since 1Rz is zero on RRB,, the
composite (1,®r)oq is zero on RQYC,. Hence the above map is well-defined.

We have only to construct the inverse map.
Recall that Mod,(C, R) is an algebra with multiplication

Jxg=po(f®g)o4

and the unit yoe. Let V,WCC be subspaces and f,ge Mod,(C,R). If
f1V=0and g|W=0, then we have

fxg|VAW=0

clearly from the definition of the wedge product.
Now we can naturally identify

Mod (R(C/Cy), R)=~Mod,(C|C,, R).
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Let feMod,(C/C,,R). That is f is an element of Mod,(C, R) such that
f1Cy=0. Then since C,_,= A" C,, we have

fn[Cn——1:0

for n>0, where f™ is the n-fold power of f in the algebra Mod,(C, R) and
{C,} is the coradical filtration of C. Since C=| C,, we can well-define

a(f): C—EQ®B, c|—2 7., [(0)b,.
Let o(f) : RQB be the R-linear extension of ¢(f). Then it is easy to show
that ¢(f) is a unique R-coalgebra map: RRC—R®B such that
d(HRIC)CRIB, and (1,@x)ea())=1,
where f : R®Q(C/C,)—R is the R-linear extension of f. This proves Lemma.
1.5.4 Theabove Lemma means that the pair (B, =) is “a” B-W coalgebra

on k. Hence there exists a unique coalgebra isomorphism 6: B(k)—:>B
such that zof=r;, or equivalently there exists a “unique” basis {b,, b,, b,, - - -}
for B(k) such that

A(bn):Z bi®bn~—i
E(bn)zao,n and w,(b,)=0,,,.

Such a basis {b,} is called the canonical basis for B(k).
Let ReM,,CeWgand VeMod, Consider the map

wg,y: Wg(C, BV))—Modr(RX(C/Cy), RQV)
0| —>1zRry)o0.

This is easily seen to be a well-defined homomorphism of groups, where the
left hand side is a group by (1.3.5). The Lemma above means that w,,; is
an isomorphism. Notice that C being fixed the functors:

VI-=Wg(C,B,(V)) and V|->Modz(RRC/Cy, RRV)

commute with finite products. Hence if V is finite dimensional, then since
it is a product of finite copies of k, the map w,,; is an isomorphism. Suppose
now that C is finite dimensional. Let {V,} be the set of all finite dimensional
stubspaces of V. Since we have

B.V)=lim B(V,)

by [11, Lemma 12.3.1], it follows that
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We(C,B,(V))~ 1£r>1 We(C,B,(V,)) and
Modz(R&®(C/C,), R®V):ﬁ 131)1 Mod,(R®(C/Cy, RQV,).
8
Since each map wg,y, is an isomorphism, wg,, is isomorphic whenever C is

finite dimensional. In general let {C,} be the set of all finite dimensional
subcoalgebras of C. Since

C=limC, and C/C,=lim C,/(C.),,

it follows that

Wr(C, B(V))=1lim Wx(C,,B.(V)) and
Modr(E®(C/Cy), RRV)~1im Modx(EX(C,/(C.)), RRV).

Since each map ., , is an isomorphism, the map o,,, is always an isomor-
phism. Thus we have proven:

PROPOSITION. Let V be a vector space. Then the map:

Wx(C, B,(V))—Modx(RQ(C/Cy), RRV)
a| ——>(1R®7cy)oo‘

18 an isomorphism of groups for any R e M, and C e W .

1.5.5 Let A be an associative (not necessarily commutative) k-algebra.
Put

ty=n,+7noe: B(A)—A,
where 5: k—A is the structure map. It follows immediately from (1.5.2)
that 7/, induces a bijection:
ch(C) B(A))‘“—"): {f S MOdk(C, A) l f‘C():)?oe}
0| —>nloa

for any C e W,. Now the vector space Mod,(C, A) has a natural structure
of k-algebra and the subset

T,(C)={f e Mod,(C, A) | J| Cy=nc¢}

is clearly a multiplicative submonoid of Mod,(C, A). The above fact means
that the coalgebra B(A4) represents the monoid-functor on W,
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TA : C“—)TA(C) .
Therefore there exists a unique hyperalgebra structure (¢/, ") on B(4) such
that the bijection
W(C, B(A)—>T 4(C), ¢| —>rhoa

turns into a monoid isomorphism. In particular it follows that T ,(C) is a
multiplicative subgroup of Mod,(C, A).

PROPOSITION. (¢, 7) is the unique bialgebra structure on B(A) which
makes the map

7. B(4A)—A
wmto an algebra map.

DEFINITION. The hyperalgebra (B(A), 1/, 7’) is called the multiplicative
B-W hyperalgebra on A and denoted by B, (A).

PrOOF. In the group W,.(B(A)QB(A), B,.(A)) we have

#,:(lB(A)®€B(A))*(€B(A)®1B(A))'
Apply the group isomorphism :
W(B(A)®B(A), B,(4)—>T (B(A)RB(A))
G| —>700.

Then we have

71':40,1/ = (71';@53(11))*(51;@)@77:4) =40 (ﬂg@ﬂ;)-

This means that z/: B(A)®B(A)—B(4) is a unique coalgebra map such that
oy = 0@ @x’). Similarly we have

wyon =n4
and such a coalgebra map 7’ is unique. This proves Proposition.

1.5.6 PROPOSITION. Let A be an associative k-algebra. Then for any
Re M, and C e Wy, the composite

W (C, B(A)—Modn(RRC, ROA) = Mod,(C, RRA)
0| —>(1xQr))o0

wmduces an isomorphism of groups:
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W 2(C, Bo(A)——>T 20y ().

ProOF. This is a corollary to Propositions 1.5.4 and 1.5.5. Details
are left to the reader as an exercise.

1.5.7 PROPOSITION. Let A be an algebra and H a hyperalgebra.
Then the canonical projection /;: B,(A)—A induces a bijection:

Hopfi(H, B,(A)——> Alg,(H, A), 0| —sc0.
ProOF. Let fe W,.(H,B(4)). We show that
f e Alg(H,B..(A) &) f € Alg,(H, A).

Suppose that 7/ f is an algebra map. Since then we have

o fopg=pso(@o fQulo f)=rlop/o(fQFf) and

wio S onu=ns=n4oy,
where (¢/,7/) is the algebra structure on B,,(4), it follows that

Soug=p/(f&®f) and [fopg=y

and so f is an algebra map. Now if g e Alg.(H, A), then g|H,=xoe because
H is connected. Hence we have Alg,(H,A)CT (H). This proves Proposi-
tion.

1.5.8 Let {b,} be the canonical basis for B(k)=B (1.5.4).

EXAMPLE. The multiplication x (resp. i) on B,(k) (resp. B, (k) is de-
termined by

y(bi®bj>=(’jf)bi+j

<resp. by

1
(0,®b) =" axc - br>'
#(0i®b3) = 2 i =D =D G+i—1)]

Proor. Put {=r,op and {'=r,0p/. Since
mpop=r;Qe+e®m;, and wpopy =po(xQxl),
it follows that

C(bi®bj) = 5(0,1),(1‘,]’) + 5(1,0>,<z‘,j> and
C/(bi®bj) = 5(0,1),(i,j) + 5(1,0),(—;,j> + 5(1,1),(7:,]')
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where § is the Kronecker symbol. As is seen in Proof of Lemma 1.5.3, we
have

p@)=2,0(@b, and @)= (x)b,,

for any x € BB, where ¢ is the r-fold power of { in the algebra Mod,(B
®B, k). Hence we have

pO®b)=>2; 2> L0b,®b;)---L(b;,RD;)0,

T Aytecetip=t
Jiteestjr=j

and the analogous formula for / and {’. Now a simple calculation shows
that

ST Lb,®b,)- - -c<bz-,®bh>=(“j )5 and

Tyt tip=i
Jiteeetjr=j

2. C0,®0b;)- L', R0;,)

G1teeetip=1
Jiteeetfr=7

7! . .. ..
- S if Max (7, )=r<i+7J
=D r=D!E+j—1!
0 otherwise.

From this follows the assertion.

1.5.9 Let Ve Mod, and Ce W,. Then C* is a commutative k-algebra
and C*QV has a natural structure of C*-module. Let

Pe,v: Endes (C*QV)=—>Mod,(C, End, (V))

be the injection induced by the canonical injection: C*®@V=—>Mod(C, V)
as follows:

End. (C*®V)~Mod(V, C*®V)=—>Mod(V, Mod,(C, V)
~Mod(C, End,(V)).

The map p.,» is easily seen to be a k-algebra map. If C or V ig finite
dimensional, then p. , is an isomorphism.

We denote by E*V the n-fold exterior power of V. Then C*QE"V can
be naturally identified with the n-fold exterior power of the C*-module
C*®V. For an element ¢ c End,. (C*®V), we denote by Erg: C*QE"V
—C*QE"V the C*-linear map induced by g, that is

E*g(AQ N\ - - - Ao ) =g(1Qu)A - - - Ag(1®w,,)

for v, ---,v,eV.
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Let /e Mod,(C, End,(V)). We define a linear map f,: C—End, (E*V)
by

TN - Av)=27 flea)WIN -+ NS (Cw)@,)

where ce C and v,, - --,v, € V. This is well-defined because C is cocommu-
tative. The reader may easily verify the following:

LEMMA. (i) The map
Mod,(C, End; (V))—Mod (C, End, (E*V)), f|—f,

18 o multiplicative monoid map.
(ii) The following diagram commutes:

Endg. (C*®V) m End,. (C*QE"V)

Po,v Po,E™V

(iii) If H is a cocommutative Hopf algebra and f e Alg,(H, End, (V))
then f, € Alg,(H, End, (E*V)).

1.5.10 Let V be a finite dimensional vector space. If we put d=
dim, V then

End, (E‘V)=k.

For an element f of Mod,(C, End, (V)), where C e W,, the element f, of
Mod,(C, k)=C* is called the Larson’s character of f [11, page 151]. We
put

Larsong,y: Mod,(C, End; (V))—Mod,(C, k), f'|— fq-

This map is functorial with respect to C ¢ W, and induces a group homo-
morphism :

TEndk(V)(C)—’ Tk(C) .

If H is a cocommutative Hopf algebra then the map Larsony , induces a
map:

Alg,(H,End,, (V))—Alg,(H, k).

Recall that 7/, : B,.(End, (V))—End, (V) is an algebra map (1.5.5), where
we put A=End; (V). Hence the map

(@)q: Bu(End, (V)—Fk
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is also an algebra map. Let
Dy : B, (End,, (V)—B..(k)

be the unique hyperalgebra map such that z,oD,=(z/),; (1.5.7). The follow-
ing is an easy consequence of Lemma 1.5.9:

PROPOSITION. LetV be a d-dimensional vector space with d<co. Then
for any C e W the following diagram commutes:

-1
Wi(Cy By BEndy (V)= Tooer, (€ 2> Endg. (C*QV)
wWi(C,Dy) Larsong,v J(determinant

-1

W(C, Bo(k)) ~ T (C) Box, C*

If H is a hyperalgebra we have a commutative diagram

Hopf.(H, B,, (End;, (V))) =~ Alg,(H, End;, (V))
Hopf(H,Dy) Larsonz,y
Hopf(H, B,,(k)) ~  Alg,(H,k)

1.5.11 Let A and B be algebras and Ce W,. A linear map
f:C—Mody(A,B)
is said to measure A to B [11, page 138] if it satisfies
J©(aa)=2] [fcp)@]f(ce)@] and fo)(D)=e(0)],
for any a,c e A and ce C. This is equivalent to saying that the map:
A—Mod(C,B),a|—f(D(a)

is an algebra map, where f(?)(a): ¢|—f(c)(a) [11, Proposition 7.0.1].
Let’s denote by Meas (C, 4, B) the set of elements of Mod,(C, Mod,(A, B))
which measure A to B. The set-functor on W,

C|—Meas (C, A, B)

is seen to be representable [11, Theorem 7.0.4]. We denote by M, (4, B)
the representing object in W,.

Now Meas (C,A,A) is a multiplicative submonoid of the algebra
Mod,(C,End, (4)), that is if f, g € Meas (C, A, A) then fxg ¢ Meas (C, A, A)
and the unit 5oe belongs to Meas (C, 4, A). Since the coalgebra M, (4, A)
represents the monoid-functor on W, :

C|—Meas (C,A,A),
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it follows that there exists a unique bialgebra structure (x,7) on M, (4, 4)
which makes the canonical isomorphism: W,(C, M, (A4, A))~Meas (C, 4, A)
into a monoid isomorphism for any C € W,. This is also a unique bialgebra
structure on M, (4, A) which turns the universal measuring

6: M,(A, A)—-End, (4)

into an algebra map (cf. [11, § 7.0]).
Let Ce W{. The algebra isomorphism

D4t Endg. (C*®A)——>Mod,(C, End, (A))

induces an isomorphism of multiplicative submonoids :

Alg (C*RA, C*®@A)——>Meas (C, 4, A),
which is the composite of the natural isomorphisms

Algo(C*RA, C*QA)~ Alg,(A, C*RA)
~ Alg,(A, Mod,(C, A))~Meas (C, A, A).

Thus the bialgebra M, (A4, A) represents in the sense of (1.8.2) the monoid-
functor on Wi.

C|—Alg «(C*RA, C*QA).

1.6 Birkhoff-Witt coalgebras

In this paragraph we give two characterizations of Birkhoff-Witt co-
algebras B(V).

1.6.1 For Ce W we denoted by P(C) the set of primitive elements of
C with respect to the unique group-like element g, i.e.

P(O)={x e C|4(®)=9,Qx+ X9}

Let B=B(k) and {b,} be the canonical basis of B (1.5.4). For any
vector space V we have

PBV)=w,B,, B(V))=Mod,(B,/B,, V)=V.

This means that = : P(B(V))—:—>V, where 7 is the canonical map (1.5.2).

PROPOSITION. (i) Let V be a finite dimensional vector space. Then
B(V) is of finite type and K dim B (V)=dim, V.
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(i) LetC bea connected cocommutative coalgebra of finite type. Then
K dim C<dim; P(C). The equality holds iff C~B(V) for some vector space
V.

Proor. (i) Since P(B(V))~V is finite dimensional, B(V) is of finite
type. By [11, page 278, Example-Exercise],

B(V)*:k[[le Tty Xd]];
where d=dim, V. Hence by 1.4.4,
K dim B(V)=K dim B(V)*=d.

(i) Let u: C—P(C) be a linear map such that u|C,=0 and u|P(C)=
identity. Let %: C—B(P(C)) be the coalgebra map such that zoit=u. Since
| P(C) is injective, u is injective by [11, Lemma 11.0.1]. Hence by 1.4.5,
we have

K dim C<K dim B(P(C))=dim, P(C),
and the equality holds iff u is bijective

1.6.2 LEMMA. Letk be an infinite field. For any integer n, there
exists a set { f,}.co Of algebra maps from Ek[[X,, --.,X,]1l, the power series
ring in n variables, to k[[X]] such that

Meeo Ker (f,)=0.
PrOOF. Put &=Fk*. For a=(ay, - -,a,) c?, let
Jo KX, - -+, X 1= EIIX]T]

be the algebra map determined by f.(X)=a;X. Let ¢ be an element in
M. Ker (f,) with 4, the r-th homogeneous part. Then we have

S D=2 ¢y, - -+, )X =0,
for any e e @. Since k is infinite this means ¢=0.

1.6.3 LEMMA. LetV be a vector space over an infinite field k. Then
B(V)=>] o(B), where w is taken over all elements of W,(B, B(V)).

Proor. Since B(V)= h_n)l B(U) by [11, Lemma 12.3.1], we may sup-

VouU f.d.
pose that V is finite, say n-, dimensional. Then we have
B(Wy*=~EkllX,,---, X, ]l and B*=~E[[X]].

By Lemma above there exists a set {f,}.co of algebra maps from B(V)* to
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B* such that
mae(ﬁ Ker (fa):O'

It follows from 1.4.6, that f,='‘w, for some coalgebra map o, from B to
B(V), for any a € ®. Hence we have

(e @B =, Ker (f.)=0.
This means
B(V)=2_, 0.(B).
1.6.4 Let CeW,. A sequence of elements of C
{doydyy - -, )}
is called an n-sequence of divided powers in C if
Add)=21,d,®d;_; and e&(d;)=3é,;,

for j<n. The set of n-sequences of divided powers in C is identified with
W(B,, C).

PROPOSITION. Let k be an infinite field. A cocommutative connected
coalgebra C isisomorphic to B(V) for some vector space V iff any n-sequence
of divided powers in C can be extended to an (n-+1)-sequence of divided
powers in C, for any n<oo.

Proor. The latter condition is equivalent to the fact that the canonical
map

Wi(B,, C)—Wi(B,,:, C)
is surjective for any n. If C=B(V), then this map is identified with
MOdk(Bn/Bor V)HMOdk(Bn+1/BO$ V),

which is clearly surjective. Assume that C satisfies the latter condition in
Proposition. As is shown in Proof of Proposition 1.6.1, there exists an
injective coalgebra mav u: C—B(V) such that

u: P(C)—>PB(V)—>V.
We identify C with Im (u), a subcoalgebra of B(V). TFirst we show that
W.(B,, C)=W.B,, B(V)), for n=0.
Indeed this is valid when n=1, for W,(B,, C) is identified with P(C). Assume



42 MITSUHIRO TAKEUCHI

that W.(B,_,, O)=W(B,_,, B(V)), where n>1. Let ¢ e W,(B,,B(V)). Since
#(B,_)CC, there exists an element + € W,(B,, C) such that

$|By=1 By,

by hypothesis. Then it is clear that ¢(b,)—(b,) € P(B(V))=P(C). Hence
¢(b,) e C. This shows ¢ € Wi(B,,C). Thus we have

Wi(B,, C)=Wy(B,, B(V)),

by induction. Since B:l_i_ry B,, we have

n

W(B, C)=W(B,B(V)).
This implies in view of Lemma 1.6.3 that C=B(V).

1.7 Flatness

Let ¢: A—B be a map of finitely generated commutative k-algebras.
The main purpose of this paragraph is to prove that B is a flat (resp. faith-
fully flat) A-module iff B’ is an injective A’-comodule (resp. an injective
cogenerator in the category of A’-comodules).

1.7.1 Let A (resp. C) be a k-algebra (resp. a k-coalgebra). By an A-
module (resp. by a C-comodule) we mean a left A-module (resp. a right C-
comodule). The category of A-modules (resp. of C-comodules) will be de-
noted by Mod ,(resp. by Comod,).

An A-module is said to be locally finite if it is a union of finite dimen-
sional submodules. The category of locally finite A-modules is denoted by
Mod¥. Any A-module M contains the largest locally finite submodule de-
noted by MY, i.e.,

M¥={m e M|Am is finite dimensional}.
For any locally finite A-module N we have
Modf(N, M*)=Mod ,(N, M).

Let V be a C-comodule. The comodule structure map on V will be de-
noted by

ov: VoVRC, v -3 v@vg,
or simply by p. It follows from [11, Corollary 2.1.4] that the operation

X-v=2 (X, 20V
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where X e C* and v ¢ V, makes V into a locally finite C*-module.
In particular by pull back along the canonical map: A—(A%*, every
A’-comodule becomes a locally finite A-module.

LEMMA. The functor
a: V|-V, Comod ,,—Mod}
1s an isomorphism of categories.

ProOF. We shall construct a functor
B: Modi—Comod 4

such that «p and fa are identities. Let M be a locally finite A-module. Let
o M—Mod,(A, M) be the map defined by

o(m)(a) =am.
Let MRA'=—>Mod, (A, M) be the composite of natural maps
MRSQA' C MRA*=—>Mod, (A, M).

We show that o(M)CM®A®. Since M is a union of finite dimensional sub-
modules we may assume that M is finite dimensional. Then the annihilator
I=Ann, (M) of M is a cofinite ideal in A and we have

o(M)CTMod (A]I, M)CMod,.(A, M).
Since Mod(A/I, M)~MQA/D*CMRA®, we have
o(M)CMRPA".

It is easy to see that p defines an A’-comodule structure on M and that the
correspondence M| —(M, p) induces a functor

B: Mod—Comod ,,,
which is the inverse of «.

In the following we shall identify the category Comod ,, with the cate-
gory Mod}f via the isomorphism «.

1.7.2 Throughout the rest of this paragraph A will denote a commu-
tative k-algebra.

For any A-module M, M*=Mod. (M, k) has an A-module structure de-
fined by

<aX,my=<{X,am)
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forace A, XeM* and me M. M* equipped with this A-module structure
is called the transpose module of M [11, page 98].
Let M and N € Mod,. Then the natural isomorphism

Mod, (M, N*)~Mod,(N, M*)
induces clearly a natural isomorphism (of A-modules)
Mod (M, N*)~Mod ,(N, M*).

LEMMA. For any M c Mod,, the largest locally finite submodule (M*)'
of M* coincides with

M'={X e M*|{X, N»=0 for some cofinite submodule N of M}.

ProoF. Let P be a finite dimensional submodule of M*. Then the
canonical map M—P* is A-linear. Its kernel N is therefore a cofinite sub-
module of M and satisfies (N,P>=0. This implies (M*)*CM°’. The op-
posite inclusion M°C (M*)* is clear.

REMARK. In particular A° (defined in [11, page 109]) is equal to (A*)™*.

1.7.3 For an A-module M, M° can be considered as an A’-comodule
by 1.7.1. If V is an A°%comodule, then since M°=(M*)¥, we have a
natural isomorphism (of A’-modules)

Comod 4 (V,M)=Mod ,(V,M*)~Mod (M, V*).
In this sense the functors
Mod ;—Comod 40, M| -»M° and Comod —Mod,, V|—V*

are adjoint to one another (cf. [11, Theorem 6.0.5]).
In particular the functor M|—M" is left exact, i.e. if

M—-M—-M"—0
is exact in Mod ,, then

M —M'«—M"—0
is exact in Comod 4.

1.7.4 We denote by ModZ the category of finitely generated A-modules.
LEMMA. If Aisa commutative Noetherian k-algebra then the functor
M|—M°

18 exact on Mod .
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Proor. It is enough to show the right exactness. In other words for
any M € Mod® and any submodule N of M we have only to show the sur-
jectivity of the canonical map M°—N°. Let {N,} be the set of all cofinite
submodules of N. Then we have

N°:1_iIT>n (N/Ny)* and M“:li_.)m (M/Ny).
1 K3
Since the surjectivity of the canonical maps
(M/N)'—(N/N*

implies the desired surjectivity we can suppose that N is finite dimensional.
Put I=Ann,(N) the annihilator of N. Then I”M is a cofinite submodule
of M for any integer n. By Krull’s theorem we have

N I"M={meM|(1l—y)m=0 for some y e I}.

This means in particular NN (M, [*M)=0. Since N is finite dimensional
NNI"M=0 for some n, or equivalently N=——>M/(I*M). This implies the
surjectivity of the composite

M/I*M))*=——>M—-N*°
and completes Proof.

1.7.5 LEMMA. For any finitely generated A-module M, we have a
natural isomorphism of A-modules

Mod (M, A%~ M°.
In particular if A is Noetherian, A® is an injective A-module.

Proor. First we show that Med ,(M, A°) is locally finite. Indeed if f
is an element in Mod (M, A°) then f(M) is a finite dimensional submodule,
since A° is locally finite and M is finitely generated. Hence f(M) is anni-
hilated by some cofinite ideal I of A. Since I annihilates f, Af is finite
dimensional. Thus Mod (M, A®) is locally finite.

Let N be an A’-comodule. Then we have natural isomorphisms

Comod (N, Mod ,(M, AY))~Mod ,(M, Comod (N, A%)
~Mod M, N%*)
~Comod ., (N, M°),

in view of

Comod (N, AY)~Mod (A, N*)=N*,
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This shows the existence of a natural isomorphism of A-modules
Mod (M, A~ M".
Next we suppose that A is Noetherian. Then by 1.7.4 the functor
M|—M'=Mod (M, A
is exact on Mod®t. In particular for any ideal I of A the canonical map
Mod (A, AY)—Mod (I, A
is surjective. This means that A° is an injective A-module.

1.7.6 LEMMA. Let A be Noetherian. Then A° is an injective coge-
nerator in Mod , iff every maximal ideal of A is cofinite.

Proor. “If” part. Let M be a non-zero finitely generated A-module.
Take a maximal ideal m of A containing the annihilator Ann,(M). By
Krull’s theorem we have M=mM. Since mM is cofinite in M, this means
M°+0. Hence the functor Mod (—, A’ is faithful on Mod®. Since A°
is injective this means that Mod ,(— A°) is faithful on Mod,. Therefore A°
is an injective cogenerator in Mod ,.

“Only if” part. Let m be a maximal ideal of A. Since (A4/m)’~
Mod (A /m,A%)+0, A has a proper cofinite ideal containing m. Hence m
is cofinite.

REMARK. If A is a finitely generated k-algebra, then it is well-known
that the maximal ideals of A are cofinite. Hence A° is then an injective
cogenerator in Mod ,.

1.7.7 LEMMA. Suppose that A is Noetherian. Then an A’-comodule
V is injective in Comod 4, iff it is tnjective in Mod 4.

Proor. Enough to prove the “only if” part. Suppose that V is anin-
jective object in Comed . Let M be a finitely generated A-module and N
be a submodule of M. The surjectivity of the canonical map M°—N° means
that for any cofinite submodule P of N, there exists a cofinite submodule @
of M such that

QNN=P.
Let f be an element in Mod (N, V). Since f(N) is finite dimensional, the
kernel P of f is cofinite in N. Take a cofinite submodule @ of M such that

QNN=P. Since feMod(N/P,V) and V is injective in Comod 4, f can be
extended to an element of Mod (M /Q,V). Hence the canonical map

MOdA(M, V)ﬁMOdA(N’ V)
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is surjective. In particular if I is an ideal of A the canonical map
Mod (A, V)—Mod ,I,V)

is surjective. Therefore V is injective in Mod ,.

REMARK. Let C be a coalgebra and V a vector space. The C-comodule
V&®C, whose structure map is 1,®4,, is an injective object in Comod,, since
we have a natural isomorphism

Comod ,(W,VRC)~Mod, (W,V)
for any W e Comod,. IfV is a C-comodule, the structure map
or: V=VRC

is a C-comodule map. Hence V is injective in Comod, iff p, splits in
Comod,;.

Let A be Noetherian. Then A°is an injective A-module (1.7.5). Since
any direct sum of injective modules is also injective [5, page 17, Exercise
8], VRA® is injective for any vector space V. This observation gives
another proof of the above Lemma.

1.7.8 Let ¢: A—B be a map of commutative Noetherian k-algebras.
We suppose that every maximal ideal of B is cofinite. Any B°-comodule is
viewed also as an A’-comodule via the coalgebra map ¢': B°—A°. In par-
ticular B° has a structure of A°’-comodule.

PROPOSITION. For any finitely generated B-module M, M is a flat
(resp. faithfully flat) A-modulo iff M° is an injective object (resp. an injec-
tive cogenerator) in Comod ., where M’ is the largest locally finite B-sub-
module of M*.

Proor. M is A-flat (resp. faithfully A-flat) iff the functor
M@A(—) . MOdAﬂMOdB

is exact (resp. faithfully exact). Since B° is an injective cogenerator in
Mod, this is equivalent to saying that the functor

MOdB(M®A(“‘)’ BO)
~Mod ,(—, Mod (M, B")
~Mod ,(—, M

is exact (resp. faithfully exact), or equivalently that M’ is an injective object
(resp. an injective cogenerator) in Mod,. It follows from 1.7.7 that this
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is equivalent to saying that M° is an injective object (resp. an injective
cogenerator) in Comod 4.

1.7.9 COROLLALY. 'B is a flat (resp. farthfully flat) A-module iff B is
an injective object (resp. an injective cogenerator) in Comod . If B is q
faithfully flat A-module, then the induced map

@' B*—A°
18 surjective.

Proor. It is enough to show the later part. Suppose that B is faith-
fully flat over A. Since ¢ is injective, we regard A as a subalgebra of B.
Let I be a cofinite ideal of A. Then there exists an ideal J of B such that
JNA=I [2, I, § 3, n°5, Proposition 9]. We claim that B/J is proper, that
is the canonical map

B|J—(B/J)*

is injective [11, §6.1]. But it follows from Lemma 1.7.6 that (B/J)’ is a
faithful B/J-module, since B/J is Noetherian and its every maximal ideal
is cofinite by assumption. Hence B/J is proper. Therefore J is the inter-
section of the cofinite ideals of B containing J. Since A/I is a finite di-
mensional subalgebra of B/J, there exists a cofinite ideal J’ of B containing
J such that J/NA=I. This proves the assertion.

1.8 Theorem of smoothness

1.8.1 THEOREM. Let f:C—D be a map of connected cocommutative
coalgebras. Let E=Xer,(f) (1.2.8) be the largest subcoalgebra of C con-
tained in f~Ykgp), where g, is the unique group-like element tn D. Then
the following conditions are equivalent.

(i) Cisaninjective D-comodule and E ~B(U) for some vector space U.

(iii) For any connected commutative coalgebra F, any subcoalgebra
F’ of F and any cocommutative diagram

c-L5D

P

FrcF,

where ¢ and » are coalgebra maps, there exists a coalgebra map y: C—F
such that

for=1w and y|F'=4.

(v) There exist a vector space U and an isomorphism of coalgebras
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0: C—=>DRB(U)
such that (1Qe)o0=f.

DEFINITION. A map f: C—D in W is said to be smooth if it satisfies
one of the equivalent conditions (i), (iil) and (v) above.

One sees latter that the conditions (i), (iii) and (v) are obtained respec-
tively by translating the conditions (i), (iii) and (v) of Theorem of smoothness
[7, I, §4, 4.2] into the coalgebra language (cf. Introduction). Thus the
above theorem is, in a sense, a coalgebra-theoretical version of Theorem of
smoothness. The condition (ii), which is concerned with the concept of
being étale, will be treated later. The condition (iv) there seems difficult to be
translated into the coalgebra language.®

PRrROOF. (v)=>(iii). Suppose that we are given a commutative diagram

DB 55D

s] E

F’ - F,
where F'e W™ and ¢ and + are coalgebra maps. Recall that

B)<E peBn %D

is a direct product diagram in W (1.2.2). Since
o(F, B(U))=Mod,(F*, U)

naturally (1.5.2), there exists a coalgebra map

&: F-B(U)
such that &|F'=(c®1)o¢. Let

x: F—-DQB(U)
be the unique coalgebra map determined by
(1®e)oy=1v and (eRL)oy=¢.

Then we have y|F'=¢. Hence the condition (iii) is valid.
(v)=>(i). The diagram

peB@) %5 D

U 4o, U
kg,@BO-E5 kg,
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which is of the form

projection
S

XXZ X
axXly ) TO{
YXZprogectlonY

is clearly a pullback diagram in the category W*. Hence by definition we
have

E~kg,®B(U)=B(D).

Since we know that DQB(U) is an injective D-comodule (1.7.7 Remark), the
condition (i) is satisfied.

Let U=P(E) be the set of primitive elements in £. Let u: C—U be a
linear map such that

u|Cy=0 and wu|U=identity.

It follows from (1.5.2) that there exists a coalgebra map @ : C—B(U) such
that zoti=u. Since D®B(U) is the direct product of D with B(U) there
exists a coalgebra map 6: C—DXB(U) such that

(I®e)ob=f and (Rl)ol=ii.

By Lemma 1.8.2 below, 6 is injective.
(ii)=(v). Enough to show that 4 is bijective. If we apply the condi-
tion (iii) to the diagram
c-L5>p
identity 1®e
c=">DRB),

we get a coalgebra map y: DQB(U)—C such that
Sfox=1®e and yof=identity.

Since foy=1®e¢ has a section in the category W;", f has also a section. In
particular the map

P(H): P(CO)—PWD)
is surjective. Hence by Lemma 1.8.2 the map
P©®: P(C)-PDRB))

is bijective. This means that the map
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P(p: P(D®B(U)—P(C)

is also bijective. Hence y is injective by [11, Lemma 11.0.1]. Therefore
g: C—:—>D®B(U) is an isomorphism.
(i)=(v). Since the diagram
DRBW) “%5 D
U 1@e Y
kg, @B(U)—>kg,

is a pullback diagram in W, we have a pullback diagram

o= DB
U U
E=—kg,®BD).

Since E is a Birkhoff-Witt coalgebra, it follows from Lemma 1.8.2 below
that the composite

EccBm)

is an isomorphism. This means that

E—">kg,QB().

Now the map 6 is also a D-comodule map. Since C is an injective D-co-
module we have

DRBU)=6(C)DV
for some D-subcomodule V. Since kg,®B(U)C6(C), we have
VN (kgp,@B(U))=0.

This implies V=0 in view of Lemma 1.8.83 below. Therefore 4 is an iso-
morphism. This proves (v).

1.8.2 Let f: C—D be a map in W and E the largest subcoalgebra of
C contained in f~'(kgp). Put U=P(¥). Let u: C—U be a linear map such
that

#|Cy=0 and u|U=1.

Let 4 : C—B(U) be the unique coalgebra map which satisfles roti=u. Let
0: C—D®B(U) be the unique coalgebra map such that

(AIRe)ob=f and (R1)oh=1i.
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LEMMA. The map P@): P(C)—-PDRKB(U)) is injective. Hence 6 is
itself injective. If the map P(f): P(C)—P(D) is surjective, then P(6) is
also surjective. If E~B(V) for some vector space V, then the composite

EcCc-">BU)
18 an tsomorphism.
Proor. Recall that the functor
P: F|-PFE), Wr—Mod,

commutes with finite limits (1.2.8). In particular for any F' and F' e W,
we have

P(FQF)——>P(F) x P(F"),
Now we prove Lemma. Since the diagram
c-25D
U U
E—>kgp
is a pullback diagram in W, it follows from above that
U=P(E)=Ker (P(f): P(C)—PD)).
Consider the composite
P(C)ﬂP(D@B(U))—i»P(D) x P(B))
=>P(D)XU.
This is easily seen to equal the map
PN, w: x| —(f (@), w(@)).

Since u=identity on U=Xer (P(f)), this map is always injective and be-
comes surjective when P(f) is surjective. In particular 6 is always injective
by [11, Lemma 11.0.1].

Let £€: E—B(U) be the composite

EcCc- B,
Since u: P(E')——z—> U, we have

P(&): P(B)—=>P(B(U)).
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In particular & is injective. For any vector space V the map induced by &
Wi (E, B(V)—W(B(U), B(V))
is therefore surjective, since it is identified with
Mod (E*,V)—Mod, (B(U)*,V).
In particular if F~B(V), then there exists a coalgebra map
x: B{U)—-E

such that yo£=1. Since P(¢) is bijective, P(y) is also bijective. Hence y
is injective. This means that

£: E-Z5>B).

1.8.3 Let D be a coalgebra and V a vector space. Let VRD be the D-
comodule with 1,4, its structure map.

LEMMA. For any non-zero D-subcomodule W of VQD, we have
WN(VRD,)+0.

ProorF. It follows from Dual Nakayama Lemma [11, Theorem 9.0.3]
that 0OAD,#0 in W. This means the existence of an element 0 in W
such that py () € W®D,, where py denotes the comodule structure map on
W. Since

2=(10:R1)(1XMN(x) € VRD,,
we have WN(VRD,)+0.

1.9 The reduced part of a hyperalgebra
Given a ring homomorphism ¢: R—S and an E-module M, we put

S®, M=S®z M.
1.9.1 Let p be the characteristic exponent of k, i.e.
p=Max (1, char (k)).
Then the map
i k—k,2|—2?
is a ring homomorphism. For any vector space V over k, we put

VO =kQ, V.
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If A is a commutative k-algebra, then the map
ba: AP A, IQa| —Aa?

is clearly a k-algebra map.

PROPOSITION. Let C be a cocommutative k-coalgebra. Then there exists
o unique k-linear map

Vs: C—CP®
such that the composite

t
C* Py (0% 1”0} C*

coincides with ¢¢«. In particular 1 is a k-coalgebra map.

PRrOOF. Let V be a vector space. If U is a dense subspace of V*, then
given two elements x and y in V, it is easy to see that x=v if and only if
(X,z)=<(X,y) for all X e U. From this the uniqueness of 1", follows, since
C*® ig dense in C®*,

Now C is a directed union of finite dimensional subcoalgebras. Let D
be a finite dimensional subcoalgebra of C. Since D*® =D®* there exists
a unique k-coalgebra map 2',: D—D® such that 7 ,=¢,.. Since 1, is
functorial with respect to D, we can well define

YC': _l_il)n YD: C—>C(p),

05D ..
which is clearly a k-coalgebra map and satisfies

ARX, Y (0)>=X?, ¢
for any 2ek, X eC* and ce C. This proves Proposition.

1.9.2 PROPOSITION. Let C and D be cocommutative coalgebras and
&: C—D a coalgebra map. Then the following diagrams commute.

§

C—>D C®D
ro| [ Yoo~ N T®T>
C(p) E(p)a D(p) (C@D)(p):C(p)@D(Z))

ProoF. For example, in order to see 2 ,o0&=£P0),, it is enough to
show that
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t80l) , =1Y yote® on D*®)

since D*® ig dense in D®*, But this is valid in view of the following
commutative diagram :

&
C* < D*

¢C*T T¢D*
(QIN

C*(p) ¢ D*(p)

Similarly if we notice that (C*®D*)® is dense in (C®@D®)*, the commu-
tativity of the latter diagram in Proposition follows immediately.

1.9.3 CoROLLARY. If H is a cocommutative bialgebra then the map
TH: H__)H(Z))

is bialgebra map.

1.9.4 Let C be a cocommutative k-coalgebra. Heyneman and Sweedler
define in [9, II, page 277] a 1/p-linear map

v C—kYP®, C
and proves that
JP)=f(r(c)?

for any ce C and f e Mod,.,(k"*®C, k/?) [9, Theorem 4.1.7]. In particular
we have

PX?, 5= (I®X, V(e))?
for any 1€ k?, X e C* and ¢e C. Hence the composition

¢ L pr@c-Z>cw
AQc¢| —>22Qc

coincides with ;. Thus Corollaries 4.2.7 and 4.2.8 in [9] can be read as
follows:

THEOREM (Heynemann and Sweedler). For any hyperalgebra H, the
following conditions are equivalent.
(i) H=B() as a coalgebra, for some vector space U.
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(ii) Y y:H—H™ is surjective.
(i) H®* s a domqin.
(iv) H™* 45 reduced.
In particular if p=1 the above four conditions are always valid.

1.9.5 A connected cocommutative coalgebra C is said to be smooth if
C~B(U) for some vector space U. This is equivalent to saying that the
map

e: C—k

is smooth in the sense of (1.8.1). C is said to be reduced if the algebra C*
is reduced. It follows from Theorem 1.9.4 that a hyperalgebra H over a
perfect field k is smooth iff reduced.

THEOREM. Assume that kis perfect and H is a k-hyperalgebra of finite
type. Then H contains the largest reduced subhyperalgebra, which we
shall denote by H,., and call the reduced part of H. H,., contains all co-
prime subcoalgebras of H (1.4.2). Hence we have

K dim H=K dim H, ,=dim; P(H ..).
PrROOF. Since f: lc-ik, every subspace of H® is of the form V®,

where V is a uniquely determined subspace of H. In particular the image
of the map

Yy:H-H®,

which is a hyperalgebra map, is of the form H’®, where H’ is a subhyper-
algebra of H. If we put inductively

Hoy=H,Hpoo=(Hp) (e V()= Hep,)®),
we obtain a descending chain of subcoalgebras
H=H,DH;DH,D:---.
Since H* is Noetherian (1.4.1) and since
0=H§CH§CHEC -
is an ascending chain of ideal of H*, there is an integer n<co such that
Hgy=Hgy=Hqpy=""".
Then it is clear that H ,, is the largest subhyperalgebra of H such that
Y:H,—H.,)®
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is surjective. Hence H,, is the largest reduced subhyperalgebra of H by
Theorem 1.9.4.
Let P be a coprime subcoalgebra of H. We show that the map

Tp: P>P®

is surjective. Indeed, since f: k—:ﬂc, we have
PP*=p*» ={1RX|X e P*}.
Thus the transpose 2 p, which is identified with the map
P pP* 10X | —X?,

is injective because P* is a domain (1.4.2). Therefore the map 7', is sur-
jective. This means by definition PCH ,, for any n. Hence PCH,,.
Since H,.q is smooth it follows from (1.6.1) that

K dim H=K dim H ,,=dim; P(H ).

1.9.6 Assume that k is perfect. Let H be a hyperalgebra of finite
type. In view of the equality

K dim H=dim, P(H..),

it is an important question when an element I in P(H) belongs to P(H,,).
But this has already been answered by Sweedler [12, Theorem 2] (cf. [14,
Theorem 2]) as follows:

THEOREM (Sweedler). Assume that k is perfect and H is a hyper-
algebra of finite type. Then we have

P(H.)={le P(H)|There is an oo-sequence of divided powers

i H lying over l}.

1.10 Actions of hyperalgebras on hyperalgebras

1.10.1 Let G be a hyperalgebra. Recall that an algebra A (resp. a
coalgebra C) which is a (left) G-module is said to be a G-module algebra
(resp. a G-module coalgebra) if the map

A—Mod,(G,A),a]|—(Da,
where
MNa: x| —zxa, G—A,

(resp. the map
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GRC—C, xQc|—ac)

is an algebra map (resp. a'coalgebra map). This is equivalent to saying that
the structure maps

p: AQA—A and z:k—A
(resp.
4: C—-CQRC and e:C—k)

are G-module maps, where ARA (resp. CRC) is viewed as a G-module via
the algebra map

4: G—GRG
and k via
e: G—k

[18, page 207, Definition].

A hyperalgebra H which is a G-module is called a G-module hyper-
algebra if it is a G-module algebra and a G-module coalgebra at the same
time, or equivalently if the following four conditions hold:

( i ) x(ab)zz (x(l)'a/)(x(Z)'b)

(ii) 2-1=e(x)1

(i) d(x-a)=>] Xy 00y QT ) - O

(iv) e(z-a)=e(x)e(a)
for all xe G and a,b e H. In this case we also say that G acts on H.

LEMMA. If H is a G-module hyperalgebra, then the antipode S of H is
G-linear.

PrROOF. Let xe G and ac H. Since
e@1=>] a4 -S(ay),
we have
s@e(@l=2- (@D =2 @q, @:)(Z s S@e)).
Hence

S(x-a)=>] S(x - ay)e(®o)e(@ )
=280 00 (@) €)% S(@))
=21 e(@qy 0 0) (@) - S(@))
=x-S(a).
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1.10.2 Let G be a hyperalgebra and A a G-module algebra. Let’s re-
call the definition of A#G, the smash product of A with G [11, page 155].
A#G is an algebra defined as follows:
1) Asa vector space A1G=ARG. We write aQr=atx.
2) DMultiplication is defined by
(a2)(bfy) =27 a(x - DX, Y.

Then unit of A#G is 1#1.
Let G be a hyperalgebra and H a G-module hyperalgebra. The semi-
direct product of H with G, written H -G, is a hyperalgebra defined as fol-

lows:
1) Asan algebra H-G is H{G.

2) As a coalgebra H-G is HXG, the direct product of H with G in the
category W (1.2.2).
LEMMA. H-G is actually o hyperalgebra.

S

PRrOOF. Since H is cocommutative the maps
p:k—H-G and
K (HS- G)®(;I; G)—»HS- G,
(a2)Q(bEY) |27 a4y D)2 Y
are clearly coalgebra maps. Hence H-G is a bialgebra. Because HRG is
cocommutative and connected Hs- G is ; hyperalgebra by definition.
1.10.3 EXAMPLES

1) The adjoint action (cf. [1, Example 1.1.3]). Let H be a hyper-
algebra. The adjoint action of H, written

ad: H—End, (H),
is defined by

ad (@) (@)=>2 xu - a-S(@ )

for any « and a ¢ H. This action is easily seen to make H into an H-module
hyperalgebra.

2) Let G be a hyperalgebra and V a (left) G-module. It follows from
(1.5.2) that there exists a unique coalgebra map



60 MITSUHIRO TAKEUCHI
¢: GRB,(V)—-B,(V)
such that

(p(x®a)) =2 x(a)

for all x € G and a € B,(V). We show that ¢ makes B,(V) into a G-module
hyperalgebra.
We write ¢(x®@a)=x-a. It isenough to check the following conditions:
0) 2y-a=z-(y-a) and 1-a=a
(i) z-ab=>" (x4, -a) (@ D)
(i) z-1=e(2)1
for z,ye G and a,b € B,(V). For example in order to see (i) it is enough
to prove

n(@-(ab)) =2 7((®y) - ) (@ - D)),
since the maps
r@a@b|—z-ab and 2@aQb|—>] (xy,-a) (@, b)
are coalgebra maps from GXB,(V)®B,(V) to B,(V) (1.5.2). But we have

m(ab) =n(a)e(b) + e(a)x(b).
Hence
2. 7w((Z gy - a)(x - b))
:Z 77(-%'(1) -CL)E(.’,U(Z) . b) + Z e(x(n . (L)TL‘(.’,U(Z) -D)
:Z (xa) : n(a))e(x(z))e(b) + Z s(xa))e(a')(x@) : TC(b))

=(x-7(a))e(b) +e(a)(x - x(b))
=z -z(ab)=xr(x-ab).

The proof of (0) and (ii) is similar and left to the reader as an exercise.

3) Let G be a hyperalgebra and A a G-module algebra. It follows
from (1.5.5) that there exists a unique coalgebra map

v GRB,(4)—-B,(4)
such that
' (Y(2@a)) =z -7'(a).

In the same way as in 2) + is easily seen to turn B,(4) into a G-module
hyperalgebra. :
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' 4) Let H be a hyperalgebra. The set of primitive elements P(H) is
eagsily seen to be H-stable under the adjoint action. Hence the H-module
P(H) induces an H-module hyperalgebra structure on B,(P(H)).

5) Lie algebras. Let L, and L, be Lie algebras over k. We denote by
Der, (L,) the Lie algebra of k-derivations of L,. An action of L, on L, is
by definition a Lie algebra map «: L,—Der;, (L,) (cf. [7, III, § 6, 8.2]). In
this case the semi-direct product of L, with L,, written L,-L,, is a Lie

algebra defined as follows:
1) As a vector space L,-L,=L,PL,.

2) Bracket product is defined by
[(a, 2), (b, Y]I=(la, b]+ a(x)(b) —a(y)(@), [z, ¥]).
It is well known that L,.- L, is actually a Lie algebra [4, §1, n° 8].

Let L be a Lie algebra. The universal enveloping algebra U(L) has a
bialgebra structure (4,¢) determined by

AD=IR1+1Q®! and 1)=0

for 1 e L [11, Proposition 3.2.2]. Since U(L) is connected cocommutative
[11, Proposition 11.0.9 and page 66, Examples 2)], U(L) is a hyperalgebra.
Let L, and L, be Lie algebras. We assume that L, acts on L, via

o Ll-ﬁDerk (Lz)
We show that U(L,) acts on U(L,) naturally and that
U(Lz : L1) :U(Lz) . U(Ll)
as hyperalgebras.
Indeed, since every derivation of L, can be uniquely extended to a

derivation of U(L,) [4, § 2, n°® 8, Proposition 7], we obtain a natural map of
Lie algebras:

Der; (L;)—Der;, (U(L,)).
Let g: L,—Der;, (U(L,)) be the composite:

L,—55Der, (L,)—Der; (U(L)).
Extend g to an algebra map

7+ ULy)—End, (U(L,)).
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It follows from [11, page 154, Examples c¢)] that y turns U(L,) into a U(L))-
module algebra. We show that U(L,) is in fact a U(L,)-module hyperalgebra.
To see this it suffices to show that the structure maps 4 and e on U(L,)
commute with the operation of L,, that is

B@)R1+1RB(x)) o d= Ao f(x) : U(Ly)—U(L,)QU(L,)
and O=-eop(2): UL,)—k

for all xeL,. To begin note that (B(x)®1+1Rp(x))4 and dopf(x) are
derivations with respect to 4, where by a derivation with respect to 4 we
mean a linear map

D : U(L,)—U(L,)QU(L,)
which satisfies
D(zy)=D(x)4(y) + 4@)D(y).
It is easy to see that two derivations

D, and D,: U(L,)—-U(L)QU(L,)

coincide iff the restrictions D,|L, and D,|L, coincide, since L, generates
U(L,) as an algebra. Since we can eagily verify that

(B@)R1+1Qp(@))od| Ly=A4o5(x) | L,
by calculation and definition, it follows that
(B@)PL+1QB(x)) o d= Ao ().
Similarly we have
0=cop(x).
It remains to prove
U(Lz)s- U(L,) =U(L, : L)
as hyperalgebras. Our proof below is only sketchy. Details are left to the
reader. Now let H be a hyperalgebra. Then we have natural isomorphism:
Hopf,,(U(L,) . U(Ly, H)

=~{(¢,, $)) € Hopf,(U(L,), H) X Hopf,,(U(L,), H) |
& (@) (@) =ad (¢,(x))(g,(a)) for all ze U(L,) and aec ULy}
=~{(fy, fD € Lie,(L,, P(H)) X Lie,(L,, P(H)) |
Lla@)(@)=[1,(x), fla)] forallzeL, and aeL;}
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~Lie,(L,- L, P(H))=Hopf,(U(L,- L)), H).

This means the existence of an isomorphism of hyperalgebras

U(L,) - U(L,)=~U(L,- L,).

Let L be a Lie algebra. Then L acts on L itself via
ad: L—Der; (1), x| —ad (x)=[z, —].

This is called the adjoint action of L. It is easy to show that the action of
U(L) on U(L) obtained from the adjoint action of L by the process as above
coincides with the adjoint action of U(L).
Let G be a hyperalgebra and H a G-module hyperalgebra. Then we
have
P(G)-P(H)CPH).

For
A(x-a)=4()-4(0)=(2R1+1X2)(a®1+ 1Ka)
=2-0R1+1Rz-a+2-1Ra+aRx -1
=2-aQ@Ql1+1Rzx-a

for any a ¢ P(H) and x € P(G). It is easy to see that this induces an action
of P(G) on P(H) as Lie algebras. In particular if the canonical maps

UPG@)—G and UPH)—H

are isomorphisms, then the action of G on H is obtained by the above pro-
cess from the action of P(G) on P(H) as is easily verified. This occurs for
example if & is of characteristic 0 [11, Theorem 13.0.1].7

1.10.4 Let G be a hyperalgebra and H a G-module hyperalgebra. We
put

[x,a]l= Z (- a(l))S(a’(z))

forxeGandac H.

PROPOSITION. Let C be a subcoalgebra and A a subalgebra of H.
If A.-CCC, then there exists the largest subcoalgebra G, of G which
satisfies

[Gac, CICA.

G4,c is o subhyperalgebra of G.
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PROOF. Let & Dbe the set of all subcoalgebras D of G which satisfy
[D,ClcA.

We show that

(i) ke&

() D,EecZ=>D+E,D-EeX.
Indeed (i) is trivial. Let D and E e Z. Then clearly D+FE e %. Since
we have

[zy, al :Z [, Yy 'au)][’!/(zn a(Z)] and z- CL:Z [, a‘a)]a’@)
for 2,y ¢ G and a € H, we have

E.CclE,CICcACcC and
[DE,ClcID,E-ClE,Clc[D,CllE,CICA-ACA.

Hence D-E ¢ 2. Therefore
GA,O = UDef D
is a subhyperalgebra and the largest element in Z.

1.10.5 Let H be a G-module hyperalgebra, where G is a hyperalgebra.
For a subhyperalgebra H’ of H, we put

Ng(H/):GH/,H/ and Cg(H/):Gk,H/.
Ny(H") (resp. Cz(H")) is called the normalizer (resp. the centralizer) of H’
in G.

In particular under the adjoint action of H we have

[z, ¥] :Z x(l)y(l)s<x(2))S(y(2))

for all x and ye H. For a subhyperalgebra H’ of H, the normalizer
N, (H’) (resp. the centralizer C;(H’)) of H' in H is the largest subcoalgebra
of H such that

[INy(H"),H'lCH’
(resp.

[Cx(H", H'ICE).
H’ is said to be normal (resp. central) in H if

Ny(H")=H (resp. Cx(H)=H).
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2. Underlying coalgebras and tangent coalgebras

This chapter, and the next also, depends on the theory of k-functors
and k-schemes which is contained in [7].

A Ek-functor is a covariant functor from M, to E and the category of
k-functors is denoted by M,E. For A e M,, the affine k-scheme of A, writ-
ten &p 4, is the k-functor represented by A, that is M(4, —). If X is a
k-functor, we have a natural isomorphism :

MLEGp A, X)=%X(A)

via which we treat an element x of X(A4) as if it were a map of k-functors:
©p A—X and vice versa.

For the definition of a k-scheme refer to [7, 1, §1, 3.11]. The category
of k-schemes, denoted by Sechk;, is a full subcategory of M.E.

We define in §2.1 a covariant functor T from a full subcategory of
M E which contains Sck, to W, and call T(X) the underlying coalgebra of
¥X. The tangent coalgebra T,(X) to X at a point x is defined as the under-
lying coalgebra of a subfunctor of X.

In §2.2 we investigate some of the basic properties of the functor T
and in § 2.3 translate some concepts in Algebraic Geometry such as being
flat, non-ramified, étale or smooth into the coalgebra language.

2.1 Definitions and simple properties

2.1.1 Let X be a k-functor [7, I, §1, 6.1], that is a covariant functor
from M, to E. Recall that if C is a cocommutative coalgebra, then C* is
a commutative k-algebra. If in addition C is finite dimensional, then C*
is considered as an object in M, (, since k is assumed to be small).

Now consider the set-functor on Wi (1.3.1):

C| —%(C*).

If this functor is represented by a cocommutative coalgebra H in the sense
of (1.3.2), we say that H is the underlying coalgebra of X and put H=T(X).
Since the cocommutative coalgebras which represent the above functor are
isomorphic to one another, the coalgebra T(X), if it exists, is well-defined
and we have a natural bijection

Wi(C, T(X) = X(C*)

for any C e Wi,

Let 7: ¥—% be a map of k-functors. If both X and {) have the underlying
coalgebra, it follows from Lemma 1.3.2 that there exists a unique coalgebra.
map T(): T(X)—TF) which makes the diagram
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W (C, T(X)) = X(C*)
Wi(C, T(T))l lf(C*)
W(C, TQ)) =P(C*)

commute for any Ce WE. Thus T is a covariant functor from some full
subcategory of MLE to W.

2.1.2 Let X be a k-functor. Let Fid, be the full subcategory of M,
congisting of field extensions of k. It is known [7, I, §1, 4.9] that the
underlying set |X| of the geometric realization of X [7, I, §1, 4.2] is canon-
ically isomorphic to the set 1_1_1_1)1 (X|FId,). We shall denote by [a] the point

of X, that is an element in |X|, determined by a € X(K), where K is an object
in FId,. Recall that for a subset P of |X|, the subfunctor X, of X is defined
as follows [7, I, §1, 4.10]: For any R e M,;, Xp(R) is the set of pec X(R)
such that

[X(p)(p)]e P

for any ¢: R—K in M,, where K € Fld,. In particular if x is a point of X,
we shall write

%Z:%(I}'

DEFINITION. Let X be a k-functor and x a point of X. The underlying
coalgebra T(X,) of X,, if it exists, is called the tangent coalgebra to X at z
and denoted by T, (%).

Let {: X—9 be a map of k-functors. Then { induces a map of sets
[Tl [X[—={D1.

Let z ¢ X and y={(x), that is y=|f|(x). Then it is easy to see that | induces
a map of k-functors:

%x——)@y'

Hence if both T,(¥) and T, () exist, this morphism induces a map of co-
algebras, written

T.(): T, (X)—-T,Q).
Thus the correspondence

&, 2) [ >T,(X)

gives rise to a functor.
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2.1.3 Let X be a k-functor. For a map ¢: R—S in M, and f e X(R),
we shall write

Ss=X(@)()) € X(S).

If Cewi, KeFld, and ¢ e M,(C*, K), then ¢(C*) is a subfield of K,
since it is a finite dimensional subalgebra of K. Hence ¢(C*) is canonically
isomorphic to D* for some simple subcoalgebra D of C. Conversely if D
is a simple subcoalgebra of C, then D* is a field and in particular [ f5.] is
a well-defined point of X for f e ¥(C*), where fp. is taken with respect to
the canonical map: C*—D*,

Let x ¢ ¥ and suppose that T,(¥X) exists. Then it follows from above
that T,(¥X) is a cocommutative coalgebra such that for any C e W] the set
W.(C, T,(%X)) is naturally isomorphic to the set

{f e X(C*)|[fp]J=2 for all simple subcoalgebras D of C}.
In particular we have a canonical imbedding for C e W]
Wi (C, To(X)=—>X(C*).

Let {: X—9 be a map of k-functors. Let x € ¥ and y={(x) and suppose
that both T,(¥) and T,(§)) exist. One easily checks that the following dia-
gram commutes for any C e W:

Wi (C, T(X)=—>X(C*)
Wi(C, T:c(f))l f(C*)
wW(C, T,()=—Y(C*).

2.1.4 Let Fld: be the full subcategory of M, consisting of all finite field
extensions of k. Let X be a k-functor. We put | X||=1im (X|FIdf). For
—

each a € X(K) with K ¢ FIdf, we denote by {a) the element of || X|| determined
by a. Let w:|X||—|%]| be the canonical map.

PROPOSITION. (i) If ze|X|—a(|X]), then TH(X) exists iff X(0) con-
sists of only one element and in this case T (X)=0.

(i) If T(X) exists, then the set ||X|| can be canonically identified with
the simple subcoalgebras of T(X). Let T(X), denotes the irreducible com-
ponent of T(X) containing the simple subcoalgebra associated with ac|X||.
Then T (%) exists for all x e |X| and

T, ()= @ T&).,.

wla)=2
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In particular the inclusions X,=~—>%X induce an isomorphism

@D T(X)=T(X).
zE|E|
(iii) Suppose that X commutes with finite products. If T,(¥) exists
for all z € o(|X|)), then T(¥) exists and is isomorphic to @ T, (k).

z€o(lI£])

ProorF. (i) Let zxe|X|—w(|X|]) and C e WE. Then the set
{f e X(CH|[fpl=2 for all Dc C simple}

is @ if C+#0 and X(0) if C=0. Hence if T,(¥) exists, it is necessarily zero
and hence X(0) consists of only one element. The converse is clear.

(il) Suppose that T(X) exists. Since X(0)~W,(0, T(X)) consists of only
one element, T, (X) exists and is zero for x ¢ |X|—w(|X])).

Next we establish a bijection between the set |X|| and the set of simple
subcoalgebras of T(X).

Let K be an object in FIdf. Since K* belongs to W}, to each element o
of X¥(K) there corresponds a unique coalgebra map a: K*—T(¥). Since K*
is simple and cocommutative, @(K*) is also simple. If we are given an
Fldi-map ¢: K—L, the map a; which corresponds to a; € ¥(L), where a ¢
X(K), factors as

. tg a
a;: L*—>K*—T(X).

Since ‘¢ is surjective, a,(L*) is equal to a(K*). This implies the existence
of a map

@ || X||—(the set of simple subcoalgebras of T(X))
such that
O(ay)=a(K*)

for all a € X(K), where K ¢ Fld;.
Conversely let D be a simple subcoalgebra of T(¥) with

1: D=—>T(X)

the inclusion. Since D is finite dimensional there corresponds a unique
element ¢ of X¥(D*). Since D* is a finite field extension of %, we can well-
define

V(D)= e |[&].
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The reader may easily verify that ® and ¥ establish a bijection between
|X]| and the set of all simple subcoalgebras of T(X).

For an element « of ||X]|, let T(X), be the irreducible component of T(X)
which contains @(«) [11, page 163, Definition]. It follows from [11, Theorem
8.0.5¢)] that

TX)= @ T(X),.
ag |||
Let ¢: C—T(X) be a coalgebra map, where Ce Wi, Letxe|¥X|. Asan
eagsy application of [11, Theorem 8.0.8d)] we see that ¢(C)c @ T(&), iff

w(a)=x

for each simple subcoalgebra D of C there exists an « e () with ¢(D)
=®(a). If $[D denotes the element of X(D*) corresponding to ¢|D: D—T(¥),

then ¢(D)=90(a) for some ac o (x) iff [¢|D]=x. Thus we have for all
zel|X|and Ce Wi

Wi(C, @ TX))={feX(C*|[fp]l=2 for all DcC simple}.

w(a)=x

In view of (2.1.3) this proves (ii).
(1)) Weput H= @ T, (X). Let C be a cocommutative irreducible co-

z € o (lIZ])

algebra. We claim that
Wi(C,H)y= || Wi(C,Ty(X).

z € o(lXl)

Indeed let ¢ € W,(C, H). Since ¢(C) is irreducible [11, Theorem 8.0.8d)], it
is contained in a unique T, (%), e.g. by [11, Lemma 9.0.1b)]. This means
the above equality.

Suppose further that C is finite dimensional. Let D be the unique
simple subcoalgebra of C. We have by (2.1.3)

Wi (C, T(X)={f € X(C*)|[fp:]l=2}.
It follows that
Wiy(C,H)= []| Wi(C, T (X)=X(C*).

& €w(lIZ)

Now let Ce WE. Then C is the direct sum of its irreducible components
c,---,C,, that is

C=C®---@C,.
Since

C*=Cfx---XC¥
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and ¥ commutes with finite products by hypothesis, we have
X(CH)=X(CH) X - - - XX(CF)
=~ Wk(Cl, H)X e X Wk(Cn’H)
~W,(C, H).

Since this isomorphism is clearly functiorial with respect to C, we have by
definition

TX)=H= & T,().

zeao(lXl)

2.1.5 For A e M,, we shall denote by ©p A the affine scheme of A4,
that is the k-functor M, (A, —). It follows directly from definition and [11,
Theorem 6.0.5] that

T(Sp A)= A"

2.1.6 Let X be a k-scheme [7, I, §1, 3.11 and 6.1]. For a point « of
X, we shall denote by ¢, the fibre of the structure sheaf 0, at . 0, is a
local k-algebra with maximal ideal m,. The residue field at 2 is r(x)=
0,/m,. It is easy to see that®

ve|X|Sle(@): k]<oo.
It follows from (1.1.2) that
(0,)"#05[r(@) : k]<co
and that (0,)° is irreducible with coradial filtration
{(0)° N (ML},
if [re(x): k] <oo.

PROPOSITION. Let X be a k-scheme. Then the tangent coalgebra T, (¥X)
exists and is canonically isomorphic to (0,)° for all xe¥. Since ¥ com-
mutes with finite products [7, 1, § 1, 3.11], it follows that

TX)= @ (@,) .

TEX

PROOF. For a point « of X, let &,: Sp 0,—% be the canonical map [7,
I, 81,5.6]. Let Rbea ﬁ_m'te dimensional commutative local k-algebra with
maximal ideal m. We show that ¢, induces a bijection

Indeed let ¢ be an M;-map: 0,—R. We must show that X(s)(e,) belongs
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to X,(R), where we view ¢, as an element of X(0,). Let r: R—K be an M-
map, where K € FId,. Since R is finite dimensional, ¢ and ¢ are local. In
particular the composite

tog: 0,—K
is necessarily local and hence factors as
o0 Oy—r(x)—K.
This means that
[X(zoo)(ex)]=2
and hence
X(0)(ez) € X,(R).
Conversely let f e X(R). We can view f as a map of k-schemes
f:Gp R>X.
This induces a local homomorphism of local k-algebras
St Opmy—Ry=R.
Since f=X(f)esmy), it follows that
feX (R f(m)=x
and that the correspondence
Sl=Fn
gives rise to the inverse of the map
M(0;, R)—X,(R), 0| —X(0)(e,)-

In particular if C is a cocommutative finite dimensional irreducible co-
algebra, then since C* is local by [11, Lemma 8.0.2], we have a natural bi-
jections

%x(C*):Mk(@m C*): Wk(c; (@x)o)'

Since X, hence X, also, commutes with finite products, these isomorphisms
hold for all C e Wi, as in Proof of (2.1.4 (iii)). This means that

T (%)~ (0,)".

REMARK. By the assertion that T,(X) is canonically isomorphic to
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(0,)°, we mean the following property, which the reader may easily verify:
Let {: ¥—9 be a map of k-schemes. If xeX and y=f{(x), { induces a local
homomorphism of local k-algebras

fo: 0,—0,.

Then the diagram

T,(X)—>(0,)°
Tx(f)l l(fz)"
T,®)—>(0,)°

commutes.
2.1.7 COROLLARY. For A e M, we have

A~ @ (Ap).

PeSpec 4

2.1.8 Let X be a k-functor. If T(X) exists, the set of group-like ele-
ments G(T(X)), which can be identified with W,(k, T(¥X)), is canonically iso-
morphic to the set of rational points X(k).”

In particular if X has the coalgebra S.(X) at a rational point e e X(k),
then S,(%) is connected, since it is irreducible and contains at least one group-
like element e.

We fix for the time being a rational point e € X(k) and assume that the
coalgebra S.(X) exists at e. We view each set X(R), where R e M,, as a
pointed set with e the original point. In particular for an M,-map
¢: R—S, we put

Ker, (X(g)={f e X(R)| fs=es}.
It follows easily that there exists a natural isomorphism
W(C,S.(%))=~Ker, (X(C*)—X(C¥))
for all C ¢ Wi, where C, is the coradical of C and the map
X(CH)—-X(CH)

is the one induced by the canonical surjection: C*—C§.2
Recall that the category W5 (§ 1.2), where R € M,, is as follows: The
class of objects in Wj is the same as W; ; The set of Wz-maps from C to D,
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where C, D € W, consists of all R-coalgebra maps f: RQC—R®D such that
J(B®Cy) CRQD,.

We shall denote by W7 the full subcategory of W5 whose class of objects is
the same as W;.

The category W' is defined as follows (1.2.9): The class of objects in
W*is equal to My X Wi; A Wi-map from (R, C) to (S, D), where R, S e M,
and C, D e W}, is a pair (4, ¢) with ¢ € M,(S, R) and g € Wx(C, D). The com-
posite of two Wi-maps

&, "%, 0y "Y1, B

is (govr, Wy(z)oa).
We have defined a contravariant functor

(R, )| -RQC*, W'—>M,
in (1.3.9). This induces a set-functor on W*:
(R, O)|—Ker, (X(RRC*)—X(RRCY)),

where the map: X(R®C*)—-X(RQC¥) is induced by the canonical projection :
RRC*—>RRCF.

We say that an object H in W, is a tangent coalgebra to ¥ at e in the
strong sense if the above set-functor on W* is isomorphic to the represent-
able functor 6, (1.3.8). Since such an H is unique up to Wj-isomorphism
by Lemma 1.3.8, if it exists, we say that H is the tangent coalgebra to X
at e in the strong sense and put

H=T(%).

If T5%(X) exists, then it coincides of course with S,(¥).
Suppose that T5(X) exists. Then we have a natural bijection:

Wr(C, T(X)) = Ker, (X(RRC*)—X(RKCF))
for (B,C) e W' In the following we shall often denote by
o|—exp (o, R, C)

the above isomorphism. This exponential notation will be found useful
later. The fact that the above map is functorial with respect to (R, C) ¢ W*
is equivalent to that the following two conditions hold at the same time, as
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is easily verified:
(i) If ge My(R,S),C e Wiand e W5(C, Ts(X)), then we have

exp (W,(0), S, C)=exp (5, B, C) 00
where the right hand side is taken with respect to the map
#®1: RYC*—-SRC*.
(i) If ReM,, e WLDD,C) and o ¢ Wx(C, Ts4(X)), then we have
exp (gor, R, D)=exp (o, R, C) zgp+
where the right hand side is taken with respect to the map
Mody(z, R): RQC*—RQD*.

Let C be a finite dimensional subcoalgebra of Ts¢(¥) with ¢: C=——T5(X)
the inclusion. We shall put

exp (B, O)=exp (W,(®), R, 0),
for R e M, with 5: k—R the structure map. Then we have
exp (R, C)=exp (k, C) pgo-
with respect to the map
7®1: C*>RQC*.

Let {: X—9 be a map of k-functors. Let ¢’={(e). Suppose that Ts(X)
and T:(Q) exist. It follows from Lemma 1.3.8 that there exists a unique
coalgebra map TS(§) : TSHX)—TEH(Q)) such that the diagram :

Wr(C, W,(Ts' ()

W o(C, o)) L EC AT D) o T
cano. cano.
X(RRCY) BECY 9(RSCH)

commutes for all (R, C) e W*. Thus the correspondence:
(X, e)| =»T:HX)

can be viewed as a functor.

2.1.9 PROPOSITION. Let X be a k-scheme and ec X(k). If X islocally
algebraic [7, 1, §3,2.11, then (0,) is the tangent coalgebra to X at e in the
strong sense.
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PrOOF. Let
t: 8-
be an immersion of k-schemes [7, I, §2, 5.1]. We review first the definition

of the n-th neighborhood of t in 9 [T, II, §4, 5.5], where n is an integer
=0. It is defined as follows: By definition i can be decomposed as

i 915y,

where i (resp. ) is a closed (resp. an open) immersion. We regard 1l as an
open subscheme of §) via §). Let ./ be the quasi-coherent ideal of @, the
structure sheaf of 11 which corresponds to the closed immersion i [7,1,§2, 4.8].
Let 9)? be the closed subscheme of 11 determined by the quasi-coherent ideal
S+ of @,. Since U is an open subscheme of §), 7 is a subscheme of §). As
a subscheme of 9, 97 is known to be independent of the choice of decomposi-
tion i=Yof and called the n-th neighborhood of 1 in 9 [7, 11, § 4, 5.5].

The following simple properties may be easily verified:

(i) Given a commutative diagram consisting of k-schemes and k-
scheme maps

91>y

]

3—3,

where t and i’ are immersions, the morphism | transforms 7 the n-th
neighborhood of t in ) into {? the n-th neighborhood of i in §’.

(ii) Lett:3—Y be a closed immersion of k-schemes. If the quasi-
coherent ideal of @, corresponding to i is nilpotent, then 9 is the n-th neigh-
borhood of i in §) for sufficiently large n<<co.

(iii) Let X be a k-scheme and e e X(k) a rational point. We regard
as usual e as a map of k-schemes

e:CGp kX

which is known to be an immersion [7, I, §2, 5.6]. Then the n-th neigh-
borhood of e in X is the image of the composite

Sp (0, mp)=—s>Cp 0,—2>%.

Now let’s begin Proof. Let Ce Wiand Re M,. Let % be the set of
k-schemes maps {: ©p (RQC*)—X which make the following diagram com-
mute:
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Sp (RRCH)— %
I4 e

SpRRCH DSy k,

where C, is the coradical of C,: is the closed immersion induced by the
canonical projection: RYC*—-RRCF and ec X(k) is regarded as a map:
©p k—X. It follows from above that any element { of & factors as

f: Gp (RRCH)—>Cp (0, m)=—>Sp 0,—*>%

for sufficiently large n<<co, since the kernel of the canonical projection:
RQC*—RQC#¥ is nilpotent.
Hence if we put &, the set of k-algebra maps

[0,/ mi'—>RRC*
such that the diagram
n+1 f %
0,/mr+t —>RQC
lcano. cano.
k. —>RRCH
commutes, we can naturally identify
Z =\, P,

By the way X is assumed to be locally algebraic. This means in parti-
cular that @, is Noetherian and hence m?»*"’s are all cofinite in ¢,. There-
fore we have

Mk(@e/nlzzwly R®C*)
=~ Mz(EQ(O, [ m;*™), ROC¥)
=~ Coalgr(RQC, RQ(0, | my+)¥),

where Coalg, denotes the category of R-coalgebras. The reader may easily
verify that this isomorphism induces a bijection

g@n: WR(C: (@e/méﬁl)*)'
Since T,(X)=(0,)"= U (0,/m**)* by (1.1.2) and that C is finite dimensional,

we have
WR(C, Te(-%)) = U WR(C; (@e/m:+1)*)
~U P,~Z.
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But under the canonical isomorphism
X(RRC*)~ M,E(Cp (RRC*), X)
the subset of X(RQC*)
Ker, (X(RQC*)—X(RXC))

clearly corresponds to the subset 2 of M.E(Sp (RRC*),X). Thus we obtain
a natural isomorphism

Wr(C, T (X)) =Ker, (X(ERCH)—X(RRCT))

for all (R,C) e W".
It remains to verify that this isomorphism is functorial. We leave it
to the reader as an exercise.

2.1.10 Let X be a k-functor and ¢ ¢ X(k) a rational point. Let ® be a
k-group-functor, that is a covariant functor from M, to Gr, or equivalently
a group object in the category M,E of k-functors [7, II, §1, 1.1]. Suppose
that & acts on X [7, II, § 1, 8.1]. This means that we are given a map of
k-functors

u: $xx—-%
such that for any R € M,, the group &(R) acts on the set X¥(R) via
w(R) : G(R) X X(R)—X(R).
In the following we shall write as usual
uR)(a, x)=a-x

for a e &(R) and z ¢ X(R). Recall that the subfunctor X° of X [7, 1I, § 1, 3.4]
is defined as follows: For any R e M,, X®(R) is the set of ¢ ¢ X(R) such that

A-0g=0g

for any M;-map ¢: BR—S and a € &(S). It is the largest subfunctor of X on
which & acts trivially.

Let V be a vector space. Recall that V, is the k-functor: R| —-RQV
[7, 11, §1, 2.1]. An action of & on V, is said to be linear if each action of
ge®R) on V,(R)=R®V is R-linear. A pair (V,u), where u is a linear
action of & on V,, is called a k-&-module [7, II, §2, 1.1]. It is known [7,
II, §2, 1.6] that for any k-&-module V we have

(V)°=(V®),
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where V¢ is the set of v € V such that
g-AQv)=1&v

for any R ¢ M, and any g € &(R).

PROPOSITION. Let X be a k-functor on which a k-group-functor & acts.
Suppose that e ¢ X(k) is a rational point which is &-stable, that is e ¢ X°(k),
and that the tangent coalgebra TH(X) in the strong sense exists at e. Then
® acts naturally and linearly on (TH(X)), and the largest subcoalgebra of
T5H(X) which is contained in (T5H(X))® is the tangent coalgebra to X° at e in
the strong sense.

Proor. Put H=T5(X). Let Re M, and g ¢ &(R). We claim that there
exists a unique Wz-automorphism «(g) of H such that

exp (a(g)oo, R) C):gR®C*'eXp (0) R; C)

for any Ce Wi and g € W5(C, H), where gpg.« is taken with respect to the
canonical map 1®7,: R—RQC*.

Indeed let ®(R) act on each X(R®C*), where Ce Wi, via 1Qy: R—
R®C*. Since e c X(k) is ®-stable, the subset

Ker, (¥(RRC*)—-E(RKCH))

is &(R)-stable. Hence we obtain a natural action of ®(R) on the set W(C, H),
which is canonically identified with the above set. Since this action is
functional with respect to C e W35, it follows from Lemma 1.3.7 that the
action of g e &(R) on Wx(C, H) is of the form Wxz(C, a(g)), where a(g) is a
uniquely determined W z-automorphism of H. This proves the assertion.

By definition, Wz-aut (H) the group of Wjr-automorphisms of H is a
subgroup of GL; (R®H). The reader may easily verify that the correspond-
ence

9| —a(9), S(R)—Wp-aut (H)

is a group homomorphism and functorial with respect to R e M,. Thus a
natural linear action of © on H, is determined. Let H’ be the largest sub-
coalgebra of H contained in HS.

It remains to show that H’ is the tangent coalgebra to X° at ¢ in the
strong sense. More precisely we shall prove that under the canonical iso-
morphism

W(C, H—> Ker, (¥(RQC*)—>X(RRCH))
o|—exp (o, B, 0),
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the subset W(C, H') and the subset Ker, (X*(RQC*)—X*(RRC)) correspond
to each other, where (R, C) ¢ W*.

Indeed let 0 € W,(C, H). Then exp (o, R, C) belongs to X4(RRC*) iff for
any Mi-map ¢: R—S and g € &(S) we have

9sgo+ XD (g, R, C)ggexr=exD (0, B, C)gg¢+
in view of [7, II, § 1, 3.5]. Therefore we have

exp (o, R, C) € X°(RQC*)
&exp (a(g)oW,y(0), S, C)=exp (Wy(0), S, C)
for any ¢ ¢ M,(R,S) and g € &(S)
Sa(g)o W (a)=W,(0) for any ¢ € M (R,S) and g € &(S)
&0(RRC)C(H)(R)=(Hg) (R)=RKQH®
o e Wx(C,H) (by Lemma 1.2.5).

This completes Proof.

2.1.11 Let X be a locally algebraic k-scheme. For each point z of ¥
we have

T,(X)=(0,)"+#0
Sle(x): k]1<oo
& is a closed point of X

by [7, I, §3, 6.5]. Suppose that = is a closed point of X. We have by (1.1.2)
that

T.(X)=(0.)"=J, (Oz/m})*.
In particular T, (¥) is of finite type and

is nothing other than the completion @x of @0, with respect to the m,-adic
topology. Now we have

dim, ¥X=K dim 0, -+ tr. deg;, r(x)
=K dim 0,

by [7, I, § 3, 6.1] and
K dim 0,=K dim ¢,=K dim T, (¥)* =K dim T,(X)
by [7, I, §3, 5.13] and (1,4,4), since T,(X) is of finite type. Thus we have
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proved :

PROPOSITION. Let X be a locally algebraic k-scheme. Let x be a point
of X. If x is closed then the tangent coalgebra T, (X) is trreducible of finite
type and the local dimension dim, X at x [7, I, § 3, 6.1] ¢s equal to the Krull
dimension K dim T,(¥). If x is not closed T, (X) is zero.

2.1.12 Let X be a locally algebraic k-scheme and e e X(k) a rational
point. The Zariski’s tangent space to X at e [7, I, §4, 4,15] is the k-vector
space

(m | me)*

which is canonically identified with P(T,(X)) the set of primitive elements
with respect to the unique group-like element of T,(X).

Let « be a closed point of X. We shall show in the next section that
the Zariski’s tangent space to X at x can be canonically identified with
P,(re(x)QT, (X)) the set of primitive elements of the r(x)-coalgebra x(x)QT,(X)
with respect to the group-like element ¢ of x(x)QT,(X) which corresponds
to the canonical injection: r(x)*=——T,(X).

2.2 Some more properties of the functor T(—)

2.2.1 M,E denotes the category of k-functors. Let M,E® be the full
subcategory of M,E consisting of all k-functors ¥ which have the under-
lying coalgebra T(X) (2.1.1). We know that the correspondence

x| -T&)

gives rise to a covariant functor from M,E™ to W, and that M,E™ con-
tains the category of k-schemes Sch,. The following proposition is clear
from definition:

PROPOSITION. The subcategory ME™ of M.E is closed under finite
limits and the functor

T: M E*—W,

commutes with finite limits. In particuloar if X and ) are k-functors having
underlying coalgebras then X X has also the underlying coalgebra and

TX X Y)—>TX)QTQ).

2.2.2 Let X and 9 be two k-functors. Let 3=% X9 be the direct pro-
duct of X and ¥ with the canonical projections
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pr: 3—X and pr,: 3—9.

We say that a point z of 3 lies over (x, y), where z ¢ X and y € 9, if x=p1,(2)
and y=pr,(2) (cf. (2.1.2)).

COROLLARY. Let X and §) be two k-functors. Let xcX and yc9 and
suppose that the tangent coalgebras T,(X) and T,Q) exist. Then for any
point z of XX lying over (x,y), the tangent coalgebra T,(XX9) exists and

@ T.(X X 9)—> T (X)RT, Q).
2€%XY lying over (z,y)

ProOF. By assumption X, and 9, belong to M,E* and so does X, X9,
The above assertion will follow from Proposition 2.1.4 (ii) if we show the
following two facts:

(i) The inclusion: ¥, xX9,=——>X¥ X9 induces an injection:

[Z2 XYy =X XY

whose image coincides with the set of points lying over (x, ¥).
(i) For any z e ¥ X9 lying over (x, y), which is identified with a point
of X¥,x9,, we have

(X;%9,),=(XXY)..

Indeed the injectivity of the map|%, x9,|—|%X x 9| follows from Lemma
below. On the other hand it is known that [X,|=P for any subset P of |¥|
[7, 1, §1, 4.10].

Now let ze 2x9. If zeX,xY, then pr,(2) e |X,|={x} and pr,(2) € [P, |=
{y}. If z lies over (x, %), then since

(EXD).CTX, XYy,

we have {z}=[(Xx¥),|C|%X,xY,]. This proves (i). In general X, is the
largest subfunctor of X such that |X,|/CP. Therefore the inclusion (¥ x9),
CX, X9, means (X x9),=%,x,). for any point z of X X lying over (z, y).

2.2.3 LEMMA. Let{:X—Y be a monomorphism in ME. Then the
induced map |fl: | X|—|Y] is injective (cf. [7, I, §1, 5.3]).

ProOF. The category FId, has the initial object k and is directed in the
following sense: For any objects J, K and L of Fid, and any Fld,-maps
a:J—K and g: J—L there exist an FIld,-object M and Fld,-maps o: K—M
and r: L—M such that goa=rzop.

It follows that for any a € ¥(K) and b € ¥(L), where K and L ¢ Fld,, the
equality [a]=[b] holds iff there exist an Fld,-object M and Fld,-maps o: K
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—M and z: L—M such that a,,=0,. Lemma follows immediately from thig
fact.

2.2.4 PROPOSITION. Let X and 9 be two k-functors. Let e c ¥(k) and
e eYk). If the coalgebras S,(X) and S,(9) (resp. the tangent coalgebras
i the strong sense T;(X) and T(P)) exist, then the coalgebra S ,,(X X))
(resp. the tangent coalgebra in the strong sense T . (X X)) exists and

Sto.er (B X D)—>8,(%)®S,.()

(resp.

T3 ) (X X 9)— THE)RTHD)).

Proor. Put 3=%Xx9, ¢'=(e,¢), H=S,(X) and H'=S,.(9) (resp. H=
T5((%) and H'=T:(9)). Since HOH' (resp. HRH’) is the direct product of
H and H’ (resp. of H and H’) in the category W, (resp. in the category W
for any R € M) by (1.2.2) (resp. by (1.2.4)), we have for all C ¢ Wi,

Wi (C, HQH') = Ker, (X(C*)—X(C}))
x Ker,. (9(C*)—Y(C¥))
=Ker,. (3(C*)—3(C¥))

(resp.
Wr(C, HOH) ~Ker, (X(RRC*)—X(RRCY))

x Ker, (YROC*)—-YP(RKCF))
=Ker,.. (3(RRC*)—3(RRCF)).

Since this isomorphism is functorial with respect to C € W! (resp. with re-
spect to (R, C) e W¥), Proposition follows.

2.2.5 PROPOSITION. Let {: X—9) be a map of k-functors. Suppose
that the underlying coalgebras T(X) and T(Y) exist. If T is a monomor-
phism tn MLE then the coalgebra map

TM: TE)-TQ)
18 1njective.

Proor. Let Ce W, and {C;} be the set of all finite dimensional subco-
algebras of C. The map

Wi(C, T(D) : Wi(C, T@X)—W(C, T()))
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is injective, since it factors as

Wi (C, (X))
~lim W,(C;, T(X)

~1im X(CH=">lm 9(CH)
~lim W(C;, TQ))
~W,(C,T®)).
Hence T(§) is a monomorphism in W; and is injective by (1.2.3).
2.2.6 Let X be a k-scheme. For any point « of X let
e(x): Sp p(x)—%X

denote the canonical map [7, I, § 1, 5.2]. This is a monomorphism in M.E
and its image is contained in ¥,. Hence it induces an injective coalgebra
map

T, (e(2) : w(2)* =T, (%)
if k() : k]<oco. If we identify T, (X)=(0,)’, then this map is induced by

the canonical projection
k(x)—0,.
In the following the above injection

(%) *=—>T,(X)

is called the canonical injection and denoted by «(x) (, when of course [r(x):
k1< o).

Now let j: ¥X—9 be a map of k-schemes. Let ye@. The fibre of |
over ¥, written {~!(y), is defined by the following pullback diagram [7, I,
§1, 5.8]:

x 1, 9

JE(y)
1Y) —>Cp k().

Let x be a point of X such that f(x)=%. Then we have a pullback diagram
f

}:x —_—> @y
A

e(y)
') —>Sp ().
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Hence if in particular [x(y): k]<co, then the diagram

T, 01,9

Je(y)
T, () —r@)*

is a pullback diagram in W,. In other words this diagram determines the
subcoalgebra T, (f~(y)) of T, (%X).

2.2.7 PROPOSITION. Let X and ) be locally algebraic k-schemes and
f,g: X339 two k-scheme maps.

(i) Let x be a closed point of X and suppose that {(x)=y=g(x). If
the induced maps T, (§), T,(9): T,(X)—>T,Q) coincide, then there exists an
open subscheme U of X such that x e U and that {|U=g|U.

(ii) If the induced maps T(§), T(g) : T(X)—T(Q) coincide, then {=g.

(iii) T is @ monomorphism in MLE iff T(f): T(X)—T Q) is injective.

PrROOF. (i) Since m, is cofinite in 0,, (0,)°=T,(X) is dense in (0,)*
by Proposition 1.1.2 (iii). Hence the equality T, (f)=T,(g) means that the
induced maps f{,,g,: 0,—0, coincide. The assertion follows immediately
from [7, I, § 3, 4.1].

(ii) If we notice that

TX)= © T
z €% closed

(2.1.4 (i1)) and that T,(X)=#0 for any closed point x of ¥, then the equality
T(H=T(g) is equivalent to saying that {(x)=g(x) and T,(f)=T,(g) for all
closed points x of X. It follows from (i) that there exists an open subscheme
11, containing « such that {|U,=g|U, for each closed point x of X. Let 1l be
the smallest open subscheme of X which contains all ,’s. In view of [7,
I, §1, 4.13], one sees that {|UU=g|U. But since Ul contains all closed points
of X, it follows that U=% from [7, I, § 3, 6.9]. Hence {=g.

(iii) Construct a pullback diagram in M,E as follows:

%
|
).

It is known that 3 is a locally algebraic k-scheme [7, I, §3, 1.10]. If T()
is injective, then since

8 g
f

lm

X —

T(§)oT(pr) =T () T(pr,),
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we have T(pr)=T(pr,). Hence pr,=pr, by (ii). This means that fis a
monomorphism in ME. The converse follows from Proposition 2.2.5.

2.2.8 Let K|k be a field extension. Let ¥ be a k-functor. Then the
K-functor K®,, % is defined by

K®X: Myx—E,R|—>%(R),

where ;R is the underlying k-algebra of R [7, I, §1, 6.5]. Notice that there
exists a natural equivalence between the categories M E and MLE/(Sp K),
where the latter denotes the category of k-functors over ©p K [7, 1, §1, 6.2].
Then the K-functor K®X corresponds to the k-functor over Gp K

P (Cp K) X X—Cp K,

where (©p K) X X denotes the direct product in ME and pr, the canonical
projection. In particular |[K®X|the underlying set of the K-functor KQ¥
is equal to |(Sp K) X X| by definition [7, I, §1, 6.3]. We say that a point &
of K®X, which is identified with a point of (Sp K)x ¥, lies over a point z
of X and write % |« if pr,(&) =2, where

1, (Sp K) X X—X

is the canonical projection.

For a K-functor §), we denote by TX(9) the underlying K-coalgebra of
Y ( if it exists). In particular TX(Y) denotes the tangent K-coalgebra to
9 at a point ¥ of §. Suppose that T(X) and TE(KR¥) exist. We define a
K-coalgebra map

&: KOT(X)-TX(KXX)

as follows: Let C be a finite dimensional subcoalgebra of T(¥) with ¢: C
=—>T(X) the inclusion. Let

&r: KQC-TX(KRX)

be the K-coalgebra map which corresponds naturally to the element (2)ggg-
of X(K®C*), where 7 is the element of X(C*) determined by i and (2)gge« is
taken with respect to the canonical map

C*—>KQC*.

Since &, is functorial with respect to C, there exists a unique K-coalgebra
map & such that

§IKQC=4&;
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for all finite dimensional subcoalgebras C of T(¥).
Let C be a finite dimensional cocommutative k-coalgebra, then the
diagram below commutes :

Coalg,.(C, T(%))—E—>Coalg ~(KXRC, TE(K®X))
U U
x(Cr %y X(KRC*) ,

where & is the composite

KR?
Coalg,(C, T(X))—>Coalgx(KQC, KQKXT(X))

Coalg&__@_&_f_l Coalg(KQC, TE(KRX)).

One sees that ¢ is the unique K-coalgebra map such that the above diagram
commutes for all C e Wi.
Take X=Gp A for instance, where A ¢ M. Let

: KQRA'—-(KRA)

be the canonical K-coalgebra map, where the right hand side denotes the
K-coalgebra dual, that is

(AR (@) =X, A

for 2,pe K,2e A° and ae A. In view of the above characterization of the
K-coalgebra map &, one may easily verify the commutativity of the follow-
ing diagram

KQT¥)—>TX(EQX)
g Y
KA _“»(EQA) .

PROPOSITION. Let X be a locally algebraic k-scheme and K|k a field
extension.

(i) Let z be a closed point of X. There exists an isomorphism of
K-coalgebras KQT (X))~ @ TE(KKRX) such that the diagram

Tz

E®T®) ——T(KQ¥)

KT, (¥) =~ ®TEHERX)
Tz

commutes.



Tangent Coalgebras and Hyperalgebras I 87

(ii) In particular & is injective and
EERT(X)= ® THERX).

pro(&) is closed

(iii) If K|k is an algebraic extension, then & is an isomorphism of K-
coalgedbras.

PRrROOF. Let z be a point of X. We can identify T,(¥)=(0,)’. Then
the canonical inclusion

(0,)° =T (X)=>T(X)
is clearly obtained by applying the functor T(—) to the canonical monomor-
phism
&s: Gp O,=—>%.

Since the K-coalgebra map £ is clearly functorial, the diagram below com-
mutes:

EQT®)  —>TEE®X)
EQT(,) JTK(K®eZ)
K0, —>EKR0,) ,

where ¢ is the canonical map defined before this Proposition.
On the other hand we have a canonical bijection

{Z e KQX|% lies over x}~Spec (KQ;, k(x))

[7, 1, 81, 5.2]. We denote by P(%#) the prime ideal of K®w(x) which cor-
responds to . If we regard P(%) as a prime ideal of KQ0, naturally, then
the K-algebra @; can be canonically identified with the localization (K®0,)p s
and the canonical monomorphism

&5 Gpx 0,— KX
is obtained as the composite

KQe,
Cpx (K®O,)piay=—>Spx (KR0,) BB KR,

Suppose that x is a closed point of ¥. Then KQ«(x) is Artinian. Hence
its prime ideals are all maximal. Then Corollary 1.1.4 means that the
map

1 K&(0,)'—~(KQ0,)°

is injective and its image is
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@ ((K®@x)f’(5))0: ~€P (@2)0-

Tl
Thus we get a commutative diagram
KQT(¥)—>TX(K®X)
cano. cano.
K®(0,) —> ® (0,)°

Elxz

This proves (i).

(ii) follows immediately from (i).

Next suppose that K|k is algebraic. It is enough to show that if % is
a closed point of KQ¥, then pr,(¥) == is a closed point of X. But this follows
from the diagram below :

lc(x)

<D
\ .

2.2.9 For a map of fields ¢: k—K and a k-functor X, we put
K®,X=K®, X
Let p the characteristic exponent of k. We put
fik—k, 2|22
For a k-functor X, we put
XP=k®; X
Thus this is the following k-functor

f(p) . Mk—>E, R l "”%(fR),

where /R is the k-algebra obtained by pulling back the k-algebra R along f
[10, III, 6, page 90]. The Frobenius map on X [7, II, § 7, 1.1], written ;:
X—X%® is defined as follows: For each R e M;, the map

Fe(R) : X(R)—XP(R)=X(;R)

is obtained by applying the functor X to the M,;-map
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JSr: R—R,a|—a?.
PROPOSITION. Let X be a k-functor. Suppose that both X and X® haye

the underlying coalgebras. Then the composite

TE) 2T )@ ST(E®)

s equal to T(F,), where Yy, is defined in §1.9.
PROOF. Let Ce W{. Then by definition we have a commutative dia-
gram:

X(C* =~ Wi(C,TX)
Wi(C,Y 1)

|
T(x)®
W, (C®, T(X)™) W0, T&)? L‘Wk(C, T(X)®)
Wi(C®,8) Wi(C,8)

Wk(C(p)’ T(%(p))) Wk(YG,T(an))) Wk(C, T(g(p)))
-

y U
%(f C*(p))) - %(r9) %(fC*)

E(&1)

where we identify as usual C®*=C*® gnd
191 (C*P)— ,C*
is the same as the map
¢: C*P—C*, 1Qa | —Aar.

Since the composite

o155 (cro 2, o
is equal to the map: a|—a?, we have
Wi(C, o Wi(C, Y p) = Wi(C, T(F).
This means
EOTT@):T(%I)-
REMARK. Notice that the field map
Sik—k, 2| —a®

can be regarded as an algebraic extension of fields. Hence if ¥ is a locally
algebraic k-scheme, the map
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£: T(X) P TE®)

is an isomorphism. Thus the above Proposition permits us to identify the
coalgebra map T(F,) with the 2-map 2y q).

2.2.10 Let K|k be a field extension and ¥ a locally algebraic k-scheme.
We put

X(K)y={a e X(K)|[a] is a closed point of X¥}.

We establish a bijection between X(K),, and G(KQT(¥)) the set of group-like
elements of the K-coalgebra KQT(¥).
By (2.1.8) we have

G(T*(K®X)) = (KQX)(K)=X(K).
Let @: GIKQT(%))=—>X%(K) be the composite:

GERTE)SL T (KQE)) ~ X(K),

where ¢ is defined in (2.2.8). Then the image of @ is contained in X(K),,.
Indeed let g ¢ G(KQT(X)). There exists a finite dimensional subcoalgebra
C of T(X) such that g e G(K®C). We view g as a K-coalgebra map

g: K—-K®C.

By definition we have @(g)=(i)x € ¥(K), where 7 is the element of X(C*)
which is determined by the inclusion

1: C=—T(¥)
and (¢)x is taken with respect to the composite:

K
. CF 791 K®C*M0dK(g’ )

K.
Since ¢(C*)=F is a finite dimensional subfield of K, we have
[D]=[@)r] € | X].
Next we define a map

U: X(K),—GEQT(X))

as follows: Let a e X(K), and put z=[«a] €|X|. We regard as usual « as a
map of k-schemes

a: Gp K—X.
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This induces an FId,-map
g k(xr)—K.
Extend this to a K-algebra map
1®0: KQr(r)—K.
Let g: K—KQT, (%) be the composite:

Modx(1X0,K) K®e(x)

K —— KQr(2)*——>KQT (%),

91

where ¢(x) is canonic (2.2.6). Clearly g is a K-coalgebra map. Hence g(1)

is a group-like element of KQT (X), and of KRT(X) too. We put
T()=91) e GIKRT(X)).
We claim that @' =1. Notice that the map
a: Cp K—X
factors as

&p K2256p @),

where e(z) is canonic. Let
@: Cpr K~KXX
be the map which is naturally identified with the element
a € (KQX)(K)=X(K).
The map « factors as

S8 o (KRue@) D k2%

a:Spx K
Apply the functor TX(—) to the above sequence. Then we have

Modx(1®7,K) K@M@*MK@T(%)LTK(K@%)’

TE@): K
that is
TE(w)=Eo0g.
This means that under the canonical bijection

GTHE®X)) = X(K),
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the elements £(g(1)) € G(TX(K®X)) and « € X(K) correspond to one another.
Hence we have ¥ =1. Since @ is injective, we have also ¥o=1.

Let ¢ € ¥(K),, and put x=[«w]. We view « as a rational point of K®X.
Then it lies clearly over z. It follows from above that ¥(«) is a group-like
element of KQT,(¥) and &P (w)) is the unique group-like element of TX(K®X)
the tangent K-coalgebra to KQX at the rational point « of K&KX. Hence
Proposition 2.2.8 (i) means that the canonical injection

&: KQT(X)=—>T*¥(KKX)

induces an isomorphism of K-coalgebras

(KT, (X))" “——>TKK®X),

where the left hand side denotes the irreducible component of the K-coal-
gebra KQT,(¥) containing the group-like element ¥'(«).
For a coalgebra C and a group-like element g of C, we put (§1.0)

P,(C)={xe C|d(x)=9Rx+2Rg}.

This is equal to P(C?) the set of primitive elements of C? the irreducible
component of C containing g. Then we have a canonical isomorphism of
K-coalgebras

Py, BQT,(%)—> P(TX(KQX)).

Notice that the right hand side can be canonically identified with the Zariski’s
tangent space to KQ¥ at the rational point « (2.1.12).
In general let z be a closed point of X. We view the canonical map

e(@): Sp k(r)—X
as an element e(x) € ¥(x(x)). Then [e(x)]=2. We put
9.=U (@) € Gle(2)RT,(X)).
This is the element which corresponds to the canonical map

e(@) : r(x)*—T,L(X)

under the canonical bijection
k(@)QT (X)) =~ Mod,,(r(x)*, T,(X)).

It follows from above that

(k(@)QT (X)) =TiD(k(2)®X) and
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Py, (k(2)QT (X)) =~ P(T:(3) (k(2)®X)),

where e(x) is regarded as a rational point of x(x)®%. Since the Zariski’s
tangent space to X at x is canonically isomorphic to that to x(2)®X at «(x)
by [7, I, §4, 4.1 and 4.15] and the latter is identified with P(T:2)(k(2)®%)),
we have:

PROPOSITION. Let X be a locally algebraic k-scheme and x o closed
point of X. Let g, ¢ k(x)QT(X) be the element which corresponds naturally
to the canonical map ¢(x): k(x)*—>T,(X). Then g, is a group-like element of
the k(x)-coalgebra rk(x)RT(X) and the r(x)-vector space

Py, (:(2)QT,(X))

can be canonically identified with the Zariski’s tangent space to ¥ at z.

2.3 Flatness and smoothness

2.3.1 A map of k-schemes {: ¥—9) is said to be flat at a point z of ¥
if the induced map f, : ¢;,,—0, makes @, into a flat ¢;,,-module [7, I, § 2, 2.4].
In the following we shall view T (%) as a T;.,,@)-comodule via the induced
coalgebra map T, () : T, (X)—T;,,@).

PROPOSITION. Let {: X—9 be a map of locally algebraic k-schemes
and x a closed point of X. Then {1is flat at x tff T,(X) is an injective object
in Comody, ,,(). If | is flat at x, then the induced map T,() : T,(X)—T;,,)(Y)
18 surjective.

PROOF. 0@, and 0;,, are local Noetherian and their maximal ideals are
cofinite. Since ¢, is flat over 0;,, iff ¢, is faithfully flat over 0, [2, I,
§3, n°5, Proposition 9 e)], the assertion follows directly from Corollary
1.7.9.

2.3.2 A map of k-schemes {: X—9¥ is said to be faithfully flat if it is
flat at every point of X and the induced map

[T 1X[-1D]

is surjective [7, I, § 2, 2.4].

COROLLARY. Let {: X—% be a map of locally algebraic k-schemes. If
i is faithfully flat, then the induced coalgebre map

T : TE-TQ)

18 surjective.
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ProOF. Let z¢|%|. Then the map
T s To()—T,,)(D)
is surjective by (2.3.1). Since T(¥)= @ T,(¥), it is enough to show that

zE€|IZ|

the map
I 12X [—191

is surjective.
Indeed let y e[|Y]|. Then {~'(y)=% X, (Sp k(y)), which is also locally
algebraic, has the non-empty underlying set, since

[X]X 19 1Sy £¥) |0

[7, 1, §1, 5.4]. Hence we have [[f*(y)| #0 by [7, I, §3, 6.8 and 6.9]. This
proves our assertion.

2.3.3 A map of k-schemes {: X—9 is said to be quasi-compact if for
any open quasi-compact subset V of |9/, {*(V) is quasi-compact [7, I, § 2, 2.1].
A locally algebraic k-scheme is quasi-compact iff it has a finite open affine
covering. Such a locally algebraic k-scheme is called an algebraic k-scheme
[7, I, §3, 2.1].

PROPOSITION. Let {: X—9 be a map of locally algebraic k-schemes.
Suppose that | is quasi-compact. If T(j): T(%)LT@)) then {: %——:»2).“)

Proor. The assumption that T(f) is an isomorphism means that ||f| :
ES H—:ﬂ]@H and that T,(}): Tx(ai)—:>Tfm(@) for any closed point z of X. In
particular { is flat at every closed point of X. Since

U={xec X|f is flat at x}

is open [7, I, § 3, 3.13] and contains all closed points of X, we have U=|%]|
by [7, I, § 3, 6.8 and 6.9]. Therefore { is flat at every point of X.

Next we show that § is surjective. Let & be an open algebraic sub-
scheme of §). Then we have

T(H) : TE(B)—>T(B),

since T commutes with finite limits (2.2.1). Since ) is covered by a family
of open algebraic subschemes, we can assume without loss of generality
that 9, and X also, is algebraic. Then the image {(X|) is a constructible
subset of [J| by [7, I, § 3, 3.9] and contains all closed points of §). Hence
xD=|9| by [7, I, §3, 6.8 and 6.9] again.
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We have proved that { is faithfully flat. By Theorem of fpgc descent
[7, I, §2, 2.7], the following is a coequalizer diagram in Sckh; the category
of k-schemes:

pry §
EXg X 3Z3X—>Y
pra
But it follows from Proposition 2.2.7 (iii) that { is a monomorphism. Hence
pr,=pr, and { is an isomorphism.

REMARK. Author does not know whether Proposition holds without
the assumption “f is quasi-compact”.

2.3.4 Let {: X—>9 be a map of schemes. We denote by 2, the module
of differentials of X over 9 [7, I, §4, 2.1], which is a quasi-coherent 0,-
module, and put for any point x of ¥

‘Ql‘/g)(x) - I’C(x)®am (gx/sy)x

If { is locally finitely presented [T, 1, § 3, 1.6] then Q;4(x) is finite dimensional
over r(x) and

dim, 7' (7(2)) = [22p(@) : ()]

by [7, 1, §4, 2.10].

For simplicity we assume that | is locally finitely presented. Let x e X
and y=f(z). { is said to be non-ramified (resp. étale, resp. smooth) at x
if Q,9(@)=0 (resp. if | is non-ramified and flat at x, resp. if { is flat at =
and dim, {7'(§(@)) =[Qz9(x): e(x)] [7, I, §4, 3.2 and 4.1].

The purpose of the rest of this section is to translate the concepts of
being non-ramified, étale or smooth into the coalgebra language (cf. Intro-
duction). In other words we want to find out classes #,, %, and Z, con-
sisting of maps of cocommutative irreducible k-coalgebras such that for
any map f: X—9 of locally algebraic k-schemes and any closed point z of
X, { is non-ramified (resp. étale, resp. smooth) at x iff the induced coalgebra
map T, : T,(X)—T;.,,Q) belongs to £, (resp. Z,, resp. #,).

We reduce the problem to the rational case. Let K|k be an extension
of fields and 7: X—9) a map of locally algebraic k-schemes. Let Z be a point
of K®X lying over a point 2 of ¥. Then fis non-ramified (resp. étale, resp.
smooth) at x iff K®f{ is non-ramified (resp. étale, resp. smooth) at & [7, I,
§4, 4.1]. Suppose that for any finite field extension K | k, there exist classes
ZUK), Z,(K) and Z,(K) consisting of maps of cocommutative connected K-
coalgebras such that for any map {: X—9 of locally algebraic K-schemes
and any rational point x € X(K), { is non-ramified (resp. étale, resp. smooth)



96 MiTsUHIRO TAKEUCHI

at x iff the induced K-coalgebra map T%(f) : TX(X)—TE,,(Y) belongs to Z,(K)
(resp. Z(K), resp. Z,(K)).

Now let ¢: C—D be a map of cocommutative irreducible %-coalgebras.
Then K=C¥ is a finite field extension of %k, where C, is the coradical of C.
Let g e K&KC be the element which corresponds naturally to the inclusion:
C,=——>C. Then g is a group-like element of the K-coalgebra KQC (cf.
(2.2.10)). The K-coalgebra map K®¢: KQC—KKD induces a map of con-
nected cocommutative K-coalgebras

K®¢: (KRC)'—(KRQD)X®) @

where (K®C)? is the irreducible component containing ¢ and so is
(KQD)*&e»w Let &, (resp. &, resp. #,) be the class of ¢: C—D such that
the induced map

K®¢: (KQC)'—(KQD)*eH @

belongs to Z,(K) (resp. Z,(K), resp. Z,(K)).

If he notices that a closed point = of a locally algebraic k-scheme ¥ de-
termines a rational point e(x) of w(x)®X and that the tangent coalgebra
T8 (k(2)®%) is equal to (k(x)XT,(X))?*, the reader may easily verify that
the classes Z,, Z, and &, satisfy the conditions described above. Thus we
have only to find out the classes Z,(K), Z,(K) and Z,(K) as above."?

2.3.5 Let f: X9 be a map of locally algebraic k-schemes. Let x¢
X(k) and y={(x). The following is a pullback diagram in W (2.2.6):

T.® =019

Jt(y)
T, W) —r@)* .

Since the functor P: W —Mod, commutes with finite limits by (1.2.8), we
have an exact sequence of vector spaces:

0——>P(T,(f (1)) ——>P(T,(X)—>P(T, ().

On the other hand, we have an exact sequence of vector spaces:

2
0024 (@) 2y (1) <=2y, (1)

[7, I, §4, 2.9]. Notice that 2,,(x)=m,/m> and 2y, (y)=m,/m? and that
£;,1s induced by the canonical map f{,: m,«<m, [7, I, §4, 2.2]. But we have
naturally

P(T,(X) = (m,/m3)*,
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since {(0,/m**")*} is the coradical filtration of T,(X) (Proposition 1.1.1).
Thus we get a commutative diagram:

0—s P(Tx(f"‘(y))HP(TE(%))E&P(TQ,@))

U ¢Qs)) U
0‘_%935/@)(%)* —”—>‘Qas//c(x)* _—'_)‘lek(y)* .

This implies first that
P(T,(F7' (1)) = Qepp(2)*
and secondly that
0y,9(@)=0T,(}) is injective

in view of [11, Lemma 11.0.1].

Recall that T,(f) is smooth (1.8.1) iff T,(X) is an injective object in
Comody,y, and T,(f7(y))=B(U) for some vector space U, where one should
notice that T, (" '(y)) is the largest subcoalgebra of T,(X) contained in
T, e(¥)*) and that x(y)* is the coradical of T, (). Since T,(f~'(y)) is of
finite type, the latter condition is equivalent to

K dim T,(f"'(y)) =dim, P(T,(F'()))

by Proposition 1.6.1 (ii). Since dim, {"'(y)=K dim T, ("' (¥)) by Proposition
2.1.11 and P(T, (') * = 0y (), we have

T,(D) is smooth&f is flat at  and
dim, () =[2xp(®) : .
&f is smooth at x

Thus we have proven:

PROPOSITION. Let {: X~ be a map of locally algebraic k-schemes.
Let x ¢ ¥(k) and y=7i(x). Then { is non-ramified (resp. étale, resp. smooth)
at x iff the induced coalgebra map T (§): T (X)—>T,(Q) is injective (resp.
bijective, resp. smooth in the sense of (1.8.1)).

2.3.6 As an application we give here another proof of (i)&(ii) in
Theorem of smoothness [7, I, §4, 4.2], that is:

PROPOSITION. Let {: ¥—9Y be a map of locally algebraic k-schemes.
Let x be a (not necessarily closed) point of X and y=i(x). The following
are equivalent :

(i) fis smooth at x.

(i) There exist an open neighboorhood 1l of x, an integer n and a
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map g: U->YxXSp k[T, ---,T,]1 such that g is étale at x and that {|U=
pr0g, where k[T, - --,T,] denotes the polynomial algebra in n variables.

Proor. (ii)=>(i). Applying the functor x(x)Q(—) and taking the rational
point of x(x)®X lying over x, we can assume that x ¢ ¥(k) Then g(z) is of

the form (y, z), where z: k[T, ---,T,]—k is an algebra map and can be
identified with an n-tuple (1, - --,4,) of elements of k. Replacing T; by
T;—2;, we can assume that 4,=.-.=2,=0. Since T,({) factors as

T : O =T, ST, QST T,y -+, T,

1X)e
Er,)
(cf. (2.2.4)), we have only to show that
T.Sp kLT, ---, T,D)=BE")
in view of Theorem 1.8.1 (v). But we have for any C e W},
w.(C,T.(&Sp kT, ---,T,D
:Kerz (Mk(k[TU M) Tn], C*)—’)Mk(k[TI’ Tty Tn]’ C:)k))
~Ker ((C*)"—(CH™)
~Mod(C/C,, k)= W (C, B(k™),

where one should notice that the original point of M (k[T,, ---,T,]l, C¥) is
noz: k[T, - - -, T, ]>k—C¥ and with respect to which Ker(—) is taken. This
means that T,(©p k[T, ---, T, 1) =B(k").

(1)=(@1). Replacing ¥ by an open affine subscheme of X, we can assume
that X=Sp A for some A € M. Take an extension of fields K|k such that
there exists a rational point 2’ of KQXX lying over z, for example K=g(x).
Put

U=Ker (P(T=E(ER%) =L perx (£ 29))),

where ¥ =(K®{)(2). U is a finite dimensional K-vector subspace of
TE(KQX) CTHEKRX)C Mod(KKA, K).
Hence we have a natural surjection of K-vector spaces:
K®A—->Mody(U, K).

Take elements a,, - - -,a, € A such that {a¢,|U, ---,a,|U} form a K-basis of
Modr(U,K). The k-algebra map

o k[T, - -, T,]5A,T;|—a;
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determines a map of k-schemes
h=Gpo: X=Cp A->Cp k[T, ---,T,].

Put g=(G,9: X->YxXSp k[T, ---,T,]. We claim that g is étale at ». It
is enough to show that K®g is étale at «’. This argument permits us to
assume that x ¢ X¥(k) from the beginning.

Suppose that x ¢ ¥(k) and hence take K=Fk. Then we have

0 U—P(T,) =D p(T, @)

and {a,|U, ---,a,| U} form a basis of U*. In particular the composite

cano.

KT, -, T —> A% %
is surjective. This implies the injectivity of the composite

UCPI,@) =P, @p T, - - -, T,0),

where z=0)(x). We have shown during the proof of (ii)=>(i) that
T,(Sp k[T, ---,T,)=B(k").

Then the composite

U.MTz(@p k[Tl) Y Tn]):B(kn)_Lkn

is bijective, because it is injective and U is n-dimensional. Now the map

satisfies
T,(N=01®e)T,(g) and T, (5 =(e®1)oT,(g).

Therefore the arguement previous to Proof (iii)&(v) in Theorem 1.8.1
implies that T,(g) is an isomorphism, since T, () is smooth. Hence g is
“étale” at x.

2.3.7 A locally algebraic k-scheme ¥ is said to be k-smooth at a point
x of X, if the canonical projection: ¥X—Gp k is smooth at . If e is a rational
point of ¥, then ¥ is k-smooth at e iff T,(¥)~B(U) for some vector space U.
As a corollary to Proposition 1.6.4 we have:

PROPOSITION. Let X be a locally algebraic scheme over an infinite
field k and e € X(k). Consider the following commutative triangle consisting
of canonical maps:
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E(RIXT/ (X7 9) 225 % ([ X1/ (X))

\prN ﬁ

%(k)
Then X is k-smooth at e iff the map

Qy: Pris(€)—p;(e)

18 surjective for any integer n>0. In particular X is k-smooth at all rational
points iff q, is surjective for all n>0.

Proor (cf. [7, I, §4, 5.11]). Enough to notice that

(@)= Wi(k[X]/(X™)*, T,(X)) and
B,~(k[X]/(X™*1))*,

3. Hyperalgebras

3.1 Basic concepts

3.1.1 A Ek-monoid-functor (resp. k-group-functor) means a monoid (resp.
group) object in the category M.E, or equivalently a covariant functor from
M;, to Mon (resp. Gr) [7, II, §1, 1.1]. The category of k-monoid-functors
(resp. k-group-functors) is denoted by Mon, (resp. Gr;). The structure
maps of a k-monoid-functor (resp. k-group-functor) & will be denoted as
follows:

(multiplication) pg: &—&
(unit) ey Sp k-

(resp. in addition
(inverse) ig: @@

(cf. (1.3.1)). The index ‘& will be omitted if there is no risk of confusions.

Let & be a k-monoid-functor (resp. k-group-functor). Suppose that
the underlying k-functor of & has the underlying coalgebra T(®) (2.1.1).
We know that T(®)QT(®) is the underlying coalgebra of & x & (2.2.1).
Hence applying the functor T(—) to the structure maps of ®, we get coal-
gebra maps:

p=T(): T(G)RXT(E)->T(E)
n=T(): k=T(Sp k)->T(®)
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(resp. in addition
S=T(1): T(®)—T(S))

which make T(®) into a cocommutative bialgebra (resp. cocommutative
Hopf algebra with antipode S), as is easily verified. We say that T(®) is
the underlying bialgebra (resp. the underlying Hopf algebra) of &. It is
easy to see that the structure (u,7) (resp. (#,7,S)) is the unique one which
turns the canonical isomorphism (2.1.1):

w.(C, T(®)=E(C*)

into a monoid (resp. group) isomorphism for all Ce W}. (The uniqueness
follows from Lemma 1.3.2).

3.1.2 Let & be a k-monoid-functor. We identify as usual the structure
map ¢: Gp k—& with an element of &(k), which is the unit of the monoid
(k). Suppose that the coalgebra S.(®) to & at e exists (2.1.8). Since
S.(®)®S.(®) is the coalgebra S, .,(©X®) by (2.2.4), the structure maps of
& induce coalgebra maps

£=S¢od: S(B)XRS(®)—S.(S) and
7=38,(e) : k=8,(Sp k)—8.(©),

where 1 is the unique rational point of ©p k. One may easily check that
the maps x and 5 make S,(®), which is connected by (2.1.8), into a hyper-
algebra (1.3.5) and that (u,7) is the unique bialgebra structure on S,(®)
which turns the canonical isomorphism (2.1.8):

Wi(C, S.(®) =Ker (&(CH—G(CF))

into a monoid isomorphism for any C < W:. But the left hand side is in
fact a group, since every hyperalgebra has the antipode (1.8.5). Hence the
existence of S,(®) means that Ker (&(C*)—&(C¥)) is a multiplicative sub-
group of &(C*) for any C e WE. On the other hand the subfunctor &, of
® is easily seen to be a k-monoid-subfunctor. Then the hyperalgebra
(T.(®), u, ) is clearly equal to the underlying bialgebra of &, The hyper-
algebra (S.(®), u, n) is called the hyperalgebra of & and denoted by hy(®).

If in particular & is a k-group-functor, then the antipode S of hy(®)
is induced by the structure map i: ®—©®, that is

S=S8.(1): S,(®)—>8.(&).

If a k-monoid-functor & has the underlying bialgebra T(®), then it
follows directly from Proposition 2.1.4 (or from (1.3.4)) that the hyperal-
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gebra hy(®) exists and is equal to T(®)! the irreducible component of T(®)
containing 1, which is a subbialgebra of T(®).

3.1.3 Let & be a k-monoid-functor. Suppose that Ts(®) the tangent
coalgebra to © at the unit e in the strong sense exists (2.1.8). In view of
(2.2.4) the structure maps p and e induce coalgebra maps respectively

p=T% ,(p) : THERTHE) ~ T ,($)->THE) and
p=Te): k=TSp k)—-THS)

which make T%(®) into a hyperalgebra. Now consider the canonical iso-
morphism :

W(C, TH®)) ~Ker (S(RRC*)—-G(RRICH))

for all (R,C) ¢ W*(2.1.8). The right hand side is a submonoid of G(RKRC*).
The hyperalgebra structure (x4, ) on T(®) determines a group structure on
the left hand side (1.3.5). Then it is clear by the definition of (g,7) that
the above isomorphism becomes a monoid, in fact a group, isomorphism.
In other words the hyperalgebra (TSY(®), u, ) represents the monoid-functor
on W*t:

(R, 0)|—>Ker (B(RRC*)->G(RRCF))

in the sense of (1.3.8). We call that hyperalgebra (T5(®), y,5) the hyper-
algebra of ® in the strong sense and denote by hy*(®).

If & is a k-group-functor, then the antipode S of hy*(®) is clearly
equal to T5(1) : THE)—-TH®).

3.1.4 A k-monoid-functor (resp. k-group-functor) is called a k-monoid
(resp. k-group) if its underlying k-functor is a k-scheme [7, II, §1, 1.1].
Let & be a k-monoid. It follows from Proposition 2.1.6 that the under-
lying bialgebra T(®) exists and is equal to
@ (0,).
zEG
In particular the hyperalgebra hy(®) exists and is equal to (¢,)°. The hyper-
algebra structure on (0,)° is determined as follows: The direct product
diagram in M,E :

(CPLL IV BN
induces a direct product diagram in W, :

(@e)o(__(@“,e))o__)((oe)o
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by (2.2.4). Then the multiplication x: (0.)°®(0.)"—(0,) is the composite

(p(e,E))O
(0)'R(0)'=(0O,,,)'——>(0,)",
where p. ., : 0.0, is the local homomorphism induced by the structure
map p: EXE—®. The unit of (¢,)° is the unique group-like element.
If & is a locally algebraic k-monoid, then it follows from Proposition
2.1.9 that (0,)° is the hyperalgebra in the strong sense.

3.1.5 Let {: &—® be a map of k-monoid-functors. Suppose that both
& and @ have the underlying bialgebra (resp. the hyperalgebra, resp. the
hyperalgebra in the strong sense). Then the induced coalgebra map

T : T(&)-T()
(resp.
S.(7) : hy(®)—hy(&),
resp.
T : hy*(©)—hy*(®))

is easily seen to be a bialgebra map. Thus the functor T(—) (resp. hy(—),
resp. hy**(—)) can be considered as a covariant functor from some full sub-
category of Mon, to the category of cocommutative bialgebras (resp. hyper-
algebras).

Let © be the kernel of {. Lemmas 1.3.3 and 1.3.5 imply directly that
the bialgebra kernel of T(f) (resp. S.(f), resp. T5(f)) is the underlying bialgebra
(resp. the hyperalgebra, resp. the hyperalgebra in the strong sense) of 9. In
particular we have hy() =k (resp. hy*(9) =k) iff T.(f) (resp. T=()) is injective
by (1.3.6).

3.1.6 Let $ and & be two k-group-functors. Let
u: HX GG

be an action of  on ® [7, II, §1, 3.10], that is u is an action in the sense
of (2.1.10) such that $(R) acts on G(R) as group automorphisms for any R
€ M,. Suppose that hy*(&) the hyperalgebra in the strong sense exists.
Since e € G(k) is §-stable, there is a natural linear action of § on (hy*«(6)),.
Let § act on & X ® via the diagonal map: $—9xH. Then the structure
map

P:EXE-G
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commutes with the action of . This implies that the induced map
2 hy*(©)Qhy* (&) —hy*(©)

is a k-H-module map, where the left hand side is viewed as a k-$-module
via the diagonal map: §—HXx . Similarly if we let H act on k trivially,
then the structure map

n: k—hy*(®)

is also seen to be a k-9-module map. Hence the subspace (hy*(®))® is a
subalgebra of hy*(®) (but not necessarily a subcoalgebra). Let B be the
largest subcoalgebra of hys(®) which is contained in (hy*"(®))°. Then B is
a subhyperalgebra of hy* (&) and is the hyperalgebra in the strong sense of &?
by (2.1.10).

3.1.7 Let K|k be a field extension. It is known [9, Proposition 3.2.3]
that if C is a connected coalgebra then K&RC is a connected K-coalgebra.

Let X be a locally algebraic k-scheme and ec X(k). It follows from
Proposition 2.2.8 that the canonical map

& KQT(X)—-THEKRX)
induces an isomorphism:
KQT,&)——> ® TEERX).
But since the left hand side is irreducible, we have
K®T,(¥)——>TE(K®X),

where e € X(K) is viewed as a rational point of K&X.

Let & be a k-monoid-functor. Suppose that the underlying bialgebras
T(®) and TX(KR®) exist. The naturality of the map & implies the com-
mutativity of the diagrams:

ERT(® X &)~ TEKQ(S X ©))
lK@T@) lTK(K@p)
)

KOTE) —2 s TEERS)
KRTGph) —2 Tx@py K)
lK®T(€) iTK(CI()

KQT(E) —° %  TE®)
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This means that the map
£: KQT(G)->TE(KR®)
is a bialgebra map. Hence we have proven:

PROROSITION. Let K |k be a field extension and & a k-monoid-functor.
If the underlying bialgebras T(®) and TX(KQ®) exist then the canonical
maep &: KQT(E)-THKR®) is a bialgebra map. If in particular & is g
locally algebraic k-monoid, then & induces an isomorphism of hyperalgecras :

K®hy(®)——>hyX(KQ®).

3.1.8 Let k(o) be the k-algebra on basis 1 and ¢ with £=0. We define
some algebra maps as follows:

vt k(e)—k(e), e|—2e for ek
0 k(&) —k(eRk(e), & —eQe
tim 't E(@)—®" k(e), ¢ —(®@"' DRe@(®@"'1) for 1<i<n.

Let p be the characteristic exponent of k. The subalgebra of symmetric
elements in ®? k(e) is generated by o=¢,+ -+ +¢, and z=¢,- - -¢,, Where ¢,
=¢;,,(e). Then there exists a unique algebra map

h: ko, m)—k(e)

such that (z)=e¢ and (o) =4, ,e.
Let ® be a k-group-functor. We put

Lie (®)=Ker ((k(e)—S(k))

where the right hand side is taken with respect to the canonical projection:
k(e)—k, ¢|—0.

PRropPOSITION (cf. [7, II, §4 and §7]). Let & be a k-group-functor.
Suppose that & has the hyperalgebra hy(®).
(i) The action:

kx Lie (&)—Lie (&), (2, 2) [ -G (v)(w)

makes the group Lie (&) into a vector space.
(ii) There exists a unique map

a: Lie (&) x Lie (&)—Lie (&)
such that

Gz, 1)) =6(1,)(@) - B6) () - Ble1 ) () ™ - Ble) ()
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m the group ©(k()®k(e)) for any x,yc Lie (8). Then the vector space
Lie (®) becomes a Lie algebra with « the bracket product.
(iii) The inclusion: ko, 1)=—>Q? k(c) induces an injection :

Ker (&(k(o, 7)) —> G (k) =—>&(®? k(e))
where the left hand side is taken with respect to the canonical projection :
k(o,m)—k,0|—0, x| —0. The map:

S(k(e) > S(®? k(e)
X I ﬁ@(ll/p)(x) tte ®(lp/p)(x)

wnduces o map

Jp»: Lie (&)—Ker (&(k(e, 7)—&(k)).
Let P: Lie (&)—Lie (&) be the composite:

Lie (&)-2 Ker (®(k(a, 7)) —> G(6) 23 Lie ().

Then the map P turns the Lie algebra Lie (&) into o restricted Lie algebra.
(iv) The (restricted) Lie algebra Lie (&) is naturally isomorphic to
P(hy(®)).

PrOOF. Consider the natural isomorphisms:

P(hy (&)~ W(B,, hy(®))~Ker (&(Bj)—~&(B{))
~Ker (S(k(e))—G(k))=Lie (®).

Proposition then follows immediately from §1.3b if one notices that the
algebra maps

v, k(e)—k(e)
¢ k() —k(e)Rk(e)
Ly s F(e) =& k(e)
cano. : ko, 1)=—>Q? k()
h: ko, m)—k(e)
are respectively the linear duals of the following coalgebra maps

u,: B,—B,

v: Bi®B,—B,

pr;: ®® B,—B,
cano. : ®? B,—S?B,
g: B,—S?B,.
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3.1.9 Let & be a k-group-functor. For any R e M, we put
Lie (B)(R)=Ker (G(R(e)—G(R))
where R(s)=R®k(s). In particular
Lie ()= Rie (®)(k).

Suppose that hys'(®) the hyperalgebra in the strong sense exists. Then we
have

EQP(hy*(&)) = W x(B,, hy*(®)) = Ker (8(RR®B)—>&(R®B))
~Ker (&(R(e)) -G (R))=Qie (B)(R).
As a corollary to Proposition 1.3b.6 we have

PROPOSITION. Let & be a k-group-functor having hy*(®) the hyper-
algebra in the strong sense.
(i) The action:

R X Rie (G)(R)—Lie (B)R), (4, )| >Gw,)(x)

makes the group Llie (B)(R) into an R-module, where v, is the R-algebra
map: R(e)—R(e), e| —ie for Ac R.
(ii) The maps:
G(R(e) X O(R()—G(R(e)Rz R(e))
(@, Y) [ =6(e)(@) - S(e)(Y) - S(e1) (@) 71 Gle ) ()
and  SR())—-G(®% R(e) x| =G (e,p)(@) - - - ©(eyp) ()

nduce respectively maps

ap: Rie (B)(R) X Lie (B)(R)—Lie (G)R) and
Pp: Qie (O)(R)—Lie (B)(R)

i the same way as in Proposition 3.1.8. Then the R-module Lie (&)(R)
becomes a (restricted) Lie algebra over R with ar and Pg the structure
MaPs.

(iil) The map:

EXG(k()—-C(R(E), (4, 2) | -C(v,)(®)

induces an isomorphism of (restricted) Lie algebras over R:

R®Lie (6)—>2ie (G)(R).
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3.2 Examples

3.2.1 Let V be a vector space. The commutative k-group-functors
V.and ©(V) are defined as follows [7, 11, §1, 2.1]:
V(R)=R®V and
D,(V)(R)=Mod (V, R)
for Re M,.
PrOPOSITION. hys(V)~B,(V) and hy(D,(V))=B.(V*).
Proor. Let (R,C)e Wi Then we have
Wx(C, B(V))=Modn(RX(C/C,), RQV) (1.5.4)
~Mod,(C/Cy,, RRV)
~RQ(C|C)*QV
~Ker (V(RRC*)—V (RRCF))

as groups. Since these isomorphisms are easily seen to be functorial with
respect to (R, C) ¢ W, we have by definition

hy*(V,)=B.(V).
Let Ce W{. Since we have
W(C,B,(V*))=Mod,(C|C,, V*)

~Mod, (V,(C/C)*)
~Ker (D,(VIC*)—D(VICH))

naturally as groups, it follows that
hy(®,(V))=B,(V*).

3.2.2 Let A be a (small) commutative bialgebra (resp. Hopf algebra).
For any R € M,, the set M, (A, R) is easily seen to be a multiplicative sub-
monoid (resp. subgroup) of the algebra Mod, (A, R) [11, Theorem 4.0.5].
Hence the affine k-scheme

GpA: R ->MJ(A,R)

can be considered as a k-monoid- (resp. k-group-) functor. On the other
hand the dual coalgebra A° has a natural structure of (cocommutative)
bialgebra (resp. Hopf algebra) [11, § 6.2]. Then the canonical isomorphism
(2.1.5): A'~T(Sp A) is easily seen to be a bialgebra (resp. Hopf algebra)
isomorphism. In particular (A%! the irreducible component of A° contain-
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ing 1 can be canonically identified with the hyperalgebra of the k-monoid-
(resp. k-group-) functor Sp A.

Let V be a vector space. We shall denote by SV the symmetric algebra
on V. Then SV has a unique Hopf algebra structure (4, ¢, S) determined by

AV)=vQ1+1Rv,e(v)=0 and S®@)=—v

for v € V [11, Proposition 3.2.8]. Then the k-group-functor ®,(V) is clearly
isomorphic to the k-group-functor Gp SV (cf. [7, II, §1, 2.1]). Hence we
have:

COROLLARY. For any vector space V, there is a canonical isomorphism
of hyperalgebras:

B,(V¥H)=((SV)")".

3.2.3 Themultiplicative group of an algebra. Let A be an associative
(not necessarily commutative) algebra. The k-group-functor g* [7, II, § 1,
2.3] is defined by

2 (R)=URKRA)
for R e M,, where U(R®A) denotes the unit group of the ring RRA.

PROPOSITION. hy*(g4)~B,(4).
Proor. Let (R,C)e W' We have functorially

Wr(C, Bu(A) =T zg4(C)
as groups (1.5.6). The canonical isomorphism of algebras:
Mod, (C, RQA)~RRC*R®A
clearly induces an isomorphism of multiplicative subgroups:
T zes(C)=Ker (U(RIC*RA)—U(RRCFRA)).
From this the assertion follows immediately.

3.2.4 Linear groups. Let V be a vector space. The general linear
group GL(V) is the k-group-functor defined by

GR(V)(R)=GLx(RRV)

for ReM, [7, 11, §1, 2.4]. If V is finite dimensional, then the special
linear group S(V) is the k-group-subfunctor of &X(V) defined by

GR(V)(R)=SL,(EQV)
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for R ¢ M,.
PROPOSITION.  hy(G(V)) =~ B,(End, (V).
If V is finite dimensional, then
hys(&2(V))=B..(End, (V)) and
hy*(©2(V))=Ker, (Dy),
where Dy : B, (End, (V))—B,.(k) is the hyperalgebra map define in (1.5.10).

Proor. Let CeW:. Then the canonical isomorphism of algebras
(1.5.9):

Endg. (C*®V)=Mod,(C, End, (V))
induces an isomorphism of multiplicative subgroups:
Ker (GL(C*®V)—=GLHCFRV)) = Tryq, ) (O).
Since we have
W.(C, BL(End, (V)= Tgag, v, (C)
naturally as groups, it follows that
hy(G2(V))=B,.(End, (V).

Suppose that V is finite dimensional. Since then &(V) is an algebraic
k-group, it has the hyperalgebra in the strong sense which is equal to
hy(®L(V)). Now Proposition 1.5.10 means that the map of hyperalgebras

Dy : B..(End, (V))—B,.(k)
is obtained by applying the functor hy*(—) to the map of k-groups
determinant : GL(V)—-GL(k).

Hence ©2(V) the kernel of the determinant map has the Hopf kernel of D
as its hyperalgebra in the strong sense by (3.1.5).

3.2.5 Let ® be a k-group-functor and V a vector space. Then the
linear actions of & on V, (2.1.10) correspond bijectively to the maps of k-
group-functors: &—-G(V) [7, II, §2, 1.1].

Suppose that the hyperalgebra hy(®) exists. Then any k-&-module
(V, p), where p: &—-@G2(V), has a natural structure of left hy(®)-module via
the composite

hy(©) 2“5 B, (End, (V))——>End, (V),
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where 7’ =r%nq, v, (1.5.5).
Let C be a finite dimensional subcoalgebra of hy(®) with 7 : C=——hy(®)
the inclusion. Consider the map

V—Mod,(C,V),v|—(Nv,

where (?)v: ¢|—c-v. Let 1 be the element of &(C*) determined by 7. Then
we have:

LEMMA. The above map: V—Mod,(C,V) factors as

cano. o(2) cano.

14 >C*QV C*Q®V——>Mod,(C, V).

Proor. Under the canonical isomorphism:
Mod(V, Mod,(C, V))=~Mod,(C, End, (V))

the map: v| —(?)v corresponds to z’chy(p) | C clearly. But via the canonical
isomorphism of algebras:

Mod,(C,End, (V))~End (C*QV)
the element z’chy(p) | C corresponds to p(z) by definition. This proves Lemma.

3.2.6 The automorphism group of an algebra. Let A be an associative
(but not necessarily commutative) algebra. The k-group-functor 2ut(4) is
defined by

Aut (A)(R) = Algp-aut (RRA)

for R ¢ M,, where the right hand side means the group of R-algebra auto-
morphisms of RQYA [7, 11, §1, 2.6].

PROPOSITION. hy(%ut(4))~M/(A4, A)".
Proor. Let Ce Wi It follows from (1.5.11) that we have

W,(C, M(A, A)) =~ Alg,(C*R®A, C*RA)
as monoids. Hence by (1.3.4) we have
W.(C, M, (A, A))~Ker Qut (A)(C*)—Aut (A)(CF))
as groups. This means that hy(2ut (4)~M,(4, A"

3.2.7 Let V be a vector space and A an algebra. We defined in (1.5.1)
the additive C-Hopf-algebra on V denoted by C,(V). Then it is easy to see
that
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T(V)=C,(V) and T(O(V)=C,(V*).
Consider the monoid-functor:
C|—Mod,(C, A)*

on W,, where Mod,(C, A)* denotes the multiplicative monoid of the algebra
Mod,(C, A). Since this functor is represented by C(A4), there exists a unique
bialgebra structure (¢, ) on C(A) which makes the canonical isomorphism

W,(C, C(A))—>Mod,(C, A)*,c| —m 400

into a monoid isomorphism, where z,: C(A)—A is canonic. The bialgebra
(C(A), ¢/, 7) is called the multiplicative C-bialgebra on V and denoted by
Cn(4). The bialgebra structure (¢/, ) is easily seen to be unique such that
the map

4t C(A)—A

turns into an algebra map.
Let (4,)* be the k-monoid-functor defined by

M,—Mon, R|—(RRA)*.
Since then
W.(C, C(A)=~Mod,(C, A)*=(C*RA)*
for any C e Wi, it follows that
T((A))=Cr(A).
Let nd (V) and Enb,,, (A) be the k-monoid-functors defined by

End (V): R|—(Endy (RRV)*
Cnb,, (A): R|—Algr(RRA, RYA)

(cf. [7, 11, §1, 2.4 and 2.6]). Since then
W.(C, C.(Cnd (V) =Mod(C, End, (V))*=~Endg. (C*QV)*
and
Wi(C, M (4, A)) =~ Alg,(C*®A)
for any C e Wi (1.5.9 and 1.5.11), it follows that
TEnd (V))=C,(End, (V)) and T(End,,(4)=M/[(4,A4).
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Summarizing we have:

PROPOSITION. T(V) ~C,(V)
T(V)  =C(V*)
T((A)) ~Cn(4)
T(End (V)) ~C.,(End, (V)
T(Enbd,, (A)=M.(4, A).

3.2.8 Let & be a k-monoid-functor. We define a k-group-functor 1(E)
by

W(®)(R)=UBG(R)

for any R e M,, where U(&(R)) is the group of invertible elements in G(R)
(1.8a.1) (cf. [7, II, §1, 1.4]). Suppose that ® has the underlying bialgebra
T(®). Let T(&) be the largest sub-Hopf algebra of T(®) (1.3a.5). Then
we have

W(C, T(®))=UW(C, T($) =U(G(C*) =WE)C*)

for any Ce W:. Hence the Hopf algebra T(®) is the underlying Hopf
algebra of U(®). In particular we have

hy(®)=T(®)'=T(®)" =hy(l(S)).
Let V be a vector space and A an algebra. Since then we have
2A=10((A4)9),G(V)=UEnd (V)) and Aut(4)=W(End,, (A4)),
it follows that the underlying Hopf algebras
T(pe"), T(GLV)) and TRt (A)
are respectively the largest sub-Hopf algebras of the bialgebras
Cn(A4), C(End, (V)) and M4, A4).

3.3 The hyperalgebra of an algebraic k-group

3.3.1 Let ® be a locally algebraic k-group. It follows from (2.1.11)
that the hyperalgebra hy(®) of &, which is in the strong sense (2.1.9), is of
finite type as a coalgebra (that is Lie (&)=P(hy(®)) is finite dimensional)
and that

dim =dim, =K dim hy(®).

Let &° be the connected component of e in & [7, 11, § 5, 1.1]. &' is an open
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subgroup of & and algebraic. Since the structure sheaf ¢4 has the same
stalk over ¢ as 0y, we have

hy(®°) =hy(&).

3.3.2 Let & be a k-group. A subgroup (resp. an open subgroup, resp.
a closed subgroup) of & means a k-group-subfunctor of & which is a sub-
scheme (resp. an open subscheme, resp. a closed subscheme). If & is alge-
braic then any subgroup of & is closed by [7, 11, § 5, 5.1 (b)].

Let {: &—% be a map of algebraic k-groups. It follows from [7, III,
§3, 5.2 and 2.6] that there exists a unique subgroup £ of  containing the
image {(®) such that the induced map

f: 06—
is faithfully flat. In the following we shall write
I
9'=1©®)
and call it the image-subgroup of { (which coincides with the sheaf-image
of § defined in [7, III, § 1, 2.3]). Since now the induced map:
hy(®)—hy({(®))

(resp.

hy(F(@)—hy($))

is surjective (resp. injective) by Proposition 2.3.1 (resp. by Proposition
2.2.5), we have:

PROPOSITION. Let {: &—8 be a map of algebraic k-groups. Then

hy(ﬂ@/)) the hyperalgebra of the image-subgroup of | is the image of the
mnduced map of hyperalgebras

hy(f) : hy(®)—hy(9)."

3.3.3 A locally algebraic k-scheme X is said to be étale (resp. smooth)
at a point = if the canonical projection: ¥X—&p k is étale (resp. smooth)
at x.

PROPOSITION. Let §: &—9 be a map of locally algebraic k-groups.
The following are equivalent :

(i) fis non-ramified at e.

(ii) SKer (P is étale at e.

(iii) hy(f) : hy(&)—hy(9) is injective.
In particular & is étale at e iff hy(®)=k.
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Proor. It follows from Proposition 2.3.5 that
f is non-ramified at e<hy(f) : hy(®)—hy(9) is injective
and that
& is étale at echy(®)=*k.
Since hy(fet (1)) is the Hopf kernel of hy({) (3.1.5), we have
hy(f) is injectivechy(Rer (D) =k

by (1.8.6). This proves Proposition.

REMARK. A locally algebraic k-scheme X is said to be étale (resp.
smooth) if it is étale (resp. smooth) at its every point. It is known that
a locally algebraic k-group & is étale (resp. smooth) iff it is at e [7, II, § 5,
1.4 and 2.1].

3.3.4 PROPOSITION. Let {: 8—9 be a map of locally algebraic k-
groups. The following are equivalent:

(i) fts flat ate.

(ii) The induced map hy(f) : hy(&)—hy(9) is surjective.

Proor. (i)=>(ii) is contained in Proposition 2.3.1.

(i)=(@). It is enough to show that the induced map

fi ®—-9°
is flat at e. Since hy(&)=hy(®) and hy(©")=hy($), we can assume that ®
and § are algebraic. Decompose | as follows:
e @——»‘\"f(@/)t————)@

Since hy(}) is surjective, it follows from (3.3.2) that

hy((®)) =hy ().

Hence the inclusion: %(\(Q)c———)@ is étale at ¢, and in particular flat at e,

by Proposition 2.3.5. Since the induced map: @5—»{(\@) is faithfully flat,
the assertion follows.

3.3.5 PROPOSITION. Let p be the characteristic exponent of k. Let
& be a locally algebraic k-group. The following are equivalent:

(i) & is smooth at e.

(ii) hy(®)~B({) as a coalgebra for some vector space U.

(i) dim &=[Lie (®): k]
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(iv) Ts: &GP the Frobenius map of & is flat at e.
(v) Mod, (hy(®), k"?) is a reduced algebra.
In particular if p=1 thén any locally algebraic k-group is smooth at e.

Proor. It follows from Propositions 3.3.4 and 2.2.9 that
(V)T |y : hy(®)—hy(®)® is surjective.
Since dim =K dim hy(®) and Lie (&)=Phy(®)), we have
(iii)&K dim hy(®)=dim, P(hy(®)). ‘
Therefore the assertion results from Proposition 2.3.5, Theorem 1.8.1,
Proposition 1.6.1 and Theorem 1.9.4.
REMARK. As is said before the condition (i) implies that & is smooth.'®

3.3.6 PROPOSITION. Let & be a locally algebraic k-group and 9 a
subgroup of &. Then  is an open subgroup of & iff hy(9)=hy(®).
Proor. It is enough to prove the “if” part. Suppose that hy(H) =

hy(®). Let & be the algebraic closure of k. Then k®$ is a subgroup of
the locally algebraic k-group k®® and satisfies

hy*(k®$) =hy (k®®)

by (3.1.7). Since § is open in & iff kRS is open in kG by [7, I, §2, 5.3],
we can assume that k=Fk.

Now let 05 . and 0, be the fibres over e of the structure sheaves ¢y and
O respectively. Since § is a subscheme of &, the induced map:

@(&,eﬁ(ﬂ.ﬁ,e

is surjective. But since (0 )°=hy(®) is dense in (0 )* by (1.1.1), it follows
from the assumption hy(9)=hy(®) that the above map is injective too. °
Thus we have

(9@’3“'—9@@,3.

This means that $ contains an open subscheme 1l of & such that ecll in
view of [7, I, §3, 4.2]. Let B be the smallest open subscheme of & which
contains all Nz for x € H(k). Then LV is an open subscheme of § and satis-
fies B(k)=9(k). Hence $=X by [7, I, §3, 6.8]. Therefore  is an open
subgroup of ®. (That % is contained in § follows from [7, I, §1, 4.13]).

3.3.7 COROLLARY. Let {: &—8 be a map of algebraic k-groups. Then
the image-subgroup f(\@/) 18 an open subgroup of  iff the induced map hy(f):



Tangent Coalgebras and Hyperalgebras I 117

hy(®)—hy(9) is surjective. (The latter condition is equivalent to saying
that T is flat at e).*®

3.3.8 COROLLARY. Let ® be a locally algebraic k-group and © a sub-
group of &. Then

9'=E"=hy(®)=hy(9)

PrOOF. If $'=@° then hy($) =hy(H") =hy(E")=hy(&). If hy($)=hy(®)
then $ is an open subgroup of &. Hence £° is open in &°. Since & is
algebraic §° is closed too. Since &° is connected §"=E".

3.3.9 Let ® be a locally algebraic k-group. Then for any subgroup
$ of & we have hy(9)=T(9) Nhy(®), since hy(9)=T(H)'. In particular if &
is another subgroup of &, we have

hy(H N ) =hy(H) Thy(K)
since T(HONK)=T(H) NT(!K) by Proposition 2.2.1.

COROLLARY. Let & be a locally algebraic k-group and $, R two sub-
groups of &. Then we have

H'CTRShY(H) Chy(R).
ProOF. hy(9)Chy(®)hy()=hy(HNHSH"=(ONK/Y'SH'CK.
3.3.10 COROLLARY. Letf, andf, be maps of locally algebraic k-groups:
&3®. If & is connected then
fi=RLehy(()=hy(},) : hy(®)Zhy()."”

Proor. The equalizer &=8et (f;, {,) is a subgroup of ® by [7, I, § 2, 5.6].
Since T(R) is the equalizer Ker (T(f,), T(},)) by Proposition 2.2.1, it follows
easily that

hy(®)=Ker (hy(f,), hy(f,)
(cf. (3.3.9)). Hence we have
hy(f,) =hy(f,) Shy(&) =hy(®)
ERN="=G
E5C=8.
3.3.11 For a k-scheme X we denote by ¥,., the reduced part of X which

is the smallest closed subscheme of X such that [¥X|=|%,.,| [7, I, § 2, 4.10].
Let & be a locally algebraic k-group. Suppose that % is perfect. Then
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it is known that ®., is a smooth subgroup of & [7, II, §5, 2.3]. Hence &,,,
is the largest smooth subgroup of &.

PROPOSITION. Suppose that k is perfect. Let & be a locally algebraic
k-group. Then hy(®.,,) the hyperalgebra of the reduced part of & is hy(®),.q
the reduced part of hy(®) in the sense of (1.9.5).

ProoF. Since hy(®,) is reduced in the sense of (1.9.5), we have
hy(®,.) Chy(®),q. In order to show hy(®),,Chy(®,..) we can assume that
G=@", since (&Y, q=(®,y)°’. The image-subgroup of the Frobenius map
Bes: ©—&®, which is well-defined because & is algebraic, is of the form
&’ for some uniquely determined subgroup & of ®, since k is perfect. If
we put inductively

((8(0) :®’ @(nﬂ): (@(n))’

then {®,} form a descending chain of closed subgroups of ©& and satisfy
hy(®,,) =hy(®),, in the same notation as in Proof 1.9.5. Since & is algebraic
there exists an integer N such that ®,,=®y,,. Then ®, is smooth by
Proposition 3.3.5 (iv) and hence contained in ®,,. Therefore we have by
Proof 1.9.5

hy(@)red c hy<®)<zv) = h)’(@ (N)) C hy(@red)-

3.3.12 In view of Theorem 1.9.6 we have:

COROLLARY. Suppose that k is perfect. Then for any locally algebraic
k-group &

Lie(®,)={l e Lie(®)|There is an oco-sequence of divided powers
in hy(®) lying over I}.
3.4 hy(%ts(9) and hy(Cs(D))

Let R e M,. We shall denote by M the category of (small) commuta-
tive R-algebras, which can be naturally identified with M,/R the category
of pairs (S, ¢) with S e M, and ¢ ¢ M (R, S).

Let & be a k-group-functor having the hyperalgebra hy(®). The cano-
nical isomorphism:

w.(C, hy(@ﬁ))—:—>Ker (&(CH)—>B&(C¥))
will be denoted by

a|—exp (g, C)
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where C e W}. If in particular hy(®) is in the strong sense, then

exp (o, C)=exp (o, k, C)
in the notation of (2.1.8).
3.4.1 Let ® be a k-group-functor. A k-G-module hyperalgebra is a
pair (I, p) where I is a hyperalgebra and
0: GG
is a linear representation of & on I such that G(R) acts on BRI as R-Hopf

algebra automorphisms for any R € M,.
Let (I, p) be a k-&-module hyperalgebra. We shall write

a—x=p(@)(x) and [a,2]=3] (a—2y)S(zy)

for Re M,,a e &(R) and z ¢ RRI, where S, denotes the antipode of 1. A
simple calculation shows that
[ab, x]:Z [a, b"—\x(l)][b, .’17(2)]
la, zyl=73" (a—z)la, 1S (xs) and
a—x=3[a, xy]x,

for a,b e &(R) and z,y ¢ RQI where R € M,.
Let A be a subalgebra and C a subcoalgebra of I such that

A.-CcC.

We define a sub-functor ®, , of & as follows: For ReM,, & 4,0(R) is the
set of @ € &(R) such that

[a, ROCIC RRA.

We claim that ©, ; is a sub-monoid-functor of ® such that C is &, ;-stable.
Indeed let a, b € &, ((R). Then
a—(RERC)Cla, RQCIRRC)CRYACCRKRC. and
[ab, RRC]Cla, b—(RIC)][b, RYC]
Cla, RQCIb, RACIC RRAACRRA.
Hence C is &, ,-stable and ab € ®, ((R). Sincele &, -(R) clearly, it follows
that ®, , is a sub-monoid-functor of &.
Let J be a sub-hyperalgebra of I which is &-stable. We put
V={x e l|[G(R), x]C RQJ for any R e M,}.

Since
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[G(R), JTVIC(G(R)—NIS(R), VIICRRJ,
we have JVCV. Let
X (&, J)
denote the largest subcoalgebra of I contained in V. It follows that
J X8, )X (®,J) and JCX(S, ).

Now Lemma 2.4.5 implies that for any R ¢ M,, RQV is the set of z ¢ RRI
such that

[&(S), z]CS&®J

for any Se M. Let (R,D)e W and oec Wx(D,I). It follows from Lemma
1.2.5 that

o(RR®D)CRYV &0 (RY®D)C RYX (G, J).

Therefore the set Wxy(D, X;(®, J)) can be canonically identified with the set
of 0 € Wx(D,I) such that

(p(@) oWy (a)*(W,(SpoWy(0)) € Ws(D, J)
for any S e M,, ¢ ¢ M,(R,S) and g € &(S).
3.4.2 LEMMA. Let X be a k-functor and V, W wvector spaces. Let
n: XXV,—»W,
be a map of k-functors such that for any R ¢ M, and o ¢ X(R), the map:
RRV—-RRIW, x| —uwla, x)

is R-linear. Let W’ be a subspace of W. Let Q) be the sub-functor of V,
defined by

DR)={x ¢ RV |WZX(S), ) CSQW’ for any S € Mz}.

Then we have §=V., where

V' =9k%).
PrOOF. 9 clearly contains V.. Let Re M, and xz ¢ )(R). Write
=, 1,

with 7, € R linearly independent and z, ¢ V. Let Se M, and a ¢ ¥(S). Then
we have
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> ri®ule, x;) € RQSQW’
since R®S € M. This means that each «; belongs to V. Hence Y=V".
3.4.3 Let ® and  be k-group-functors and
u: GXI—F

an action of ® on J (3.1.6). For a e ®(R) and z ¢ J(R), where R e M,, we
shall write

a—x=u(a,z) and [a,x]=(@—2)2x".

Let & be a sub-group-functor of § which is ®-stable. A sub-functor X4(®, R)
of 5§ is defined as follows: For any R e M,, X,(®, R)(R) is the set of 2 ¢ Y(R)
such that

[&(S), 2] T R(S)
for any Se M. It is easy to show that ¥,(®, &) contains & and that
K-X24(6, R) T XL(S, ).

Suppose that J has the hyperalgebra in the strong sense hy*(J) (3.1.3).
We have seen in (3.1.6) that the action u induces a natural linear action:

© Xhy*(3),—hy* (),

such that G(R) acts on RQ®hy*(J) as R-Hopf algebra automorphisms. Thus
the hyperalgebra hy*!(Y) turns into a k-®&-module hyperalgebra. Let § be
a ©-stable sub-group-functor of §. Suppose that & also has the hyperalgebra
in the strong sense. Then the induced map:

hyst(@)_)hyst(%)

is injective by Proposition 2.2.5. Hence hy**(®) can be identified with a &-
stable sub-hyperalgebra of hy*().

PROPOSITION. T5{(Xy(®, R)) =X, ysig (&, hys(®)).
Proor. Let (R,C)e W*. Consider the canonical injection:
W z(C, by (3))=—>J(RRC*), ¢| —>exp (o, R, C).
We have shown in (3.4.1) that

0 € Wg(C, X} yst,(®, hy*(®)))
S (@) oW () «(W,(Sy)o W,(a) € Ws(C, hy(R))
for any Se M,, ¢ M(R, S) and g € &(S)
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where Sy denotes the antipode of the hyperalgebra hy*(J) and p the induced
linear representation of & on hy*(J¥). If we notice that

exp ((p(9) o W(0) (W ,(Sy) o Wy(a)), S, C)
=(9sgo—explo, E, Csgo) exp (o, R, C)sgos

then it follows from Lemma below that

o€ Wg(C, X, 55t (G, hys(R®)))
@(gs(gc*_‘eXp (o, R, C)S@C*) exp (o, R, C)Eéo* € RSKRCH)
for any S e M and g ¢ &(S)
&exp (o, R, C) € X(®, RRICH).

This means Ts'(X4(®, &) =X, ysie, (&, hy*H(R)).

3.4.4 LEMMA. Let®,Jand R be as above. Let R,Te M, and x ¢
SERT). Then x e X, RYRIT) iff [aser Tspr] € RISKQT) for any S e My
and a e &(S).

Proor. Exercise (cf. [7, II, §1, 3.5]).

3.4.5 Let®bea k-group-functor. Suppose that hy(®) the hyperalgebra
of ® exists. A pair (V, p) with V a vector space and p: &—GL(V) a map
of k-group-functors is called a k-&-module. Such a pair determines a
structure of hy(®)-module on V as is seen in (8.2.5). Let V and W be k-&-
modules. If we view VQW as a k-&-module by pull back along the dia-
gonal map: &—® X ®, then the induced hy(®)-module VRW is obtained
from the (hy(®)®hy(®))-module VW by pull back along the structure map
4: hy(®)—hy(G)Rhy(®). If f: VW is a map of k-®-modules, then f is
also hy(®)-linear.

Now let I be a k-&-module hyperalgebra. Then by definition, the
structure maps

4:I-IRQI, p:IQI—-I, S;:I1-1,
n:k—I and e:I-k

are k-®-module maps. Hence they are hy(®)-linear also. This means that
I becomes a hy(®)-module hyperalgebra in the sense of (1.10.1).
Let A be a subalgebra and C a subcoalgebra of I such that

A-CcC.
We have defined a sub-hyperalgebra hy(®) , , of hy(®) in (1.10.4).

PROPOSITION. hy(® ) =hy(®) ;. If hy(®) isin the strong sense, then
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hy** (& 4, o) =hy*"(®) 4 .
PRrROOF. Let De Wi and o ¢ W,(D,hy(®)). Then we have

exp (o, D) € ® 4 o(D*)&lexp (0, D), D*QCIC D*®A
&2 (exp (g, D)—cy)S(cyy) € D¥QA for any ce C.

If we identify D*®I with Mod, (D, I) naturally, Lemma 3.2.5 means that
(exp (o, D)—c)(d)=0o(d)—c
for ce C and de D. Hence we have
exp (o, D) € © 4 (D*)
&> (e d—ce)Si(ey) e A foranydeD and ceC

&le(D), ClcA
So(D)CThy(®) 4,¢.

This implies that hy(&, ;) =hy(®), ..
Suppose next that hy(®) is in the strong sense. Let (R,D)e W* and
g€ Wx(D,hy*(®)). Then we have

exp (o, R, D) ¢ &, o(RRD*)
&> (exp (g, R, D)—¢1,)S1(c ) € RAD*RA for any ¢ e C.

If we identify RRD*®I with Modr(R®D, RRI) naturally, then it follows
from Lemma below that

(exp (o, B, D)—c)(d)=0o(d)—c
for ¢ e R®I and d ¢ R®D. Hence we have
exp (o, R, D) € &, (RRD*)S[e(R®D), RAC]IC RRA.
Put
V={x ehy(®)|[z, ClIC4}.
Then it is easy to show that
RRV ={x ¢ R®hy*(®) |[z, RAC]C RRA}.

Since hy*(®), . is the largest subcoalgebra of V, it follows from Lemma
1.2.5 that

[6(R®D), RRCIC RYAS(RRID)CRRV
&0e(RRD)C RRhy* () 4,¢.



124 MiITSUHIRO TAKEUCHI

Therefore we have
exp (0, B, D) € & 4, o(RRD*)Se(RQD) C RQhy* (&) 4,0-
This means that hy*(®, ;) =hy*(®) 4,¢-

3.4.6 LEMMA. Let & be a k-group-functor which has the hyperalebra
in the strong sense hys(®). Let (V,p) be a k-&-module. (Hence V becomes
a hy*(®)-module naturally). Let (R,C)e W' and o€ Wx(C,hy*(®)). If we
identify RQC*QV with Modr(RRC, RQV) canonically, then we have

a(e)—x=(p(exp (o, B, C))(x))(c)

foy c e RRC and x ¢ RV, where ‘—’ denotes the induced action of RQhy*(&)
on RRV.

PrOOF. Since C is finite dimensional, there exist a finite dimensional
subcoalgebra D of hy*(®) and ¢’ ¢ Wx(C, D) such that

o=W,(1)o0’
where i: D—hy*(®) is the canonical injection. Lemma 3.2.5 implies that
(plexp (4, k, D)(@)(d) =d—
for de D and x ¢ V, under the identification:
D*QV ~Mod, (D, V).
Since we have
exp (W,(?), R, D)=exp (i, k, D) pgp+,
it follows that
(p(exp (W,(1), B, D))(x))(d) =d—x ¢ RQV

ford e R®D and x ¢ RQV. Sinceexp (o, R, C) is equal to exp (W,(0), R, D) gg-
taken with respect to the R-algebra map

Mod (s, R): RQD*—RRC*,
it follows that
(o(exp (o, B, O)(@))(0)=0(c)—2
for ce RQC and v € RRV.

3.4.7 Let G be a hyperalgebra and I a G-module hyperalgebra (1.10.1).
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Let J be a G-stable sub-hyperalgebra of I. Put
V={xel|lG,z]CJ}

where [a, x]=2 (a—2y))S;(zs) for a € G and 2 el (1.10.4). We denote by
X, (G, J) the largest subcoalgebra of I contained in V. Then we have

JCX/(G,J) and J-X,(G,N)TX/(G,]).

PROPOSITION. Let & be a connected algebraic k-group and I o k-G-
module hyperalgebra. (Then I is a hy(&)-module hyperalgebra). Let J be
a &-stable sub-hyperalgebra of I. Then we have

X(®, J)=X,;(hy(®), J).

PROOF. Let @ (resp. ¥) be the set of subcoalgebras C of I such that
JcC, J-CcC and &=, (resp. hy(®&)=hy(®); ). Then by definition,
X(®,J) (resp. X;(hy(®),J)) is the largest element of @ (resp. ¥). Hence
we have only to prove ®=¥. The inclusion ¢ ¥ always holds by Proposi-
tion 3.4.5. But &, is a closed subgroup of & by Lemmas below. Hence
if hy(®)=hy(®, ), then &, ;=& by Corollary 3.3.8, since ® is connected.
This proves Proposition.

3.4.8 LEMMA. Let ® be a k-group-functor and I a k-&-module hyper-
algebra. For a subalgebra A and o subcoalgebra C of I such that A-CCC,
the sub-monoid-functor &, o of & is a closed submonoid.

ProOOF. Let Re M, and g € ®(R). Form a pullback diagram as follows:

Cro=—> ©
1o
3 =—>CpR.

It is enough to show thot 3=&p (R/m) for some ideal m of R. Let A’ be
a subspace of I such that I=A®A’. Take a basis {¢;} for A’. There exists
a linear map f;: C—R for each 2 such that

[g,cl=>] fi(0)RQe, mod RRA

for allce C. Put
m:%: R- f(c).

Let ¢ ¢ M(R,S). Then we have
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¢ € 3(S)&gs (taken with respect to ¢) € &, -(S)
Slgs, CICSRAEG(f(c))=0 for any 1, c.
Hence we have 3=Cp (R/m).
3.49 LEMMA. Let® be an algebraic k-group. Then any closed sub-
monoid of & is a sub-group.

Proor. Let $ be a closed sub-monoid of & and §’ the largest subgroup-
functor of . Then we have a pullback diagram :

9 —>®

U U

O'—9
where i=14|9 (3.1.1). Therefore § is a closed subgroup of &. Since
hy(9)=hy(9’), the same method as in Proposition 3.3.6 shows that £’ is open
in . (In fact Proposition 3.3.6 holds for a locally algebraic k-monoid &
and its sub-group £). In order to say = we can assume that k is alge-
braically closed, since AQH=ER$" implies H=¢’. But then we have only
to prove H(k)=9'(k) in view of [7, I, § 3, 6.8]. Let v e H(k). Then {2"9},
form a descending chain of closed subschemes of &. Since & is algebraic,
this raust be stationary. This means that x is invertible in $(k). Hence
H(k)=8'(k). This proves Lemma.

3.4.10 Let &,y be k-group-functors and
u: EXI—I
an action of & on J. Let & be a G-stable sub-group-functor of .

COROLLARY. Suppose that the hyperalgebras in the strong sense hy* ()
and hys(®) exist and that & is a connected algebraic k-group. Then we have

THXH(S, ) =X} ysigy (&, hy*(R)) =X, ystq (hy=*(©), hy='(R)).
3.4.11 Let &,y be k-group-functors and
n: EXI—>F

an action of & on J. Suppose that hy(®) and hy*(J) exist. Then hy=()
becomes a k-&-module hyperalgebra by (3.4.3) and so a hy(®)-module hyper-
algebra by (3.4.5).

LEMMA. The induced coalgebra map

S, (1) : hy(E)Rhy*(F) =S, (& X F)—hy*(F)
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cotncides with the structure map of the hy(®)-module hyperalgebra hy** ().

PrROOF. Let p: &—G2(hy*(Y)) be the structure map of the k-&-module
hyperalgebra hy*(¥). Let (R,C)e W', oe W,(C,hy*(¥)) and g € &(R). Then
we have by definition

WG reos €XP (0, C) pgov) =exp (o(9)oW,(0), R, O).
Let De Wi and ¢ W (D,hy(®)). Put
R=D* and g¢g=exp(z,D).
Then we have
w(exp (z, D) prges, €xXP (0, C) prgys)
=exp (o(exp (¢, D)o W (0), D*, C).
Put v=p(exp (z, D))o W, (o) € Wp(C, hy*'(Y)). Let
v : DQC—hy**(J)
be the composite:
DRC—>DRD*RC-25 DOD*@hy* ()—>hy*()
d®c| —>dRI®c  dRXQy|—>{d, XDy.
Then Lemma below means that v” is a coalgebra map and
exp (v, D*, C)=exp (/, k, DRQC).
On the other hand Lemma 3.2.5 means that
V' =po(z&0)
where

p: hy(®)Shy*(F)—hy*(3)

denotes the structure map of the hy(®)-module hyperalgebra hy**(¥). Hence
we have

exp (po(zQ0), DYC)
=u(exp (t, D) prger €XP (0, C) prgo+)
=1u(exp (z&a, DYC))
=exp (S¢,o(We(z®a), DRC).

Therefore we have
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Po(t®0)=S.,,()o(r&a).

This means that

p:S(e,e)(u)'

3412 Let D,CeWtand He W,. The composite of natural isomor-
phisms:

Mod,(DXC, H)~ Mod,(C, Mod,(D, H))~ Mod,(C, D*®QH)
:MOdD*(D*®C7 D*®H)

induces a bijection:
W.(DRC, H)= Coalg,«(D*QC, D*QH),

as is verified by simple calculation. We shall denote by v’ the element of
W, (DRXC, H) which corresponds to v € Wp.(C, H). Then v is the composite:
DRC—>DRD*RC-25 DRD*@H—>H
d®c| —>dR1Q¢ ARQXRy | —><{d, X>y.

Let § be a k-group-functor having the hyperalgebra in the strong sense
hy*(¥). Let ve W,(C,hy**(¥)). Then there exist a finite dimensional]sub-
coalgebra E of hy*() and v € W,.(C, E) such that

y=W,(D)ov
where 7 : E—hy*(3) is the canonical injection. Then we have
V=W, (@)ov) =iov.
Since the algebra map
W) : BE*—>D*QC*
factors as

E* ﬂ@l D*®E* MOdD*(UyD*) D*@C*,

it follows that

eXp (V, D*, C):eXp (Wﬂ(i)’ .D*, E)D*®C*:exp (7:, k, E)D*@C*
=exp (V/, k, DRC).
Thus we have proven:

LEMMA. Let  be a k-group-functor such that hy*(y) exists. Let
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D,CecWiandve WylC,hy*()). Then the composite

V1 D®C—> DRD*®C-Z5 DR D*Rhy*(%5)—>hy* ()
d®c| —>dR1Rc dRXKy | —>d, X>y

is a coalgebra map and
exp (v, D*, C)=exp (v, k, DRC).
3.4.13 Let ® be a k-group-functor. Let
1 X G-EG
be the action of ® on ® by inner automorphisms, that is
u(a, x)=axa™

for a, x ¢ ®(R), where R ¢ M,. Suppose that ® has the hyperalgebra in the
strong sense hy**(®). Then the action u makes hy*(®) into a k-&-module
hyperalgebra, whose structure map will be denoted by

Ad : G-l hy*(S))

and called the adjoint representation of &. This representation induces a

structure of hy**(®)-module hyperalgebra on hy*(®), whose structure map
coincides with

T (1) : hy*(©)Rhy*(&)—hy*(&)
by Lemma 3.4.11. But we have
T?ﬁ,e)(u)(a@’)x) = Z Uy X+ S@s(a(m)

for a, x ¢ hy*'(®), where S denotes the antipode of hy**(®), by simple calcu-
lation. Therefore the adjoint representation of & induces the adjoint
action of hy*(¢) on hy*(®) (1.10.3,1)).

Let § be a sub-group-functor of &. The normalizer Ny (H) (resp. the
centralizer €4(9)) of § in © is the sub-group-functor of & defined by

Ne(D)(R)={g € B(R)| 959 gs'=H(S) for any S e Mz}
(resp. by
Cs(DIR)={g € B(R)|gsxgs'==x for any S e My and & € H(S)})

for R e M,. Consider the sub-functors X4(9, 9) and X4(9, e) taken with re-
spect to the inner-automorphism action:
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PX GG, (a, z) | —axa™.
Since we have
Xo(D, DR)={g € BR) [9sH(S)g5' < H(S) for any S e Mz},
it follows that X4(9, ) is a sub-monoid-functor of & and has 4 (H) as its
largest sub-group-functor. Therefore if both hy*(¢) and hy** () exist, then
we have
hy*'(9(9) =hy*(Xs(D, D)) =X} ys1(6) (D, hy*(D))
where X, yst6,(D, hy*(9)) is taken with respect to the adjoint representation
Ab : H—GL(hy*(®)).
Similarly we have
Co(D)=Xs(D,e) and hy*(Cy(D) =X} ys1s (D, k).
In other words we have:

PROPOSITION. Let & be a k-group-functor having the hyperalgebra in
the strong sense hy*(®). Let  be a sub-group-functor of ©.

(1) hy=(Cx(9)) is the largest element of the set of subcoalgebras C of
hy*(&) such that

Z %[b(h’)(c(l))sg(c(z)) 6 R@k

for any R e M, h e 9(R) and c € C, where Sy is the antipode of hy*(&).
(i) Suppose that hy(9) exists. Then hys(N(D)) is the largest element
of the set of subcoalgebras D of hy*'(®) such that

25 W (M)(d1))Ss(dzy) € BOhy* (D)

for any Re M,, h e H(R) and d e D.

3.4.14 Let ® be a locally algebraic k-group and § a subgroup of &.
If § is connected, then it follows from Corollary 3.4.10 that

hys“(%@(@) = Xh y5i(®) (hys°(@) ’ hy“(@)) and
hySt(@@(@)) :Xh y“(@)(hym(@): k)

where the right hande sides are taken with respect to the adjoint action.
(Notice that  is algebraic, since it is connected). But since X yst g, (hy*(9),
hy*(9)) is the largest element of the set of sub-coalgebras C of hy*(®) such
that
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[hy*(9), C1Chy*(9),
it follows that
Xyt Y*(D), hy* (D) = Ny, ysio) (hy*(9))
in the notation of (1.10.5). (The reader should notice that
Se(la, zD =z, a]
for any a, xz ¢ hys(®)). Since we have similarly

Xh ysc(@)(hy“(@) k)= Ch yst<®>(hys‘(8§)) ,

follows the following:

PROPOSITION. Let & be a locally algebraic k-group and $ a connected
subgroup of &. Then we have
hy** (N (D) =Ny, yst,(hy*(£)) and
hyst(@:@(@)) — Chyst(@)(hysc(@)).
3.4.15 COROLLARY. Let & be a connected algebraic k-group and $ a
closed subgroup of &. Then we have
9 is normal (resp. central) in &
ETUAD (M) (eqy)Ss(cy) € RRNy(D) (resp. € RQk)
for any R e My, h € H(R) and ¢ € hy(&)

where Sy denotes the antipode of hy(®). Suppose further that  is connected.
Then we have

9 is normal (resp. central) in &
&hy(®), hy(®1chy(©) (resp. Ck).

PROOF. Since N4(H) and Cx(§) are closed subgroups of ®, our assertion
follows immediately from Propositions 3.4.13 and 3.4.14 in view of Corol-
lary 3.3.8.

3.4.16 Let & be a k-group-functor and
p: G-G(V)

a linear representation of & on a vector space V. For subspaces W, W’ of
V such that W/ W, the sub-monoid-functor & » [7, II, § 2, 1.4] is defined
by
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Gy wR)={g e ®R)|g-x—x ¢ ROQW’ for any x e W}

for R e M,. Suppose that hy(®) exists. Then V is a hy(®)-module by
(3.2.5).

PRrOPOSITION. hy(&,,. ) is the largest element of the set of subcoalge-
bras C of hy(®) such that

(c—=2)—elc)x e W'

for any ce C and x € W, where ‘—’ denotes the action of hy(&) on V.
PrOOF. Let De Wi and o e W, (D,hy(®)). Then we have

exp (¢, D) € Gy, w(D*)exp (0, D) -x—2x € D*QW’ for any x e W.
If we identify D*®V with Mod,(D, V) canonically, then we have
(exp (o, D) - 2)(d)=0(d)—w
for de D. Hence we have
exp (o, D) € &y, (DS (o(d)—x) —e(d)xr e W’ forany deD and x e W.
Since there exists the largest subcoalgebra C of hy(®) such that
(c—x)—e(0)x e W’
for any ce C and x ¢ W, it follows that hy(®,. ,)=C.

3.4.17 It is easy to see that &, is a closed submonoid of & (cf.
(3.4.8)). In particular if & is an algebraic k-group, then &, , is a closed
subgroup of & by (3.4.9).

COROLLARY. Let & be a connected algebraic k-group and
0: B—GR(V)

a linear representation of & on a vector space V.
(i) A subspace W of V is &-stabdle iff hy(®)-stable.
i) Ve=VWiO®O={xeV|c—r=clc)x for any c e hy(®)}.

Proor. (i) W is @-stable5®=06,,,,chy(®)=hy(®y )
EW is hy(®)-stable.
(ii) Let W be a subspace of V. Then

W Va6 =6, Shy(®)=hy(®, , )W C V¥ ©,
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3.4a hy(M;'(®)) and hy(€;Y(®))
3.4a.1 Let & be a k-group-functor, X a k-functor and
u: xx-%

an action of & on X. Let § be a subfunctor of X. We define a subfunctor
NFU(®) (resp. C3H©®)) of P as follows: Let BRe M;. Then NG (E)R) (resp.
CFU(G)(R)) is the set of y € Y(R) such that

9—YseYWS)  (resp. g—Ys=¥s)
for any S e M and g € &(S), where we put as usual

9—Ys=1u(g, Ys)-

The subfunctor Ng'(®) (resp. €3(®)) of Y is the largest which is ©-stable
(resp. on which & acts trivially).

PROPOSITION. Suppose that & is a k-group (-scheme). If 9 is a closed
subfunctor of X, then Ng*(®) is also a closed subfuntor of X. If X is a sep-
arated k-functor [T, 1, §2, 5.4], then €3 (®) is a closed subfunctor of 9.

PRrOOF. Recall that given a map of k-functors
p: UXB—-Z

and a subfunctor 3’ of 3, the transporter of 1 in 8/, written Transp, U, 3,
is the largest subfunctor of L such that

P X Transp, U, 3N
[7, I, §2, 7.4]. Since we have
Ny (&) =Transyp, (&, ),
the first part follows from [7, I, §2, 7.7]. Let
p: EXX-X

be the trivial action. Let
w, v X2 9o, (G, X)

be the maps canonically associated with 1 and b respectively. Then €3%(®)
is the equalizer of the diagram

w, v 93 Hom, (G, X).
Since Honi, (&, X) is separated if X is separated by [7, I, § 2, 7.8], the latter
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part follows.
3.4a.2 LEMMA. LetyecOYRKIT) with R, T e¢ M,,. Then we have
Y € NG (ONRRIT)(resp. y € €51 (GNRERT))
S9ser—Ysor € VST (resp. Iser—Ysor="Yser)
for any S e Mg and g € G(S).

PrOOF. Exercise.
3.4a.3 Let ® be a k-group-functor and

PHICEGIUE)

a linear representation of & on a vector space V. For a subspace W of V,
we put
NFA®)={w e W|p(g)(w) e ROW for any R e M, and g ¢ G(R)}
P (®)={w e W|p(g)(w)=1Q@w for any R ¢ M, and g € G(R)}.

LEMMA. If we view p as an action of & on V,, then we have
NF(©),=N7(®) and (C3H(©)),=CzN(©).

ProOF. This follows from Lemma 2.4.5.

3.4a.4 Letu: ®xX—X be an action of a k-group-functor & on a k-
functor X and 9 a subfunctor of X. Let ec Y(k)NX°k) and suppose that
both Ts%(%X) and T54(9) exist. We know that u induces a natural linear re-
presentation of © on T5'(X), which we shall write p.

PROPOSITION. T(9N3(®)) (resp. TsH(CH () ts the largest subcoalgebra
of TsH(Q) contained in N.}%e@)(@) (resp. C,}éu(@)(@)).

PrOOF. Let (B,C) e Wfand g Wx(C,TY)). Then we have

exp (g, B, C) € NG (G)RIC*)
&9 seo—exp (Wy(a), S, C) € Y(SRC*)
for any S e My, ¢ € M, (R, S) and g € &(S)
So(g)oWy(o) € Ws(C, TQ)
for any S e M;, ¢ € M(R,S) and g € &(S)
E0(RRC)CNF(G)(R)=RRINZ(®)
(where we put W=T%®)).

Similarly we have
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exp (o, R, C) € C (G)RRIC*)&0(RRYC) C RYCH(S).

Hence our assertion follows from Lemma 1.2.5.

3.4a.5 Let & be a k-group-functor and $ a sub-group-functor of .
The subfunctor N;Y(®) (resp. C;(®)) of  taken with respect to the inner-
automorphism action

u: GX G-, (9, %) | —gxg™

is clearly a sub-group-functor of § and the largest normal (resp. central)
sub-group-functor of & contained in §. If ® is a k-scheme and 9 is a
closed subgroup of ©, then ;' (®) and €;'(®) are closed subgroups of £ by
Proposition 3.4a. 1 (, since any k-group is separated).

COROLLARY. Let & be a locally algebraic k-group and © a connected
closed subgroup of &. Then we have

9 18 normal (resp. central) in &

&hy(9) is &-stable (resp. & acts trivially on hy(9)) under the adjoint
representation of &.

PROOF. Sivnce IN;(®) and Cz1(®) are closed subgroups of 9, it follows
from Corollary 3.3.8 that

$ is normal (resp. central) in ®
E5H=N;'(®) (resp. C;4(®))
&hy(D)=hy(N;'(®)) (resp. hy(H) =hy(E;1($)))
Shy(9)=Ni7 ()

&hy(9) is ©-stable (resp. @ acts trivially on hy($)) under the adjoint
representation of ©.

3.5 hy(2(®))

Let & be an algebraic k-group which is smooth. Then the derived
group 2(®) of © is defined as follows [7, II, §5, 4.8 and III, §3, 3.7d)]:
For R e M, 2(8)(R) is the set of g ¢ &(R) such that there exists an Se M,
which is faithfully flat and finitely presented over R such that gg belongs
to [G(S), &(S)] the commutator subgroup of &(S). It is known that 2(®)
is a closed smooth subgroup of &. The purpose of this section is to compute
hy(2(®)) the hyperalgebra of 2(®).

In the following & denotes an algebraic smooth k-group. The hyper-
algebra of & is simply denoted by hy(®) (, although it is in the strong sense).



136 MiITSUHIRO TAKEUCHI

Sy denotes the antipode of hy(®). Let R e M,,a,x e &(R) and u, v ¢ R®hy(®).
We shall write

a—r=are"?, [a, x]=(a—x)2x!
a—v=Ud(a)(v), [a, v] :Z (CL—‘?)(I))S@(’U(Z))
U—V=3 Upy¥Ss(U), [u, v]=2] (u—v4)Ss(v )

(cf. §3.4 and §1.10).
3.5.1 Let @ be the set of subalgebras A of hy(®) such that

@j:@A,hy(@)

with respect to the adjoint representation of ®, that is

[G(R), RRhy(G)]C R®A

for any R e M,. The reader may easily verify that @ contains the smallest
element, which we shall denote by d().

LEMMA. Let K|k be an extension of fields. Then
dKQXG)=KRd(®).

PRrROOF. Notice that hy*(K®®)=K®hy(®) (3.1.7). The inclusion
dKRG)CKRXd(®) is clear. Let Re M,. Since RQK € M, and RQA(KRQE)
=(ROK)Qr d(KK®), it follows that

[G(R), R®hy(®)]C (FQkRhy(®)) N (RIAEKRE))=RRA
where A =(kRQhy(®)) Nd(KQ®®). This means that A ¢ d. Hence
dKRG)DKRADA(®).
3.5.2 LEMMA. hy(2(®))Dd(®).

ProoF. Let C be a finite dimensional subcoalgebra of hy(®). For any
R e M, and g ¢ &(R) we have

[9zgcws €XD (4, C) rgol=exD (0, B, C) € 2(G)(RRIC*)
where 7: C—hy(®) is the canonical injection and
a=(Ad (9) o W,(D)*(W (Ss)o W, (D).
Hence 6 € Wx(C,hy(2(®))). This means that
o(R®C)=[g, RRC]C RRhy(2(®)).
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Since hy(®) is a directed union of finite dimensional subcoalgebras, it follows
that hy(2(®)) € @.

3.5.3 LEMMA. (i) [hy(&),hy(®)]cCd(®).
(i) For any Re M;,a,b e &R) and z,y ¢ RQhy(®), we have

> (a—‘xa))(b—‘ya))sﬁs(x(z))s@(y@)) e RRd(®).
Proor. (i) Since =G, ny) it follows that
hY(@):hY(@j)m@),hy(@)-

This means that [hy(®), hy(&)]C d(®).
(ii) This is clear since

Z (a'—\x(l))(b"‘\y(l))S@(x(z))S@s(y(z)):Z [a, xa)][x(z); b_‘ya)][by y(z)]-

3.5.4 It follows from Proof of [7, II, §5, 4.8] that for some integer
n>0, the map

f: E"XE"—2(®) @, )| —=lw, ] - [2,, Y.l

is flat on some open dense subscheme 11 of &”x &"*. Suppose that k is alge-
braically closed. Then U(k)=0 by [7, I, §3, 7.8]. Hence { is flat at some
rational point (u,v) of &*x&". Then the map

P "X G 2(©)
@, y) | —luz, v,(u—Y)]- - [ @y Vo (U—Y )]

is flat at (e,e). Since

[y 2y, v, —YD] - - - (U@ V(U —Y )]

=0, (V7 =) (U —Y) T YT U 0T U0 (05 D) (U —Y) - -
we can find out elements a, b, ¢, d € &"(k) such that

Y(e—x, d—y)
=(,—2,)(b;—y)ar Yt - - (@, —2,) (D —Y,) 2, Yy (e, e)

for any R e M, and z, y € &*(R), where we put
C—L=(C,—%y, * * +5 Cr—L,).
This prove the following:

LEMMA. If kis algebraically closed, then there exist an integer n>0
and elements a,, -+, ay,, by, -+ -, b, of &k) such that the map
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o: " XE"—-P(E)
defined by
o(@, )= (a,—2) (O, Y)TT Y - - (@ —2,) (0, —Y) 27 Yy

is flat at (e,e).

3.5.5 THEOREM. hy(2(®))=d(®).®

ProorF. Let K|k be an extension of fields. Then we have

2(KRD)=KRQ2(S).
Hence KQhy(2(®)) =hyx(2(K®®)). In view of Lemma 3.5.1, the equality
hy*(2(KQ®)) =d(K&E)

means the desired equality. Thus we can assume that k is algebraically
closed. Take an integer n and elements a,, b, ¢ &(k) as in Lemma 3.5.4.
A simple calculation shows that

T(e,e)(w)(lu® e ® nu® 1’U® ‘e ® n'[))
:Z (al_\lum)(b1_\17)(l))S@(lu(z))S@(lv(z)) cee
oo (an_;nu(l))(bn__\'ﬂ/U(1))S®(nu(2))sg(nv(2>)

for ‘u, v ¢ hy(®),i=1, ---,n. Since the map
T, (w): @ hy(®)—hy(2(®))

is surjective by Proposition 2.3.1, it follows from Lemma 3.5.3 that hy(2(®))
Ccd(®). This proves Theorem in view of Lemma 3.5.2.

3.5.6 COROLLARY. If & is connected, then hy(2(®)) is the subalgebra
of hy(®) generated by [hy(®), hy(®)].
PROOF. Let A be a subalgebra of hy(®). Since &, ;v is a closed sub-
group of &, we have
ADd(@)®@:®Ath(®)@hy(@):hy(@A,hY(@i)):hY(®)A,hy(@)
&hy(®), hy(@)]cA.

3.6 Algebraic sub-hyperalgebra

Let & be a locally algebraic k-group. A sub-hyperalgebra of hy(®) is
said to be algebraic if it is of the form hy($) for some closed subgroup & of
®&. Let © be a (not necessarily closed) subgroup of ®. Since & is algebraic,
©° is a closed subgroup of &°(3.3.2). But & is a closed (and open) subgroup
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of & [7, II, §5, 1.8]. Hence £° is a closed subgroup of &. Therefore hy($)
=hy(") is an algebraic sub-hyperalgebra of hy(&). Corollary 3.3.9 implies
that the map: | —hy(9) is a bijection from the set of connected subgroups
of ® onto the set of algebraic subhyperalgebras of hy(®).

Let {9,} be a family of closed subgroups of &. Then N§, is also a
closed subgroup of & and we have

hy(NH,)= Nhy(,).

This is clear, since we have

wi(C, Nhy(§)= NW,(C, H,) = NKer (H,(C*)—H,(CF))

for any C e Wi. Let J be a sub-hyperalgebra of hy(®). Let {©,} be the set
of closed subgroups of ® such that hy($,) DJ. Then hy(N,) is the smallest
algebraic sub-hyperalgebra of hy(®) containing J, which we shall denote by
A(J) and call the algebraic envelope of J.

In the following & will denote a locally algebraic k-group.

3.6.1 LEMMA. Let I be a k-&-module hyperalgebra (3.4.1). Let A
be o subalgebra and C a subcoalgebra of I such that A-CCC. Thenhy(®),, ¢
s an algebraic sub-hyperalgebra of hy(®). (Notice that I is a hy(&)-module
hyperalgebra (3.4.5)).

ProoF. We can assume that & is connected and hence algebraic. Then
&40 is a closed subgroup of © (3.4.8 and 3.4.9) and hy(®),,=hy(©, ;)
(3.4.5).

3.6.2 For z,y e hy(®), we put
[z, ¥]=2" 20y¥ 0ySe(®)Ss(¥ )

where Sy denotes the antipode of hy(®).

COROLLARY. Let J and K be sub-hyperalgebras of hy(®) such that KC
J. Let A be a subalgebra and C a subcoalgebra of hy(&) such that A-CCC.

(i) IfLJ,ClCA, then [A(J),C]CA.

(i) Npyw) and Cyy (/) (1.10.5) are algebraic sub-hyperalgebras.

(iii) If K is normal (resp. central) in J, then so is in A(J).

@iv) If J,J1CK, then [A(J), A()]CK.

Proor. (i), (i) and (iii) follow immediately since the adjoint action of
hy(®) on hy(®) is induced by the adjoint representation of ©.

(iv) [T, JICK=[AW), JICK= T, A(WD]=Ss(AW), J) CK=[AW), A())]IC
K.
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3.6.3 PROPOSITION. Let J is a sub-hyperalgebra of hy(®). Then the
subalgebra of hy(®) generated by [J, J] contains [A(T), A]. If kis perfect
and J is reduced (1.9.5), then the subalgebra of hy(®) generated by [/, J] is
an algebraic sub-hyperalgebra of hy(®).?

ProOOF. Since [J,J] is a subcoalgebra of J, the subalgebra of J generat-
ed by [J, J]is a sub-hyperalgebra. Hence the first part follows from Corol-
lary 3.6.2 (iv). Suppose that k is perfect and J is reduced. Let $ be a
connected subgroup of ® such that hy($)=A(J). Then the image-subgroup
(3.3.2) of the Frobenius map

§: gopw
is of the form §'® for some closed subgroup £’ of 9. We have
hy($)® =1Im (hy(%)zyhy@ . hy(@)ehy(@)(p’) SJ®

since the map 7',: J»J® is surjective (1.9.4). Since $ is connected, it
follows that §=¢§’. This implies that § is smooth by (3.3.5 (iv)). There-
fore the subalgebra generated by [J,J], which is the same as the one gene-
rated by [A(J)), A(J)], is equal to hy(2(9)) by (3.5.8). This proves Proposition.

3.6.4 COROLLARY. Let J be a sub-hyperalgebra of hy(®). Suppose
that & is perfect. If J is reduced and generated by [J,J] as an algebra,
then J is algebraic.

3.6.5 PROPOSITION. Let f: &—§ be a map of connected algebraic k-
groups. Then the induced map of hyperalgebras

hy(f) : hy(®)—hy(H)

18 bijective iff | is faithfully flat and Sex (f) is finite [7, 1, §5, 1.1] and
étale.

ProoF. Since Im (hy(f)):hy(%)) (3.3.2), it follows that hy(f) is sur-

jective iff ?(@):@, or equivalently f is faithfully flat. On the other hand
hy(f) is injective iff Rer () is étale (3.3.3). But an algebraic k-group is
finite if it is étale (cf. [7, II, § 5, 1.10]).

3.6.6 PROPOSITION. Let & and § be connected algebraic k-groups.
Suppose that k is perfect, & is smooth and &=2(). Then for any hyper-
algebra map ¢ : hy(&)—hy(D), there exist a connected algebraic k-group &
and maps of k-groups

p: -G and o: F-H
such that hy(w)=¢ohy(p) and hy(p) is bijective.
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Proor. We have

hy(® X ) =hy(S)Qhy(9).
Let ¢ : hy(®)—hy(® X ) be the composite:

hy(®)—>hy(®)®hy(©) -2 hy(©)@hy ().

Then + is an injective hyperalgebra map, since (1®¢)oyr=1. Let J be the
image of v». Since ® is smooth, J is reduced. Since &=2(®), J is generat-
ed by [J,J] as an algebra. Hence J is an algebraic sub-hyperalgebra of
hy(®x9). Let & be a connected subgroup of &x$ such that hy(&)=J.
If we put

p=p1|®: -G and
o=p1,|¢: -9

then the assertion holds.

3.6.7 COROLLARY. Let & be a connected algebraic smooth k-group.
Suppose that S=2(&) and k is perfect. Then the condition:

(SC) Anymap of connected algebraic k-groups p: &—& which is faith-
fully flat with the kernel Kex (p) finite and etale is an isomorphism.

implies that the map:

Gr, (&, 9)— Hopf, (hy(®), hy(9)), | —hy(H)
is bijective for any locally algebraic k-group $.*

Proor. This is injective by (3.3.10). Since hy(9)=hy(9"), the sur-
jectivity follows from (3.6.6).
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Foot Notes

P. 5, 1) A° denotes the dual k-coalgebra [11, §6.0] of a k-algebra A.

P. 8, 2) ILe., the set of finite dimensional subcoalgebras of C forms a directed
family whose union equals C.

P. 13, 3) This abuse of notation (see 1.2.8) may lead no confusion.

P. 27, 4) It will be shown that K dim C is finite [15, 4.3.4.3].

P. 29, 5) We call (C(V), g, 7,S) the additive C-Hopf algebra on V and denote it
by Ca(V).

P. 49, 6) The case of cocomutative coalgebras of finite type (but not necessarily
connected) will be treated in Part II [15, 4.4.5.8].

P. 63, 7 It is to generalize the results here to the case of p-Lie algebras.

P. 70, 8 We view ||%]| as a subset of |¥| via o, since the map o is injective, e.g.,
by [7, 1, §2, 2.71.

P. 72, 9) For each aellX|], let ¥.CX be the following subfunctor: X.(R) (R e M)
is the set of peX(R) with (X(#)(p))=a for all ¢: R-K in M) with Ke Fldf. If T(¥.)
exists, we define S.(¥)=T(X:). Then the set Wy(C, S«(¥)) is naturally isomorphic to

{f e X(C*)|{fpy=a for all DcC simple}
for Ce Wi

P. 72, 10) Note that Wi(Co, Se(¥)) consists of ohly one element for Ce Wi,

P. 94, 11) A subscheme 9 of a locally algebraic k-scheme % is clearly locally
algebraic with the inclusion i:9—X% quasi-compact. Hence 9=% iff T@®)=TF). More
generally let f: ¥—9 be a map of locally algebraic k-schemes. If { is faithfully flat,
then T(X) is an injective cogenerasor in the category of T(Y)-comodules, or equivalently
T(X) is an injective T(Y)-commodule with T(f) surjective. The converse holds true, if §
is quasi-compact.

P. 96, 12) The classes #,, #, and &, are explicity described in [15, 4.4.8.3, 4.4.5.1].

P. 101, 13) This is in the sence of the footnote 9).

P. 114, 14) Similarly T(ff@j) equals the image of T(H): T(®)—-T(H).
P. 116, 15) Since the Frobenius map §xz: X is always surjective, the condition
(iv) implies that Fs is faithfully flat.

P. 117, 16) On the other hand, ?(\@ﬁj):sfg if and only if T(H): T(®)—T(Q) is surjective.

P. 117, 17) In general f;=f, if and only if T({)=T(G,) for & arbitrary.

P. 138, 18) More generally let & be an algebraic k-group and $, & be smooth closed
subgroups of © satisfying at least one of the following conditions: (a) One of $ and
® is connected or (b) One of $ and & normalizes the other. The commutator subgroup
[9, 8] which is smooth closed, can be defined (see [7, II, §5, 4.9] in case (a) and [Borel,
Linear algebraic groups, pp. 108, 111] in case (b)). We can prove that T(9, &]) is the
subalgebra of T(®) generated by [T(9), T(®)] with the notation of 8.5. If § is connected,
hy([9, 8]) is the subalgebra of hy(®) generated by [hy(9), T(®)]. If both $ and & are
connected, hy([9, &]) is generated by [hy(9), hy(®)] as an algebra. On the other hand if
both § and & normalize the other, then hy([9,®]) is the subalgebra gederated by
[T(®), hy(®)1+Thy($), T(®)]. In particular hy(D(®)) is generated by [T(®), hy(®)] as an
algebra. )

Further the above results can be generalized to the case of not necessarily smooth
subgroups $ and & (but satisfying one of (a) and (b)).

P. 140, 19) It will be shown elsewhere that the assumptions on perfectness of k
and reducedness of J can be dropped.

P. 141, 20) Infact the assumptions of smoothness and perfectness are unnecessarily.
The assumption &=2(®) can be weakened to that &/a(®) is finite [16, Lem. 1.8].



